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1. Introduction

The system of the form (¢; o, ) was studied by B. M. Schein|[7], where ¢ is a set of functions
closed under the composition ”o” of functions (so (¢; o) is a semigroup of functions) and the set
theoretic subtraction ”(so (¢; ) is a subtraction algebra). B. Zelinka[10] addressed a problem
pertaining to the structure of multiplication in a subtraction semigroup that was put forth by
B. M. Schein. For subtraction algebras of a particular kind known as the atomic subtraction
algebras, he found a solution to the problem. The concept of ideals in subtraction algebras and
their characterization were presented by Y. B. Jun et al[4,5]. The concepts of an intersectional

soft subalgebra and an intersectional soft ideal of a subtraction algebra were presented by S.

S. Ahn and Y. H. Kim[1], who also looked into some of their connected characteristics.
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In 1965, Zadeh[9] defined the fuzzy set and introduced the degree of membership/truth
(t). In 1986, Atanassov[2] defined the intuitionistic fuzzy set and introduced the degree of
non-membership/falsehood (f) as a generalization of fuzzy sets. In 1995 (published in 1998),
Smarandache[8] defined the Neutrosophic set on three components (t, i, f) = (truth, indeter-
minacy, falsity) and introduced the degree of indeterminacy/neutrality (i) as an independent
component. M. Ramya[6] outlined a brand new mathematical approach of Fermatean Quadri-
partitioned Neutrosophic Sets (FQNS) in 2022.

In this paper, we introduce the notions of a Fermatean Quadripartitioned Neutrosophic
Fuzzy subalgebra and a Fermatean Quadripartitioned Neutrosophic of a subtraction algebra.
Characterizations of Fermatean Quadripartitioned Neutrosophic subalgebra and a Fermatean

Quadripartitioned Neutrosophic fuzzy ideal are investigated.

2. PRELIMINARIES

Definition 2.1. [3] An algebra (X;—) is called a subtraction algebra if a single binary
operation — satisfies the following identities: for any z,y,z € X,

r—(y—z)==x

r—(z—y)=y—(y—2)

(x —y) —z = (v — z) —y We introduced an order relation X on a subtraction algebras:
a<b < a—b=0 where 0 = a — a is an element that does not depend on the choice of

a€ X.

Definition 2.2. [3] A neutrosophic set A of X is called a neutrosophic ideal of X if the
following conditions are true Vz,y € X

Na(z —y) = Na(z) Le., talr —y) = ta(@);ia(z —y) 2 ia(z) and fa(z —y) < fa(@);
JaxVy= Na(xVy) > Na(x) ANa(y) ie, ta(xVy) >talz) Nta(y);ia(xVy) > ia(x) ANialy)
and fa(zVy) < fa(z)V fa(y) whenever there exists x V y.

Definition 2.3. [6] Let X be a universe. A Fermatean Quadripartitioned Neutrosophic
Set(FQN) L on X is an object of the form

L = {{(x, A, Ac,, Au,; Ar, ) 1 x € X))

(A, )%+ (A, )? + (Ao, )® + (Mg, ) < 2

Here A, (x) is the truth membership,

Ac; (x) is the contradiction membership,

Ay, () is the ignorance membership,

5\1% (x) is the falsity membership.
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3. FQN Ideals in Subtraction Algebra

Definition 3.1.

A Fermatean Quadripartitioned Neutrosophic set A in R is called a Fermatean Quadriparti-
tioned Neutrosophic subalgebra of R if it satisfies:

(5.1)(Vo,y € R)(TRa(z—y) = min{TRa(x), TRA(y)}, CRa(z—y) = min{CRa(z), CRA(y)},
URA(x —y) <max{URA(z),URA(y)} and FR4 (x —y) < max{FRa(z), FRA(y)}).

Proposition 3.2.

Every Fermatean Quadripartitioned Neutrosophic subalgebra of R satisfies the following con-
ditions:

(5.2)(Vx € R)(TRA(0) > TRA(x),CRA(0) > CRA(x),URA(0) < UR4(x) and FR4(0) <
FR(x)).

Example 3.3.
Let X = {0,1,2,3} be a subraction algebra with the following table:

- 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 1
3 3 2 1 0

Define a Fermatean Quadripartitioned Neutrosophic set A in R as follows:

0.83 if x € {0,3}
TRs: R—[0,1],x — ,
0.13 ifx € {1,2}
0.83 if x € {0,3}
CRs:R— [0,1],x +— ,
0.13 ifx e {1,2)
0.11 ifx € {0,3}

URs:R—[0,1],x — )
0.81 ifx e {1,2}

and

0.11 ifx € {0,3}

FRy:R—[0,1],x — ,
0.81 ifx € {1,2}

It is easy to check that A is a Fermatean Quadripartitioned Neutrosophic subalgebra of R.
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Theorem 3.4.

Let A be a Fermatean Quadripartitioned Neutrosophic set in R and let «,3,0, € [0,1] with
0<a?+p%2462+¢2 < 3. Then A is a Fermatean Quadripartitioned Neutrosophic subalgebra
of R if and only if all of («,5,d,£)-level set A@B08) are subalgebras of R when A(®5:08) £ o,

Proof.

Assume that A is a Fermatean Quadripartitioned Neutrosophic subalgebra of R. Let «,3,6,£
€ [0,1] be such that 0 < a? 4+ 2 + 6% + &2 < 3 and A@F198) £ & Let z,y € Al®B0E),
Then TRA(x) > o,TRA(y) > a, CRa(x) > 8,CRA(y) > B, URA(z) < §,URA(y) < § and
FRa(z) <& FRa(y) <& Using (5.1), we have TR4(x —y) > min{TRa(z),TRA(y)} > «,
CRy(x —y) > min{CRA(z),CRA(y)} > B, URs(x —y) < maz{UR4(x),UR4(y)} < ¢ and
FR(z —y) < max{FRa(z), FRA(y)} <& Hence x —y € A58 Therefore A58 is a
subalgebra of R.

Conversely, all of (a,f,d,&)-level set A®P58) are subalgebras of R when A(®A58) -
@. Assume that there exist as,bs,a;,0; € R and ap,by € R such that TRj(a; —
by) < min{TRa(as), TRa(by)}, CRa(a; — b;) < min{CRa(a;),CRa(bi)}, URa(ay — bs) >
maz{URA(as),URA(bs)} and FRa(ay — bf) > max{ FRa(ay), FRA(bs)}. Then TRA(a; —
b)) < a1 < min{TRy(a;), TRa(bt)}, CRa(a; — b)) < B1 < min{CRa(a;),CRA(b;)},
URa(ay —by) > 01 > max{URa(ay),URA(bs)}, and FRa(ay —by) > & > max{FRa(ay),
FRy(by)} for some ai,81 € (0,1] and 61,6 € [0,1). Hence at,by,ai,b; € A(aq, pr,01,
1), and af, by € A(ai,B1,01, &). But ap — by,a; — by ¢ A(an, B1,61, &) and ap — by ¢
A(ai, p1,61, &), which is a contradiction. Hence TRa(x — y) > min{TRa(z),TRa(y)},
CRa(x—y) > min{CRA(z),CRA(y)}, URA(z—y) < maz{UR4(z), URA(y)}, FRa(x—y) <
max{FRA(x), FRA(y)}, for any z,y,z € R. Therefore A is a Fermatean Quadripartitioned
Neutrosophic subalgebra of R.

Since [0,1] is a completely distributive lattice with respect to the usual ordering, we have the

following theorem.

Theorem 3.5.
If {A;|i € N} is a family of Fermatean Quadripartitioned Neutrosophic subalgebra of R, then
({A;]i € N}, Q) forms a complete distributive lattice.

Theorem 3.6.

Let A be a Fermatean Quadripartitioned Neutrosophic subalgebra of R. If there ex-
ists a sequence {a,} in R such that lim, oTRa(ay,) = 1, lim,—ooCRA(a,) = 1,
limp—ooURA(ay) = 0, and lim,—ooFRa(ay,) = 0, then TR4(0) = 1, CR4(0) = 1,
URA(0) =0 and FR4(0) = 0.
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Proof.

By Proposition 5.3.2, we have TR4(0) > TR (x), CR4(0) > CRa(z), URA(0) < URA(x) and
FR4(0) < FRA(x) for all x € R. Hence we have TR4(0) > TRa(ay), CRA(0) > CRa(ay),
UR4(0) < UR4(ay) and FRA(0) < FRa(ay,) for every positive integer n. Therefore 1 =
limp—ooTRA(an) < TRA(0) < 1, 1 = limy—00CRA(an) < CRA(0) < 1,0 < URA(0) <
limp—so0oURA(an) =0and 0 < FRA(0) < limy— oo F R4(ay) = 0. Thus we have TR4(0) = 1,
CRA(0) = 1, URA(0) = 0 and FRA(0) = 0.

Proposition 3.7.

If every Fermatean Quadripartitioned Neutrosophic subalgebra A of R satisfies the conditions
(5.3.3)(Vx,y € R)(TRa(x —y) > TRA(y),CRA(x —y) > CRA(y), URs(x —y) < URA(y) and
FRp(x —y) < FRy(y)), then TR4,CR4, UR4 and F R4 are constant functions.

Proof.

It follows from (5.3.3) that TRA(z) = TRa(z — 0) > TRA(0), CRs(x) = CR4(x —0) >
CRA(0), URA(z) = URA(z — 0) < UR4(0) and FRa(z) = FRa(z — 0) < FR4(0) for any
x € R. By proposition (5.3.2), we have TRa(z) = TRA(0), CRa(x) = CRA(0), URA(x) =
UR4(0) and FRA(z) = FRA(0) for any x € R. Hence TR4,CR4,UR4 and F Ry are constant

functions.

Theorem 3.8.
Every subalgebra of R can be represented as an («, 3, 9, £)-level set of a Fermatean Quadri-

partitioned Neutrosophic subalgebra A of R.

Proof.
Let S be a subalgebra of R and let A be a Fermatean Quadripartitioned Neutrosophic subal-

gebra of R. Define a Fermatean Quadripartitioned Neutrosophic set A in R as follows:

ap ifxesS
TRs:R—[0,1],x — ,

a9 otherwise

61 ifxeS
CRs:R—[0,1],x +— ,
B2 otherwise

6 ifxes
URs: R —[0,1],x — ,
0o otherwise
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and

& ifxesS
FRs:R—[0,1],x— ,

&9 otherwise

where ag,a0,81,02 € (0,1] and 61,& € [0,1) with a1 > ag,81 > f2,01 < 62,61 <
Eoand 0 < o2 + B2 4+ 62+ < 3,0 < o+ B2+ 02+ &2 < 3. Obviously, § =
Ale1:B1,0181) - We now prove that A is a Fermatean Quadripartitioned Neutrosophic sub-
algebra of R. Let x,y € R. If x,y € S,then x-y € S because S is a subalgebra of S.
Hence TRp(x) = TRa(y) = TRa(x —y) = a1,CRa(z) = CRa(y) = CRa(x —y) =
B1,URA(x) = URA(y) = URA(x —y) = 01,FRs(x) = FRu(y) = FRa(zx —y) = &
and so TRa(x —y) > min{TRa(x),TRa(y)}, CRa(z —y) > min{CRa(z),CRa(y)},
URs(x —y) < max{URa(z),UR4(y)} and FRs(x —y) < max{FRa(z), FRA(y)}. Obvi-
ously, if x ¢ Sand y ¢ S, then TRa(z — y) > min{TRa(x), TRA(y)} = ag, CRA(z — y) >
min{CRa(x),CRA(y)} = B2, URA(x —y) < max{URa(z),URa(y)} = d2 and FR4(x —y) <
max{FRa(z), FRA(y)} = &. Therefore A is a Fermatean Quadripartitioned Neutrosophic
subalgebra of R.

Theorem 3.9.
Let A be a Fermatean Quadripartitioned Neutrosophic set of R and let a, 8 € [0,1] with
0 < a?+ B2+ 62+ &2 < 3. Define a Fermatean Quadripartitioned Neutrosophic set A* in R as

follows:

TRa(z) ifxe€ AlenB7,0.8)
TRs:R—[0,1],x+ 7
0 otherwise

CRy(z) ifx e Ale,87,6,8)
CRa:R—[0,1],x— ,
0 otherwise

URa(z) if x € A@B358)
URg:R—[0,1],x— :

1 otherwise

and

FRy(z) if x € Al@f8:7:0)
FRy:R—[0,1],x

1 otherwise

If A is a Fermatean Quadripartitioned Neutrosophic subalgebra of R, then so is A*.
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Proof.
Let A be a Fermatean Quadripartitioned Neutrosophic subalgebra of R. By theorem 5.3.8,
all of («,f,d,§)-level set = € A@B58) are subalgebras of R. If z,y € z € A58 then
-y €z € AP If ¢ AlB) or y ¢ AP then TRa-(z) = 0,IR(2) =
0, FRa+(x) =1 or TRa+(y) = 0,IRa+(y) = 0, FRa+(y) = 1. Therefore we get TR+ (z —y) >

min{TRa~(z), TRa+(y)} =0, CRa«(x —y) > min{CRa+(x),CRa+(y)} =0, URA~(z —y) <

max{URs«(x),UR4-(y)} = 1 and FRa«(z — y) < max{FRa+(z), FRa«(y)} = 1 for any
x,y € R. Thus A* is a Fermatean Quadripartitioned Neutrosophic subalgebra of R.

Definition 3.10.

A Fermatean Quadripartitioned Neutrosophic set A in R is called a Fermatean Quadriparti-
tioned Neutrosophic ideal of R if it satisfies (5.3.2) and

(5.34)(Vz,y € R)(TRa(z) > min{TRa(x — y),TRa(y)}, CRa(x)
y),CRA(Y)}, URA(z) < max{URa(x — y),UR4s (y)} and FRa(x)
y), FRa(y)}).

min{CRa(x —

>
< max{FRs(z —

Proposition 3.11.
Every Fermatean Quadripartitioned Neutrosophic ideal of R is a Fermatean Quadripartitioned

Neutrosophic subalgebra of R.

Proof.

Let A be a Fermatean Quadripartitioned Neutrosophic ideal of R. Put x:= x-y and y:=x
in (5.3.4). Then we have TR4(x — y) > min{TRa((xr —y) — z),TRa(x)}, IRA(z — y) >
min{IRa((zr —y) — x),IRa(z)} and FRa(x —y) < max{FRa((zx —y) — x), FRa(x)}. It
follows from (5.3.3) and (5.3.2) that

TRA(x —y) > min{TRA((x — x) —y), TRA(x)} = min{TRA(0),TRA(z)} > min {TRs(x),
TRa(y)},
CRA(z —y) > min{CRA((x —y) — x),CRa(x)} = min{CR4(0),CRA(z)} > min{CR4(x),
CRa(y)},

URj (x —y) <max{URA((x —y) —x),URx(x)} = max{URA(0),UR4(x)} < max{URA(x),
UR4(y)} and

FRA(z —y) <max{FRAs((x —y) —z), FRA(z)} = max{FR4(0), FRA(x)} < max{FRa(x),
FRA(y)}, for any z,y € R. Thus A is a Fermatean Quadripartitioned Neutrosophic subalgebra
of R.

The converse of Proposition 5.3.11 may not be true in general(see Example 5.3.12.)

<
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Example 3.12.
(a) Let R = {0,a,b,c} be a subtraction algebra with the following table:

ol | O

T | OO
T|Io|lo |
Sl | Oo|T

ClTEi= ||

C C C

o

Define a Fermatean Quadripartitioned Neutrosophic set A in R as follows:

0.72 ifx € {0,a}
TRs:R—[0,1],x — )
0.11 ifx € {b,c}
0.72 if x € {0,a}
CRy:R—[0,1],x — )
0.11 ifx € {b,c}
0.13 ifx € {0,a}

URs: R — [0,1],x — ,
0.71 ifx € {b.c}

and

0.13 ifx e {0,a}

FRy: R —[0,1],x ,
0.71 if x € {b,c}

It is easy to check that A is a Fermatean Quadripartitioned Neutrosophic ideal of R.
(b) Let R = {0,1,2,3} be a subtraction algebra as in Example 5.3.3. Define a Fermatean

Quadripartitioned Neutrosophic set B in R as follows:

0.33 ifx=0
TRp:R—[0,1],x+ §0.12 ifx € {1,2},
(0.03 ifx=3

)
0.33 ifx=0
CRp:R—[0,1],x— ¢ 0.12 ifx € {1,2},
0.03 ifx=3
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0.11 ifx=0
URp:R—[0,1],x = 0.15 ifx € {1,2},
0.36 ifx =3

and

0.11 ifx=0
FRp:R—[0,1],x— ¢ 0.15 ifx € {1,2}.
0.36 ifx =3

It is easy to check that B is a Fermatean Quadripartitioned Neutrosophic subalgebra of R.
But it is not a Fermatean Quadripartitioned Neutrosophic ideal of R, since TRp(3) = 0.03 #
min{TRp(3 —1),TRp(1)} = mazx{TRp(2),TRp(1)} =0.12

Theorem 3.13.

Let A be a Fermatean Quadripartitioned Neutrosophic set in R and let «,3,6,£ € [0,1] with
0<a?+p%2+62+¢2<3. Then A is a Fermatean Quadripartitioned Neutrosophic ideal of R
if and only if all of («,,0,£)-level set Al@B:98) are ideals of R when A(@8:5€) £ o

Proof.

Assume that A is a Fermatean Quadripartitioned Neutrosophic ideal of R. Let «,3,6,¢ € [0,1]
be such that 0 < o? + 32 + 62+ &2 < 3 and A@F%) £ & Let 2,y € R be such that
z—y,y € AP Then TRy(x —y) > a,TRa(y) > o, CRa(z —y) > B,CRa(y) > 5,
URA(z —y) < 0,URA(y) < 0 and FRa(zx — y) < {, FRa(y) < & By Definition (5.3.10),
we have TRA(0) > TRa(x) > min{TRa(x — y),TRa(y)} > a, CRA(0) > CRy(x) >
min{CRs(x — y),CRA(y)} > B, URA(0) < URs(x) < max{URa(zx —y),URA(y)} < 0
and FR4(0) < FRu(x) < maz{FRa(z —y), FRA(y)} < £. Hence 0,z € A®F58)  Therefore
Ale838) s an ideal of R.

Conversely, suppose that there exist a,b,c € R such that TR4(0) < TRa(a), CR4(0) <
CR4(b), UR4(0) > UR4(d) and FR4(0) > FR4(e). Then there exist, at, by € (0,1] and
¢, d,ep € [0,1) such that TRA(0) < a; < TRa(a), CR4(0) < by < CRy(b), UR4(0) >
d; > UR4(d) and FRA(0) > e; > FR4(e). Hence 0 ¢ Alewbecoduet) which is a contradic-
tion. Therefore TRA(0) > TRA(x),CRA(0) > CRA(z),URA(0) < UR4(x) and FR4(0) <
FRy(x) for all x € R. Assume that there exist ay, by, ac,be, ag, by, ay,bu,ar,by € R such
that TRa(a;) < min{TRa(a; —b:), TRa(bt)}, CRa(a.) < min{CRa(ac—b.),CRA(bc)},
URa(ay) > max{URA(ay — by),URA(b,)} and FRa(ay) > max{FRa(as —bs), FRA(bs)}.
Then there exist s¢,s. € (0,1] and sg,54,5¢ € [0,1) such that TRa(a;) < s <
min{TRa(at —b), TRa(bt)}, CRa(ac) < s < min{CRa(ac—b.),CRa(b.)}, URa(ay) >
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sy > max{UR(ay —by), URA(by)} and FRy(ay) > sy > max {FRy (ay —by), FRa(by)}.
Hence a; — by, by, ac — beya, € A@Pect) and by, b, by € Alasbec)  But ay,a; ¢ Alosbecd)
and ay ¢ Alwbec)  This is a contradiction. Therefore TRa(z) > min{TRa(x —y),
TRA(y)}, CRa(z) > min{CRa(z —y), CRa(y)}, URA(x) < maz{URa(xz —y), URA(y)}
and FRa(z) < max{FRa(zx —vy), FRa(y)} for any x,y € R. Therefore A is a Fermatean
Quadripartitioned Neutrosophic ideal of R.

Proposition 3.14.
Every Fermatean Quadripartitioned Neutrosophic ideal A of R satisfies the following proper-
ties:
(i) (Vxy € R) (x<y=TRa(x) >TRa(y), CRaA(z) > CRA(y), URA(z) < UR4(y),
FRa(z) < FRa(y)),
(i) (V xyz € R) (x—y<z=TRa(x) >min{TRa(y),TRa(z)}, CRa(x) > min
{CRA(y), CRa(2)}, URs(x) < max {URs(y),URs(z)} and FRy(z) <
mazr{FRA(y), FRA(z)}).

Proof.

(i) Let x,y € R be such that z < y. Then x - y = 0. Using (1.4) and (1.2),we have
TRa(x) = min{TRa(x —y), TRa(y)} = min{TRa(0), TRa(y)} = TRa(y), CRaly) =
min{CR(x —y), CRa(y)} = min{CR4(0),CR4(y)} = CRA(y), URA(x) < maz{UR4
(x —y), URA(y)} = maz{URA(0), URA(y)} = URa(y) and FR4(x) < maz{FRa(x —y),
FRA(y)} = max{FR4(0), FRa(y)} = FRa(y).

(ii) Let x,y,z € R be such that z —y < z. By (5.3.4) and (5.3.2),we get TRA(z — y)
min{TRAo((x —y) —2),TRa(2)} = min{TRA(0),TRa(z)} = TRa(z), CRa(z — y)
min{CRA((x —y) —2),CRa(z)} = min{CRA(0),CR4(2)} = CRa(z), URa(z — y)
max{URs ((z —y) — z), URA(2)} = max{URA(0),URA(z)} = UR4(z) and FRA(z — y)
max{FRs ((x —y) — 2), FRA(2)} = max{FRA(0), FRA(z)} = FRA(%).

Hence TR4(x) > min{TRa(x —y),TRa(y)} > min{TRa(y),TRa(z)}, CRs ()
min {CRa(x —y),CRA(y)} > min{CR4(y),CRA(2)}, URA(z) < maz{URas (z —vy),
URA(y)} < max{URA(y),UR4 (2)} and FRx(x) < maxz{FRs (r—vy), FRa(y)} <
maz{FRA(y), FR4(z)}, for any x,y,z € R. The following corollary is easily proved by in-

ININ IV IV

v

duction.

Corollary 3.15.

Every Fermatean Quadripartitioned Neutrosophic ideal A of R satisfies the following property:
(5.3.5) (Vz,a1,...,an € R)((...(xr —a1) —...) —an =0 = TRa(x) > AN} TRa(ar), CRA(x) >
N_1CRa(ar), URA(x) < Vi URA(ar), FRa(x) < Vi_ FRy4 (ag).
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Definition 3.16.
Let A and B be Fermatean Quadripartitioned Neutrosophic sets of a set X. The union of A

and B is defined to be a Fermatean Quadripartitioned Neutrosophic set
AU™ B := {(:U, TRAuB(ﬂf), CRAUB(«T), URAuB(.T), FRAuB(aJ)H.T € R},

where TRaup(z) = max{TRa(x),TRp(x)}, CRaup(zr) = maz{CRa(z),CRp(zx)},
URaup(x) = min{UR4(x),URp(z)} and FRaup(z) = min{FRs (z), FRp(x)}, for all
x € R. The intersection of A and B is defined to be a Fermatean Quadripartitioned Neu-

trosophic set
AN~ B:={{z,TRanB(z), CRAn(x),URANB(x), FRAnp(2))|x € R},

where TRanp(x) = min{TRa(x),TRp(x)}, CRanp(z) = min{CRa(x),CRp(z)},
URanp(z) = maz{URs(x),URp(x)} and FRanp(x) = max{FRy (z), FRp(z)}, for all
T € R.

Theorem 3.17.
The intersection of two Fermatean Quadripartitioned Neutrosophic ideals of R is also a Fer-

matean Quadripartitioned Neutrosophic ideal of R.

Proof.
Let A and B be Fermatean Quadripartitioned Neutrosophic ideals of R.
For any * € R, we have TRanp(0) = min{TRa(0),TRp(0)} > min{TRa(z),

TRp(z)} = TRanp(x), CRAnB(0) = min{CRA(0),CRp(0)} > min{CRA(z),CRp (z)} =
CRanp(x), URAnB(0) = max{URA(0),URpB(0)} < max{URx(x),URp(x)} = URanp(z)
and FRanp(0) = max {FRa (0), FRp(0)} < max{FRa(z), FRp(x)} = FRanp(z). Let
xz,y € R. Then we have

TRanp(z) = min{TRa(z), TRp(x)}
> min{min{TRs(x —y),TRa(y)}, min{TRp(x —y), TRp(y)}}
=min{min{TRa(x —y),TRp(x —y)},min{TRA(y), TRp(y)}}

=min{TRan(x —y), TRAnp(y)}

CRanp(z) = min{CRa(z), CRp(z)}
> min{min{CRa(x —y), CRa(y)},min{CRp(x —y), CRp(y)} }
= min{min{CRa(z — y),CRp(z — y)},min{CRA(y), CRp(y)}}

=min{CRang(z —y),CRanB(y)}
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URanp(x) = max{URx(x),URp(z)}

< max{mar{URa(x —y),URA(y)}, max{URp(z —y),URB(y)} }
= max{maz{URa(z — y),URp(x — y)}, mar{URa(y), URB(y)}}

=max{URanp(x —y),URsnB(y)}

and
FRanp(x) = maz{FRa(x), FRp(z)}

< max{mar{FRA(x —y), FRA(y)}, max{FRp(x —y), FRp(y)}}
= max{maz{FRs(z —y), FRp(z —y)},max{FRa(y), FRp(y)}}

= max{FRAmB(ﬂf — y), FRAHB(y)}

Hence AN~ B is a Fermatean Quadripartitioned Neutrosophic ideal of R.

Corollary 3.18.
If {A;]i € N} is a family of Fermatean Quadripartitioned Neutrosophic ideals of R, then so is
NienAi-

Proposition 3.19.

Let A be a Fermatean Quadripartitioned Neutrosophic ideal of R. Then Rrp := {z € R)|
TRA(x) = TRA(0)}, Ror := {x € R|CRa(z) = CRA(0)}, Ryr := {z € R|[URA(z) =
URA(0)} and Rpr := {x € R|IFRA(z) = FR4(0)} are ideals of R.

Proof.

Clearly, 0 € Rrgr. Let x —y,y € Rrr. Then TRa(z —y) = TRA(0) and TRA(y) = TRA4(0).
It follows from (1.4) that TRa(x) > min{TRa(x — y),TRa(y)} = TRa(0). By (1.2), we
get TRA(x) = TRA(0). Hence x € Rpr. Therefore Rpp is an ideal of R. By a similar way,
Rcr, Ryr and Rpg are ideals of R. Let F: R — S be a function of sets. If

M = {{y, TRM(y), CRm(y), URM(y)F Ry (y)) |y € S}

is a Fermatean Quadripartitioned Neutrosophic set of a set S, then the preimage of M under
f is defined to be a Fermatean Quadripartitioned Neutrosophic set

fHM) = {{z, fTHTRM) (@), f~H(CRm) (@), -1 (URM) (), [~ (FRu) (2)) o € R}

of R, where f~'(T'Ry)(z) = TRu(f(2)), f~'(CRm)(x) = CRu(f(x)), f~ (URM)(z) =
URy(f(x)) and f~Y(FRy)(z) = FRy(f(2)) for all z € R.

Theorem 3.20.
Let f: R — S be a homomorphism of subraction algebras. If M = {{y, TR (y), CRy),
URn(y), FRy(y))|ly € S} is a Fermatean Quadripartitioned Neutrosophic subalgebra of S,
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then the preimage of M under f is a Fermatean Quadripartitioned Neutrosophic subalgebra of
R.

Proof.
Let f~1(M) be the preimage of M under f. For any x,y € R, we have

FHTRy(z —y)) = TRy (f(x — y)) = TRu(f (2) — f(y))
> man{TRar(f(z)), TRu(f(y))}
= min{f_l(TRM)(iﬁ), f_l(TRM)(y)},

FHORM(z —y)) = CRu(f(z —y)) = CRu(f(x) — f(y))
> min{CRy(f(x)),CRyM(f(y))}
= min{f_l(C'RM)(JU)7 f_l(CRM)(y)}’

S URM(z —y)) = URM(f(z —y)) = URM(f(z) — f(y))
< max{URp(f(x)),URn(f(y))}
= maz{f " (URwM)(z), f Y (URM)(¥)},

and
Y FRy(z—vy) = FRy(f(z —y)) = FRu(f(z) — f(y))
<max{FRy(f(z)), FRym(f(v))}
= max{ffl(FRM)(fC%fﬁl(FRM)(y)}v

Hence f~1(M) is a Fermatean Quadripartitioned Neutrosophic subalgebra of R.
Let f: R — S be an onto function of sets. If A is a Fermatean Quadripartitioned Neutrosophic

set

f(A) = {{y, [(TRA)(y), F(CRA)(y), F(URA)(y), f(FRA)(y))ly € S}

of S,where f(T'Ra)(y) = Vaes-1(y)TRa(z), fF(CRA)Y) = Vaer-1)CRa(z), F(URA)(Y) =
Neep-1(y)URA(z) and f(FRA)(Y) = Nge-1(y) FRa(®). g

Theorem 3.21.

For an onto homomorphism f : R — S of subtraction algebras, let A be a Fermatean Quadri-
partitioned Neutrosophic set of R such that

(1.6)(VC C R) (zp € C) (TRa(xo) = VeecTRA(z), CRA(x0) = V2ecCRA(2), URA(x¢) =
NeecURA(z), FRA(x0) = NyecFRA(2).

If A is a Fermatean Quadripartitioned Neutrosophic subalgebra of R, then the image of A

under f is a Fermatean Quadripartitioned Neutrosophic subalgebra of S.
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Proof.
Let f(A) be the image of A under f. Let a,b € S. Then f~'(a) # @ and f~'(b) # @ in R. By
(5.3.6), there exist z, € f~!(a) and z}, € f~1(b) such that

TRA(a;a) = \/Zef—l(a)TRA(Z),CRA(xa) = \/zeffl(a)CRA(Z)v
URA(.T&) = /\Zef—l(a)URA(Z),FRA(.Ta) = /\Zeffl(a)FRA(Z),
TRA(xp) = \/wef—l(b)TRA(w),CRA($b) = vwef—l(b)CRA(w),

URa(b) = Muejt U R (), FRA(25) = Ae j1(5y FRa(w),
F(TRA)(a —b) = Vyep-1(a-p)TRA(x) > TRA(zq — ) > min{TRa(za), TRA(2b)}
= min{V.ef-1(0)TRA(2), Ve () TRA(w)}
= min{f(TRa)(a), f(TRA) (D)},
F(CRA) (@ —b) = Vo j1(a_y CRA(x) > CRa(a — 1) > min{CRA(za), CRA(23)}
= min{V.c-1(a)CRA(2), Vye -1 CRa(0)}
= min{f(CRa)(a), f(CRA)(b)},
FURA) (@ —b) = Avejoi(a—pURA(z) < URa (0 — 1) < maz{URA(za), URA(z3))
= maz{Aecp-1(@)URA(2), Ape -1 URa(w)}

= maz{f(URa)(a), f(URA)(b)},

and

f(FRA)(a —b) = Npep-1(a—p)FRA(x) < FRA(z4 — 1) < max{FRa(xa), FRa(7p)}
= maa:{/\zef—l(a)FRA(z), /\wef—l(b)FRA(’UJ)}
= maz{f(FRa)(a), f(FRA)(D)},

Hence f(A) is a Fermatean Quadripartitioned Neutrosophic subalgebra of S.
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