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1. Introduction

In 1965, Zadeh [17] introduced the concept of fuzzy sets to systematically model ambiguity
and vagueness that frequently arise in real-world problems. The fuzzy set framework provided
a mathematical structure to handle degrees of membership, thereby moving beyond the rigid
dichotomy of classical set theory. However, Zadeh’s model was limited in that it only accounted
for the membership degree of an element, leaving the non-membership aspect implicit.

To overcome this shortcoming, Atanassov [Il] proposed the notion of intuitionistic fuzzy sets
(IFS’s) in 1986. IFS’s extend Zadeh’s framework by explicitly incorporating both member-

ship and non-membership degrees, subject to the constraint that their sum does not exceed
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one. This development offered a more comprehensive means of capturing uncertainty. Never-
theless, in many real-life scenarios, the sum of membership and non-membership degrees may
exceed unity, revealing an inherent limitation of the IF'S model and suggesting the need for
more adaptable approaches.

Yager [[16] addressed this issue by introducing the Pythagorean fuzzy set (PF'S), wherein the
squares of the membership and non-membership degrees are required to sum to at most one.
This quadratic condition allowed for a broader domain of admissible values, thus enabling
greater expressive power in modeling uncertainty. Building further on this idea, Senapati
and Yager [9] introduced the Fermatean fuzzy set (§Ffs), which generalized the concept by
constraining the sum of the cubes of membership and non-membership degrees to be less than
or equal to one. This cubic condition substantially enhances the flexibility of representation,
thereby offering more nuanced handling of uncertain and imprecise information. As a result,
Fermatean fuzzy sets often outperform both IFS’s and PF'S’s in complex decision-making
environments and other practical applications.

Parallel to these developments, Smarandache [10] introduced neutrosophic sets (NS’s),
which represent a significant leap in uncertainty modeling. Unlike fuzzy or intuitionistic fuzzy
frameworks, neutrosophic sets are based on three independent components: truth-membership
(T'), indeterminacy-membership (I), and falsity-membership (F'). This independence allows
neutrosophic sets to capture not only incomplete and inconsistent information but also indeter-
minate and contradictory knowledge, making them highly effective in modeling complex and
heterogeneous data. Consequently, neutrosophic theory has been successfully applied across
diverse domains such as engineering, philosophy, economics, medical sciences, and information
systems.

The inherent independence of T, I, and F' makes neutrosophic sets particularly powerful in
analyzing scenarios where information is simultaneously uncertain, incomplete, and inconsis-
tent. This characteristic broadens the scope of application, ranging from scientific research to
decision-support systems, where traditional fuzzy-based approaches are often insufficient.

Recognizing the complementary strengths of Fermatean fuzzy sets and neutrosophic sets,
researchers proposed the concept of Fermatean neutrosophic sets (F'N.S’s). This hybrid model
inherits the enhanced representational capacity of Fermatean fuzzy logic while incorporating
the tri component structure of neutrosophic sets. As a result, FFN.S’s provide a more robust and
flexible framework for handling uncertainty, imprecision, and indeterminacy in multi-criteria
decision-making and related fields.

For instance, in evaluating a local restaurant, the Fermatean fuzzy framework can model

the subjective importance of attributes such as quality, naturalness, freshness, taste, and
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presentation factors that are inherently ambiguous and prone to human hesitation. By inte-
grating neutrosophic principles, the model is further enriched to capture the indeterminacy
and inconsistency often present in customer perceptions and preferences. Thus, the Fermatean
neutrosophic approach allows for a more accurate and comprehensive evaluation of consumer
decision-making processes.

The choice of local food service as a case study is particularly appropriate due to the inher-
ently uncertain nature of consumer behavior and preference formation. Traditional crisp or
even fuzzy models fail to capture this complexity adequately, whereas Fermatean neutrosophic
sets provide a refined and powerful tool to represent such uncertainties, thereby yielding more
reliable outcomes for both analysis and strategic planning.

From a topological perspective, Vadivel et al. [12] introduced the notion of d-open sets
within neutrosophic topological spaces. Prior to this, in 2008, Ekici [4] introduced e-open sets
in general topology. Building on this foundation, Seenivasan et al. [8] in 2014 developed the
concept of fuzzy e-open sets and their corresponding fuzzy e-continuity. Later, Vadivel et al. [3]
extended these ideas into the realm of intuitionistic fuzzy topological spaces. More recently,
Vadivel and collaborators [13-15] have made notable contributions by exploring various types of
open sets in Fermatean fuzzy topological spaces, advancing the study of fuzzy and neutrosophic
topology.

The motivation for selecting Fermatean Neutrosophic (§9t) e-open sets as the foundation
of this work stems from their ability to generalize and extend the classical notions of openness
in topological spaces while effectively addressing ambiguity, imprecision, and indeterminacy in
real-world applications. Traditional open sets in topology are inadequate when dealing with
multi-dimensional uncertainty that arises from human judgment, incomplete information, and
inconsistent data. The incorporation of Fermatean Neutrosophic theory allows us to overcome
these limitations by combining the expressive power of Fermatean fuzzy sets with the triadic
structure of neutrosophic sets, thereby offering a more robust modeling tool.

In particular, Extension of classical openness: The concept of §9le-open sets generalizes
the classical and fuzzy topological notions of openness by embedding Fermatean membership,
non-membership, and neutrosophic indeterminacy. This extension enables a more flexible
characterization of topological structures under uncertainty. Relevance of e-open mappings:
By defining and studying §9te-open mappings, we extend the mapping theory from crisp and
fuzzy topology into the Fermatean neutrosophic environment. These mappings preserve the
e-open nature of sets under continuous transformations, which is essential in applications such
as decision-making, optimization, and data analysis where transformations of uncertain data
occur frequently. Importance of Homomorphisms: Homomorphisms between §91 topological

spaces provide a natural way to establish structural relationships and preserve topological
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properties across spaces. Their study allows us to investigate equivalences, invariants, and
symmetry-like properties under the Fermatean neutrosophic framework, which is vital for
building consistent theoretical foundations and for practical applications in areas such as in-
formation systems and knowledge representation. Theoretical and Practical Impact: The joint
study of §Jle-open sets, open mappings, and homomorphisms enriches the existing literature
in both fuzzy/neutrosophic topology and applied decision sciences. These concepts are not
only theoretically significant but also practically relevant, as they provide new tools to an-
alyze complex systems involving uncertainty and human subjectivity—ranging from decision
support systems to social and behavioral sciences.

Therefore, the choice of Fermatean Neutrosophic e-open sets and their associated mappings
and homomorphisms is both natural and essential. It represents a step toward developing a
comprehensive topological framework that integrates flexibility, expressiveness, and applica-
bility for uncertainty-driven problems.

Advantages of the Proposed Work: Although many research works have been carried out

in fuzzy, intuitionistic fuzzy, Pythagorean fuzzy, and neutrosophic topological spaces, the
proposed Fermatean Neutrosophic (§91) e-open sets, mappings, and homomorphisms offer
several distinct advantages such as higher flexibility in modeling uncertainty, Generalization
of existing theories, New structural insights via homomorphisms, Applicability in real-world
decision-making and bridging the gap between theory and application.
Research Gap: To the best of our knowledge, no prior investigation has been carried out
on the concepts of open, closed and homeomorphism maps with respect to Fermatean neu-
trosophic e-open sets within the framework of Fermatean fuzzy topological spaces. While
various notions of open maps and homeomorphism mappings have been studied extensively in
classical topology, fuzzy topology, and intuitionistic fuzzy topology, the specific treatment of
these notions under the richer structure of Fermatean neutrosophic sets remains unexplored in
the existing literature. This absence highlights a significant research gap, thereby motivating
the present study to initiate and advance the theory of Fermatean neutrosophic e-open and
e-homeomorphism maps.

The focus of this article is to introduce the concepts of §)le-open and FIle-closed map-
pings in Fermatean neutrosophic topological spaces. The study is further extended to §9te-
homeomorphisms, §9le-C homeomorphisms, and S‘ﬁeT% -spaces in Fermatean neutrosophic
topological spaces, and some of their fundamental properties are established. Additionally,
we introduce an entropy measure for Fermatean neutrosophic sets and provide an example

illustrating its application in decision-making for real-life problems.
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2. Preliminaries

Definition 2.1. [9] Let € be a universe of discourse. A Fermatean fuzzy set (FFS) F' in € is
defined as

F={(,ar(t),Br()) 1€ €},
where
ar():€—[0,1] and Br(1): € [0,1],
satisfying the condition

0 < (arp()®+Br()*<1, Veecd.

Here, ap(2) and Br(2) represent the degree of membership and the degree of non-membership
of the element x in the set F', respectively. For any FFS F and 1 € €, the degree of indeter-

minacy of € with respect to F' is defined as

mr(1) = V1= [(ar()? + (Br())?].

For simplicity, we denote the FFS F = {(1,ar(2), Br(2)) : 2 € €} by F = (ar, OF).

Definition 2.2. [11] Let € be a non-empty set. A Fermatean neutrosophic set (abbreviated
as §91s) L is defined as

L= {( pr(),vr(1),00(2)) 12 € €},
where
pr() : €= [0,1], vp(): €= [0,1], or(z): €= [0,1],
denote the degree of membership, the degree of indeterminacy, and the degree of non-

membership of each element » € € to the set L, respectively, satisfying
0< (ue(0)® + (o0()* <1, 0< (vp(1)* < 1.
Consequently,
0< (pr(@))’ + ()’ + (0(1)° <2, Ve c.
Here, pu7,(2) and op,(2) are dependent components, whereas v, (2) is an independent compo-

nent.

Before proceeding to set operations, we provide the definitions of 1zn and Ozn. Possible
definitions of 1zy and Ozyn neutrosophic sets were discussed in [G]. In this paper, we construct

the theory by defining Oz and 1zn Fermatean neutrosophic sets in a single, unified way:
Oz = {(2,0,0,1) : 0 € €}, 1zm = {(2,1,1,0) : 2 € C}.

Next, we present the definitions of union, intersection, and complement, which are necessary

for defining a topological space. While several definitions exist in classical neutrosophic spaces
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[2], to avoid confusion, we provide here a single method suitable for sets with Fermatean

structure. This method differs from that chosen in [6].

Definition 2.3. [11] Let € be a non-empty set & the §Ns’s L & M in the form L =
{(,pr(),vr(2),o0(2)) 1€ € M = {(s, urs(2), var(2), opr(2)) = 2 € €}, then
(i) Ogm = (2,0,0,1) and 1zn = (2,1, 1,0),

(ii) L C M iff pur(2) < par(e), vi(e) <wvpr(e) & op(2) > op(2) 12 € €,

(if) L= M iff L C M and M C L,

(iv) 1gm — L ={(t,0L(2), 1zgm —vr(2), ur(2)) : 2 € € = L° or C(L),

(v) LUM = {(s,max(ur(2), uar(2)), max (v (2), var(2)), min(or(2), oar(2))) : v € €},

(vi) LN M = {(s, min(pr(2), uar(2)), min(vr(2), var(2)), max(or(2), oa(2))) : 0 € €}
Definition 2.4. [5] A §9 topology (§9) on a non-empty set € is a family 75y of FIN subsets
of € satisfying:

(i) Ogm, lgm € T,

(ii) L1 N Ly € Tz for any Ly, Ly € T3,

(iii) Ugea La € T3m for any collection {L, : a € A} C 73m.

Then, (€, 1zn) is called a FN topological space (briefly, §9ts) on €. The elements of 7zn
are called §91 open sets (briefly, §0os) in €. A 9 set C is called a FIN closed set (briefly,
$Nes) if and only if its complement C° is a FNos.

Definition 2.5. [b] Let (&, 75m) be a §9ts on € and L be a §)1s on €. Then, the § interior
of L (briefly, §9int(L)) and the N closure of L (briefly, §Ncl(L)) are defined as

§Nint(L) = | J{I: I € L and I is a §Nos in €}, (1)
FNel(L) = m{[ : L C I andisadNcsin C}. (2)
Theorem 2.6. [p] Let L be an §s on €. In this case, the following four properties hold:
(i) $Ncl(L) is a FNes,
(if) §Ncl(1zm) = Lgm, $Ncl(Ozm) = Oz,
(iii) §Mint(L) is an §Nos.
(iV) gmint(lgsﬁ) = lgsﬁ, gmint(()gm) = Ogm.
Lemma 2.7. [b] For any §M set A in (€, 750), we have C(FNint(B)) = §Ncl(C(B)) and
C(FNcl(B)) = FNint(C(B)). Here C(B) or A denotes complement of A.

3. Fermatean neutrosophic e-open mapping

Definition 3.1. Let (&, 75m) be an §ts and & be an §NMs. Then & is said to be an FN
(i) regular open set (§MNros) if & = FNint(FNcl(B)). (ii) regular closed set (FNres) if & =
Nl (FNint(B)). By Lemma @, we conclude that & is an FMros iff & is an FNres.
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Definition 3.2. Let (€, 73m) be an §Mts and & = {< 1, pe(2), vs(2),06(2) > |+ € €} be an
$Ms in €. Then the J-interior (closure) of & are denoted by §MNdint(®) and FNIcl(&) and
are defined as follows. §Noint(B) = U{G|G is an §MNros and G C A}, FNocl(B) = N{ K| K is
an §Nres and & C K}
A set & is said to be N

(i) d-open set (FNdos) if & = FNoint(B),

(ii) 6-pre open set ( FN0Pos) if & C FNint(FNIcl(B)).

(iii) d-semi open set ( FNOSos) if & C FNcl(FNIint(B)).

(iv) da open set or B-open set ( FNdaos or FNaos) if & C FNint(FNcl (FNoint(S))).

(v) 08 open set or e*-open set ( §NIFos or FNe*os) if & C FNel (FNint(FNOcl(B))).

(vi) e open set ( §Neos) if & C FNel(FNoint(B)) U FNint (FNocl(B)).
(vii) d (resp. d-pre, d-semi, dc, e and 0f3) dense if FNocl(&) (resp. FNIPl(B), FNIScl(S),

§Ndacl(®), §Necl(B) and FNOFcl(B)) = 1zm.

The complement of an §)dos (resp. FNoPos, FNISos, FNoaos, FNeos and FNIFos) is
called an NI (resp. FNOP, FNIS, FNda, FNe and FINOS) closed set (briefly, FNdes (resp.
FNIPes, FNoScs, FNdacs, FNecs and FNdSBes)) in €.

The family of all §dos (resp. FNdcs, FNOPos, FNIPcs, FNISos, FNoScs, FNoaos,
FNoacs, FNeos, FNecs, N6 Bos and $NoPces) of ¢ is
denoted by FNSOS(C) (resp. FNOCS(C), FNIPOS(C), FNOPCS(C),FNOSOS(C), FNOS
CS(€), FN6a0S(€), FNIaCS(€), FNeOS(C), FNeCS (), FNOLOS(C) and FNOLCS(C)).

Definition 3.3. Let (€, 75m) be an §Mts and & = {< 1, ue (1), vs(1),06(2) > ¢ € €} be
an §Ns in €. Then the FN0 ( FNI-pre, FIo-semi, FNocr, FNe and FNJS)-interior and the
FN0 ( FN0-pre, FNI-semi, FNocr, FNe and FINOF)-closure of & are denoted by FNdint(B)
( FNOPint(B), FNISint(B), FNoaint(®), FNeint(B) and FNOFint(®)) and the FNocl(B) (
FNOPcl(B), FNOScl(B), FNoacl (&), FNecl(B) and FNIBel(H)) and are defined as follows:

§NGint (&) ( FNOPint(B), FNOSint(B), FNoaint(®), FNeint(B) and FNIFint(B) ) =
U{G|G in a §Ndos ( §NIPos, FNISos, FNoaos, FNeos, and §Nofos) and G C &} and
FNGCL(B) ( FNOPCL(S), FNOSEl(B), FNacl(®), FNecl (&) and FNOF(S) ) = N{K|K is an
$Nocs ( FNOPes, FNIScs, §Ndacs, FNecs §NIPcs) and & C K}

Definition 3.4. A map f: (€, zm) — (D, o5m) is called FN
(i) continuous (briefly, §MCts) if the inverse image of every §Mos in (D, ozn) is a §Nos in
(€, m5m),
(ii) d (resp. 0S8, dP, da, e and 03) -continuous (briefly, FNICts (resp. 6SCts, §PCts, daClts,
eCts and 08Cts)) if the inverse image of every §os in (D, ogm) is a §Ndos (resp. 6Sos,
dPos, daos, eos and 0f0s) in (€, Tzn).

Vadivel A, Thamilarasi P, Priya S, Periyasamy P, e-open Maps and Homeomorphisms in
Fermatean Neutrosophic Topological Spaces with Applications to Entropy Measures



Neutrosophic Sets and Systems, Vol. 97, 2026 22:*]

Definition 3.5. A map f: (€, 75m) — (D, 03m) is called FN
(i) open (briefly, NO) if the image of every §Nos in (€, 73m) is a FNos in (D, ozm),
(ii) § (resp. dS, 0P, da, e and §53)-open (briefly, FNIO (resp. SO, PO, §aO, eO and
dp0)) if the image of every §Mos in (€, mzm) is a §Ndos (resp. 0Sos, dPos, daos, eos
and dfos) in (D, ozn).

Proposition 3.6. The statements are hold but the converse does not true. Every (i) §5O
(resp. (i) FNO, (iii) FNOO, (iv) FNOPO, (v) FNISO, (vi) FNIPO, (vii) NSO, (viii)
FNoaO and (ix) FNoawO) mapping is a FNO (resp. FNISO, FNIPO, FNeO, FNeO, FNIFO,
FNILO, FNISO and FNOPO) mapping.

Proof. We prove only (iv) and (v), the others are similar.

(iv) Let ¢ be a §os in €. Since f is a FNOPO mapping, it follows that f({) is a FNoPos
in ®. Moreover, since every FNoPos is a FIeos, we deduce that f({) is a FJeos in
®. Hence, f is a §0eO mapping.

(v) Let ¢ be a §Nos in €. Since f is a FNOSO mapping, it follows that f(() is a FNoSos
in ©. Moreover, since every §9dSos is a §Neos, we deduce that f(() is a F)eos in
®. Hence, f is a §91eO mapping. 0

Example 3.7. Let € = = {1,n} and the §Ns’s &1, &, and &3 are defined as
pe, (1) = 0.8, v, (2) = 0.8, og,(2) = 0.1,

pe, (n) = 0.9, ve,(n) = 0.8, gs,(n) = 0.2;

U, (1) = 0.6, ve,(2) = 0.7, 0g,(2) = 0.2,

pe, (1) = 0.5, ve,(n) = 0.7, 0e,(n) = 0.6;

pes (1) = 0.1, ve,(2) = 0.2, 0g,(2) = 0.8,

pes(n) = 0.2, ve,(n) = 0.2, oe,(n) = 0.9.

Let m5m = ogm = {Ozm, lzm, &1, B2, B3} be a FNts on € and let f: (€, 75m) — (D, 05n)
be an identity mapping, then f is FNO (resp. FNIPO, FNIPO, FNeO and FNIHFO) but not
FNIO (resp. FNaO, FNOO, FNISO and FNISO), the set Gy is a FNos in € but f(Gy) = Bo
is not FNdos (resp. FNdaos, FNoos, FNISos and FIN0Sos) in D.

Example 3.8. Let € =9 = {1,n} and the §Ns’s &1, &2 and &3 are defined as
pe, (1) = 0.2, v, (2) = 0.5, 0g,(2) = 0.8,

pe, (n) = 0.3, ve,(n) = 0.5, 0,(n) =0.7;

U, (1) = 0.1, ve,(2) = 0.5, 0g,(2) = 0.9,

pe, (1) = 0.1, ve,(n) = 0.5, 0e,(n) = 0.9;

pes (1) = 0.2, ve,(2) = 0.5, 0g,(2) = 0.8,

pes () = 0.4, ve,(n) = 0.5, 0e,(n) = 0.6.
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Let Tgm = Ug:m = {Ogm, lgm, @1, @2, (’53} be a &‘ﬁts on Q: and let f : (Q:, Tgm) — (@,Ugm)
be an identity mapping, then f is §96SO but not FNIO, the set &q is a §los in € but
f(B1) = B, is not FNdos in D.

Example 3.9. Let € =© = {1,7,¢,d} and the FNs’s B, Gg, B3, &4 and &5 are defined as
pe, (1) =1, ve, (1) = 0.5, og,(2) =0,
77) = ]-7 Vg, (77) = 057 06, (77) = O)

pe,(c) =0.2, vg,(c) = 0.5, og,(c) =0.7,

pe,(d) =0, ve,(d) =0.5, og,(d) =0.1;

pes (1) = 0, ves (1) = 0.5, oe;(2) =1,

tes(n) =0, ve,(n) = 0.5, oe;(n) =1,

c) =0, ve,(c) =0.5, ogg,(c) =1,

pes(d) =0, v, (d) =0.5, o, (d) = 1.

Let 3m = ozm = {Ozm, lzm, &1, G2, B3, By, G5} be a §Nts on € and let f: (€, 75m) —
(D, o3m) be an identity mapping, then f is FNISO (resp. FIeO and FINISO) but not FNIaO
(resp. §NIPO and FNOPO), the set Bg is a FNos in € but f(By) = Gy is not FNdwos (resp.
FNIPos and FNIPos) in D.

Diagram 3.10. From the above Proposition @, and the following Example, the implications
are hold.

Theorem 3.11. A mapping f : (&, m5m) = (D, 05n) is FNeO iff for every FNs ¢ of (€, 75m),
f(int(C)) € §Neint(f(C)).
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$NO

|

FNOO
3‘3?5040

SNOSO —> $NeO <— SNOPO

~

FN6B0O
Note: & — B denotes & implies B, but not conversely.

Proof. Necessity: Let f be a §1eO mapping and let ¢ be a §Nos in (€, 73m). Since
int(¢) C ¢, it follows that

f(int(€)) < f(C)-
As f is a §7eO mapping, f(int(¢)) is a FNeos in (D, ogn) and satisfies

f(int(¢)) € f(¢)-
Therefore,

f(int(¢)) < §Ne int(£(C))-

Sufficiency: Assume ( is a §NMos of (&, 75m). Then,

f(¢) = f(int(¢)) € FNeint(f(C))-

But
§Neint(f(¢)) S £(C)-

Hence,
F(¢) = §Neint(f(C)),

which implies that f(¢) is a §Neos of (D, ozy). Therefore, f is a FNeO mapping. 0

Theorem 3.12. If f: (€, 73m) — (D, 0zn) is a FNeO mapping, then

int (f71(¢)) € £ (Neint(())

for every §Ms ¢ of (D, ogm).
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Proof. Let ¢ be a §9s of (D,03m). Then int(f~1(¢)) is a FNos in (&€, 75m). Since f is a
FNeO mapping, f(int(f_l(g))) is a §Neos in (D, ozn), and hence

F(int(£71(¢))) € 3Neint (F(£71(C))) € FNeint(¢).
Thus,
int(f~1(¢) € 1 (FNeint(¢)).
U

Theorem 3.13. A mapping f : (€, 73m) = (D,03n) is a §9eO mapping if and only if, for
each Ns p of (D,05n) and for each FNcs ¢ of (€, 73ym) containing f~1(u), there exists a
§Necs v of (D, ozn) such that

pCry and f'(y)CC

Proof. Necessity: Assume f is a §9eO mapping. Let p be a §Mcs of (D, ozm) and let ¢
be a §NMcs of (€, Tzm) such that

7w < ¢
Define
v=(7¢9)"
Then 7 is a §Necs of (D, ozn) such that
Tt cc
Sufficiency: Assume 0 is a §Nos of (€, 73m). Then
FH0))) € 6,
and 0¢ is a §Nes in (€, 7591). By hypothesis, there exists a §Mecs v of (D, ozn) such that
(f(0)° Sy and f7i(y) Co"

Therefore,

Hence,

which implies

Since 7€ is a §Neos of (D, ozm), it follows that f(d) is a FNeos in (D,o5n). Thus, f is a
F9teO mapping. 0

Vadivel A, Thamilarasi P, Priya S, Periyasamy P, e-open Maps and Homeomorphisms in
Fermatean Neutrosophic Topological Spaces with Applications to Entropy Measures



Neutrosophic Sets and Systems, Vol. 97, 2026 ZZD

Theorem 3.14. A mapping f : (€, 3m) — (D, 0n) is a FNeO mapping iff

STHEMecl(Q)) Sl (F7HC))

for every §Ms ¢ of (D, ogm).

Proof. Necessity: Assume f is a §9eO mapping. For any §s ¢ of (D, ozxn), we have

FHO S (F71Q).

Therefore, by Theorem , there exists a §Mecs p in (D, ogm) such that

(Cp and f7H(p) Ce(f71(C).
Hence, we obtain
FHENec(Q) € ) S (F71(Q).

Sufficiency: Assume ( is a F0Ns of (D, o5m) and p is a FNes of (€, 75m) containing ().
Put a = cl(¢). Then ¢ C «, and « is a FNec. Moreover,

fH @) Ca(f710) € p.
Then, by Theorem , f is a §91eO mapping. O

Theorem 3.15. If f: (€, 73m) = (D,03m) and ¢ : (D,0zn) — (3, pgn) be two neutrosophic
mappings and go f : (€ mzm) — (3, pzm) is §NeO. If g : (D, 05m) — (3, pgm) is §Nelrr then
[ (€ mm) = (D, 03m) is §MeO mapping.

Proof. Let 8 be a §Nos in (€, 75m). Then go f(B) is a FNeos of (3, pgm) because go f is
a §NMeO mapping. Since g is FNelrr and g o f(5) is a FNeos of (3, pzm), we have

9 (go f(B) = f(B),
which is a §Neos in (D, ogm). Hence, f is a FIeO mapping. O

Theorem 3.16. If f: (€, zm) — (D, 03m) is a FNO mapping and g : (D, o5n) — (3, pzn) is
a §NeO mapping, then

go f: (€ 15m) — (3, p3m)
is a §91eO mapping.

Proof. Let 5 be a §os in (€, 7501). Then f(B) is a §Nos of (D, ozn) because f is a FNO
mapping. Since g is a §9teO mapping, we have

g(f(B)) = (go )(B),

which is a FNeos of (3, pgon). Hence, go f is a §MeO mapping. 0
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4. Fermatean neutrosophic e-closed mapping

Definition 4.1. A map f : (€, 75m) — (D, 03m) is called FN
(i) closed (briefly, §NC) if the image of every §Mcs in (&€, 750) is a §Nes in (D, ozm),
(ii)  (resp. dS, dP, da, e and df3)-closed (briefly, FNOC (resp. 0SC, 6PC, daC, eC and
dpC)) if the image of every §Ncs in (€, 73m) is a FNdcs (resp. IScs, dPcs, dacs, ecs and
dfBcs) in (D, ozm).

Proposition 4.2. The statements are hold but the converse does not true. Every (i) §96C
(resp. (ii) NC, (iii) FNOC, (iv) FNOPC, (v) FNOSC, (vi) FNOPC, (vii) FNOSC, (viii)
FNoaC and (ix) FNoaC') mapping is a FNC' (resp. FNOSC, FNIPC, FNeC, FNeC, FNILC,
FNIBC, FNOSC and FNIPC) mapping.

Proof. We prove only (iv) and (v), since the others follow similarly.

(iv) Let ¢ be a §Mcs in €. Since f is FNMOIPC mapping, f(¢) is a FNIPcs in D. Since every
FNoPes is a FNecs, f(C) is a FNecs in . Hence [ is a FNeC mapping.

(v) Let ¢ be a §es in €. Since f is FNOSC mapping, f({) is a FIN0Scs in D. Since every
§NoScs is a FNecs, f(C) is a FNecs in ©. Hence f is a FNeC mapping. O

Example 4.3. In Example @, fis NC (resp. FNIPC, FNIPC, FNeC and FNLC)
but not FNOC (resp. FNoaC, FNIC, FNISC and FNISC), the set &S is a FNes in € but
f(®S) = &S is not FNdcs (resp. FNdacs, FNocs, FNIScs and FNOScs) in D.

Example 4.4. In Example @, fis NOSC but not FNIC, the set &Y is a FNes in € but
f(&9) = &S is not FNdcs in D.

Example 4.5. In Example @, fis FNOSC (resp. FNeC and FNOAC) but not FNIalC
(resp. FNOPC and FNOPC), the set &S is a FNes in € but f(BF) = & is not FNdacs (resp.
$N6Pes and §INoPces) in D.

Theorem 4.6. A mapping f : (€, 3m) — (D, 0zn) is a FNeC mapping iff, for each FNs p of
(D, o3m) and for each FNos ¢ of (€, T39) containing f~1(u), there exists a FNeos v of (D, ozm)
such that

pCr and fl(y) CC
Proof. Necessity: Assume f is a §9eC mapping. Let p be a §Ncs of (D, ozn) and let ¢
be a §Nos of (&€, 73m) such that
fHw c¢
Then
=9~ f71(¢9)
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is a §Neos of (D, ozm) such that
i ce
Sufficiency: Assume ¢ is a §cs of (€, 75m). Then (f(9))° is a §Ns of (D, ozn) and ¢ is
a §Nos of (€, 73m) such that
FH0)°) € o
By hypothesis, there exists a §0eos v of (D, ogn) such that

(f(8))° S~y and f7'(y) C 0"

Therefore,
Hence,

which implies

f(0) =~
Since 7€ is a §Mecs of (D, ozm), it follows that f(J) is a FNec in (D, ozn). Thus, f is a FNeC
mapping. U]

Theorem 4.7. If f : (€, 75m) — (D, 05m) is INC and g : (D, 05m) — (3, pzn) is FNeC. Then
go f: (€ mm) = (3, p3m) is FNeC.

Proof. Let § be a §cs in (€, 7zm). Then f(B) is a FNes of (D, ozm) because f is a FNC
mapping. Now,

(g0 f)(B) =9(f(B))
is a §Necs in (3, pgm) because g is a FNeC mapping. Thus, go f is a FNMeC mapping. ]

Theorem 4.8. If f: (&, 750m) — (D, 03m) is FNeC map, then FNecl(f(v)) € f(cl(7)).

Theorem 4.9. Let f: (€, m5m) — (D,05m) and g : (D, 05n) — (3, pzm) are FNeC mappings.
If every §Necs of (D, ozm) is FNe then, go f: (€, 75m) — (3, pzm) is FNeC.

Proof. Let 5 be a §Ncs in (€, 73m). Then f(B) is §Necs of (D, ozm) because f is FNeC

mapping. By hypothesis f(8) is §9es of (D, o0zm).Now ¢g(f(8)) = (g o f)(B) is FNecs in
(3, pgon) because g is FNeC mapping. Thus g o f is FNeC mapping. O

Theorem 4.10. Let f : (€, 75n) — (D,05n) be a bijective mapping. Then the following
statements are equivalent:

(i) f is a §9eO mapping.

(ii) f is a §9teC mapping.

(iii) f~!is FNeCts mapping.
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Proof. (i) = (ii): Assume that f is a §eO mapping. By definition, if § is a Fos in
(€, 75m), then f(B) is a FNeos in (D, ozn). Now, if B is a §Ncs in (€, 73m), then € — [ is a
§Nos in (€, 73m). By assumption, f(€ — f) is a §Neos in (D, ozn). Hence,

D - f(€-p5)
is a §Necs in (D, ozn). Therefore, f is a §NMeC mapping.

(ii) = (iii): Let S be a §Necs in (€, 75m). By (ii), f(5) is a §Necs in (D, ozn). Since

f(B) = (FH7YB), it follows that f~! is a FNecs mapping in (D,o3n). Hence, f~1 is

FNeClts.
(iii) = (i): Let 5 be a §MNos in (€, 750). By (iii), we have

which shows that f(53) is a §eos. Hence, f is a §9eO mapping. OJ

5. Fermatean neutrosophic e-homeomorphism

Definition 5.1. A bijection f : (€, zm) — (D, o5n) is called a FIe-homeomorphism (briefly
SNeHom) if f and f~! are FNeCts.

Theorem 5.2. Each §MHom is a §NeHom. But not conversely.

Proof. Let f be a 3MHom. Then f and f~! are FNCts. Since every FNCts function is
FNeC'ts, it follows that f and f~! are FNeCts. Therefore, f is a FNeHom. O

Example 5.3. Let € = {1,n}, © = {p,q} and the FNs’s &1, &y, By and By are defined as
pe, (1) = 0.1, v, (2) = 0.5, og,(2) = 0.9,
He&y 77) =0.3, VQ51(77) = 0.9, 0051(77) =0.7;

q) = 0.3, vp,(q) = 0.5, op,(q) = 0.7;

Let zm = {Ozm, lgm, ®1} and ozm = {Ozm, lzm, Bi, B2} be a §Nts and let f : (&€, 75m) —
(D,05n) be defined as f(z) = p, f(n) = g, then f is FNeHom but not FNHom, the set B; is
a Nos in ® but f~1(B;) = By is not FNos in €.

Theorem 5.4. Let f: (€, zm) — (D, 05m) be a bijective mapping. If f is §eCts, then the

following statements are equivalent:

(i) fis a eC mapping.
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(ii) f is a §9eO mapping.
(iii) f~!is a FNeHom.

Proof. (i) = (ii): Assume that f is a bijective mapping and a §9eC mapping. Then f~1
is a §MeCts mapping. Since each FNos in (€, Tzm) is a FNeos in (D, ozxn), it follows that f is
a §MeO mapping.

(ii) = (iii): Let f be bijective and a FNO mapping. Then f~! is a FNeCts mapping.
Hence, both f and f~! are §NeCts. Therefore, f is a FNeHom.

(iii) = (i): Let f be a §NeHom. Then f and f~! are §NeCts. Since each FNes in (€, 730)
is a §MNecs in (D, ozm), it follows that f is a FNMeC mapping. O

Definition 5.5. A §Mts (€, 73,m) is said to be a §N eT% (briefly, S‘ﬁeT%)—space if every §Mecs
is §Mc in (&, 75m).

Theorem 5.6. Let f : (€, 73m) — (D,03m) be a FNeHom, then f is a FNHom if (¢, 73m)
and (D, ozn) are S‘ﬂeT% -space.

Proof. Assume that 3 is a §0cs in (D, 03m). Then f~1(B) is a FNecs in (€, 73:). Since
(€, 5m) is an S‘ﬁeT%—space, F7HB) is a FNes in (€, 75m). Therefore, f is FNCts.

By hypothesis, f~1 is §0MeCts. Let § be a §MNcs in (€, 75m). Then (f~H71(8) = f(9)
is a §Ncs in (D, 0zn) by presumption. Since (D, ozm) is a 3‘ﬁeT%—space, f(9) is a FNes in
(D, 03m). Hence, f~1 is FNCts. Therefore, f is a FNHom. 0

Theorem 5.7. Let f : (€, m5m) — (D, 03m) be a §Nts mapping. Then the following statements
are equivalent if (D, ozn) is a S‘ﬁeT% -space:

(i) f is a §9eC mapping.

(i) If 5 is a $Nos in (&€, 75m), then f(B) is a FNeos in (D, ozn).
(iii) f(int(B)) C cl(int(f(B))) for every FMs B in (€, 13m).

Proof. (i) = (ii): Obvious.

(ii) = (iii): Let 8 be a s in (€, 7591). Then int(B) is a FNos in (&€, 750). Thus, f(int(B))
is a §Neos in (D,o0zm). Since (D,o5m) is a S‘)’IeT%—space, f(int(B)) is a FNos in (D, ozn).
Therefore,

f(int(B)) = int(f(int(5))) S cl(int(f(5)))-
(iii) = (i): Let 8 be a §MNcs in (€, 73m). Then B¢ is a §Nos in (€, 73m). From (iii),

f(int(5°)) < cl(int(f(59)))-

Hence,

f(B9) C cl(int(f(5°)))-
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Therefore, f(5¢) is a §Neos in (D, ozm), which implies that f(5) is a §Necs in (€, 750). Hence,
f is a FNC mapping. O

Theorem 5.8. Let [ : (€, 75m) — (D,03m) and g : (D,05m) — (3, p5n) be §NeC, where
(€, 73m) and (3, pzm) are two §Its’s and (D, ozm) a S‘)“(eT%—space, then the composition go f
is §NeC.

Proof. Let § be a §1cs in (&€, 73m). Since f is §9eC and f(B) is a §Necs in (D, ogn), by
assumption, f(8) is a §MNes in (D, ozm). Since g is FNeC, g(f(B)) is FNeC in (3, pzm) and

9(f(B)) = (g o f)(B)
Therefore, g o f is FNeC. 0

Theorem 5.9. Let [ : (€, m5m) — (D,03zm) and g : (D, 05m) — (3, pgn) be two FNts map-
pings. Then the following statements hold:

(i) If go f is §NeO and f is FNCts, then g is FNeO.

(ii) If go f is FNO and g is FNeCts, then f is FNeO.

6. Fermatean neutrosophic e-C homeomorphism

Definition 6.1. A bijection f : (€, 75m) — (D,0zn) is called a FNe-C homeomorphism
(briefly, 3eCHom) if f and f~! are §elrr mappings.

Theorem 6.2. Each §0eCHom is a §9eHom. But not conversely.

Proof. Let us assume that 5 is a §cs in (D, 0zm). Then £ is a §Necs in (D, o5n). By
assumption, f~1(3) is a §Necs in (&€, 75m). Hence, f is a FNeCts mapping. Thus, both f and
f~1 are 3NeCts mappings. Therefore, f is a FNeHom. [l

Example 6.3. In Example @, the mapping f is §NeHom but not §NeCHom, the set AS
is a §Mos in € but f(AS) = A§ is not Feos in D.

Theorem 6.4. If f : (€, 75m) — (D,03m) is a §FNeCHom, then FNecl(f~1(£)) C
F7HEMNCl(€)) for each FNts € in (D, o3m).

Proof. Let £ be a §Mts in (D,0zm). Then, FNcl(§) is a FNes in (D, o5m), and every
FNes is a FNecs in (D, o5n). Assume f is FNelrr, FHFNCA(C)) is a FNecs in (€, 3m),
then FNcl(f~HFNl())) = F~HFNC(E)). Here, FNecl(f~1(£)) € FNecl (f~HFNel(€))) =
F7HENel(€)). Therefore, FNecl(f~1(€)) C FHEFN(€)) for every FNs & in (D, ozm). ]

Theorem 6.5. Let f : (€, 73m) — (D,03m) be a FNeCHom, then FNecl(f~1(£)) =
F7HEMNecl(€)) for each FNs € in (D, o3m).
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Proof. Since f is a §MeCHom, then f is a §Nelrr mapping. Let £ be a §Is
n (D,ozm). Clearly, §Necl(€) is a FNecs in (€, 73m). Then FNecl(§) is a FMNecs in
(€,7gm). Since f1(€) C f(FMecl(€)), then FMecl(F1(€)) C FMecl(f L (FNecl(€))) =
F7HEMNecl(€)). Therefore, FNecl(f~1(€)) C f~H{FNecl(€)). Let f be a FNeCHom. f~1is
a §Nelrr mapping. Let us consider §Ms f~1(£) in (€, 75m), which implies §Necl(f~1(€))
is a FNecs in (€, 750). Hence, FNecl(f~1(€)) is a FNecs in (€, 730). This implies that
(FHLENecl(F71())) = f(%‘ﬁecl(f_l(f))) is a §NMecs in (D,0zn). This proves { =
(FH7HHE) € (FHTHENe(f7H(E) F(ENecl(f71(€))). Therefore, FNecl(§) <
§Necl (f(FNecl(f~1(€)) = f(ENecl(f~
FUENe() C FHIEMe(FUE) = FNecl(FHE). That is, f(FNed(€)) C
FNecl(f71(€)). Hence, §Necl(f~1(€)) = F~1(FNecl(€)). (]

Theorem 6.6. If f: (€, 75m) — (D,0zn) and g : (D, 0zm) — (3, pgm) are FNeC Hom'’s, then
go fisa §NeCHom.

)
(€))), since f~1 is a FNelrr mapping. Hence,

Proof. Let f and g be two §0MeCHom mappings. Assume that £ is a §ecs in (3, pgn).
Then g~ 1(¢) is a §Necs in (D, o3n). By hypothesis, f~1(g71(€)) is a §Necs in (€, 73m). Hence,
go fis a §Nelrr mapping.

Now, let ¢ be a §Necs in (€, 73m). Then, by presumption, f(J) is a FNecs in (D, ozm). By
hypothesis, g(f(9)) is a Necs in (3, pzm). This shows that g o f is a FNelrr mapping.

Hence, go f is a §eCHom. O

7. Application

Entropy as a measure of fuzziness was first proposed by Zadeh [18]. Subsequently, many
mathematicians have introduced various entropy measures. In this section, we focus on defining
an entropy measure for §91fs that captures the degrees of membership, indeterminacy, and
non-membership. As an illustration, we apply the proposed entropy measure in the context of
decision making.

Algortihm:

Step 1: Input each of the FNS’s &1, 8o, ..., B.
Step 2: Compute the entropy of each F'N.S using the expression

1
empe(®) = 1= =3 (e — 0w)* (1 - 1), for every z; € ©,

=1

n

Step 3: Identify &, with the minimum value of ezm rs(8,).
Step 4: The optimal choice is to select the &, from Step 3.
Step 5: If more than one ideal solution is found, the user may select any one of them.
Since FFNS’s are extensions of existing sets such as [F'S’s and PF'S’s, they provide an

effective tool for representing information in decision-making.

Vadivel A, Thamilarasi P, Priya S, Periyasamy P, e-open Maps and Homeomorphisms in
Fermatean Neutrosophic Topological Spaces with Applications to Entropy Measures



Neutrosophic Sets and Systems, Vol. 97, 2026

234 ]

., P,. Each expert

Consider a set of k options Vi, Va, ..., Vi evaluated by n experts Py, Ps, ..

P; assesses the alternatives using the parameters K = {k1, ko, ..., ky} and assigns ratings to
FNS’s. The challenge is to select the best option among them. The proposed methodology

provides a systematic way to solve this problem using entropy measures.

Definition 7.1. Let & = {< 1, ug (1), vs(1), 06 (1)) € €} be a FNfs in U. The new entropy
smfs(U) — [0,1] and is defined
as egmrs(A) =1— 237 (e — 06)? * (1 — vg); for everyz; € A, where Tgmyss(U) denote the
family of all §9tfs’s on U.

measure for & denoted by ezmyrs(A), is a function, egnys :

Example 7.2. The Public Service commission(PSC) wants to select the director of educa-
tion for district to select among the three education department (D1, D2, D3). Assume the
following three criteria (C'1,C2,C3) Educational management skills, Policy development &
implementation and Good communications. The PSC to appoint the best director from the
three departments, D1 - State council of educational research, D2 - State board of Education,

D3 - The Text book board.

Table 1. Weights assigned to the criteria.

C1 C?2 C3
D1 | < D1,C1;0.52,0.20,0.15 > | < D1,(C?2;0.48,0.30,0.19 > | < D1,(3:0.26,0.25,0.10 >
D2 | < D2,C1;0.59,0.25,0.32 > | < D2,C2;0.45,0.50,0.25 > | < D2,(3:0.21,0.50,0.47 >
D3| < D3,(1;0.45,0.30,0.58 > | < D3,(2;0.90,0.20,0.25 > | < D3,(3;0.25,0.30,0.50 >

Table 3. Entropy measure based on the criteria

Cl | C2| C3
D1]0.89|0.94 | 0.98
D210.95]0.99 | 0.97
D31]0.99 | 0.66 | 0.96
Table 4. Selection result for the director
Result
D1| 2381
D2 | 2.90
D3| 2.61

After evaluating the criteria, D3 is selecting for the position Dirctor of education for the

district using entropy measure of minimum fuzziness.
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8.

Conclusions

This study introduced §Dt e-open sets, e-continuous mappings, e-homomorphisms, e-C' ho-

momorphisms, and §)eT’; -spaces, establishing their key properties and enriching neutrosophic

2
topology. The framework has direct applications in entropy-based decision-making and related

real-life problems. Future work may explore §F9le-compactness, §9le-connectedness, contra e-

continuous functions, and applications in multi-criteria decision-making, entropy measures,

and Al-driven uncertainty modeling.
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