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Abstract. This paper presents a comprehensive exploration of neutrosophic UP-subalgebras within the frame-
work of BCC-algebras, introducing a novel framework for their classification and characterization. By in-
tegrating neutrosophic set theory—which generalizes fuzzy and intuitionistic fuzzy sets—we systematically
investigate three types of neutrosophic subalgebras: (&€, €)-neutrosophic, (g, € Vq)-neutrosophic, and their hy-
brid variants. A key contribution lies in establishing rigorous conditions under which neutrosophic €-subsets,
g-subsets, and € Vg-subsets qualify as BCC-subalgebras, leveraging threshold-based analysis (e.g., A\, u, v
parameters) to delineate membership and non-membership criteria. We further derive algebraic characteriza-
tions for (@, ¥)-neutrosophic BCC-subalgebras, where ®, ¥ € {€, ¢, € Vq}, and demonstrate their theoretical
consistency through illustrative examples and counterexamples. Notably, the study reveals that neutrosophic
g-subsets and € Vg-subsets exhibit subalgebraic properties under specific threshold constraints (A, x > 0.5;
v < 0.5), extending classical results in fuzzy algebraic structures. Our findings contribute to the theoretical
foundations of neutrosophic algebraic systems while offering a versatile tool for modeling uncertainty in logical

algebras, decision-making, and beyond.

Keywords: BCC-algebra; (€, €)-neutrosophic BCC-subalgebra; (€&, ¢)-neutrosophic BCC-subalgebra; (g, €)-
neutrosophic BCC-subalgebra; (g, €)-neutrosophic BCC-subalgebra; (g, € V¢)-neutrosophic BCC-subalgebra.

1. Introduction

The concept of fuzzy sets (FSs) was first introduced by Zadeh [22], and it has since been
widely applied in various real-world contexts. Numerous researchers have further developed
this theory, leading to a variety of generalizations. Among them, the integration of F'Ss with

other uncertainty models, such as soft sets and rough sets, has been actively explored [11[3}|4].
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Atanassov [2] extended the idea of FSs by proposing intuitionistic fuzzy sets (IFSs), which
have shown greater flexibility and broader applicability. These sets have been applied in di-
verse fields, including medical diagnosis, optimization, and multicriteria decision-making [6-8].
Later, Smarandache [18] introduced neutrosophic sets in 1999 as a more comprehensive frame-
work, which encompasses classical sets, FSs, IFSs, and interval-valued variants. Neutrosophic
set theory has since found applications in many areas, with additional resources available at
http://fs.unm.edu/neutrosophy.htm.

Tampan [11] introduced UP-algebras as a novel algebraic structure, which motivated ex-
tensive studies on their fuzzy and generalized forms. Somjanta et al. [19] and Guntasow
et al. [9] investigated fuzzy sets within this setting, while Dokkhamdang et al. |5 proposed
threshold-based fuzzy UP-subalgebras. Poungsumpao et al. [16] extended the study to fuzzy
UP-subalgebras and fuzzy UP-ideals, and Tanamoon et al. [21] advanced the framework further
to Q-fuzzy UP-subalgebras and Q-fuzzy UP-ideals. Intuitionistic fuzzy extensions were also
explored: Kesorn et al. [14] examined intuitionistic fuzzy structures in UP-algebras, and Jana
et al. [12] introduced quasi-coincidence for intuitionistic fuzzy points and analyzed (€, € Vq)-
intuitionistic fuzzy BCl-subalgebras. Neutrosophic approaches have equally enriched the field:
Songsaeng and Iampan [20] defined neutrosophic UP-subalgebras, filters, near filters, and
strongly UP-ideals, while Rangsuk et al. [17] studied the more specialized class of neutrosophic
N-UP-structures. Finally, Jun et al. [13] demonstrated the equivalence of UP-algebras [11]
and BCC-algebras [15], and following Komori’s original formulation, the present study employs
the term BCC-algebra for consistency.

This study investigates neutrosophic BCC-subalgebras in the setting of BCC-algebras and
provides a structured classification of their types. Drawing on neutrosophic set theory, which
extends both fuzzy and intuitionistic fuzzy frameworks, we focus on three central categories:
(€, €)-neutrosophic, (g, € Vg)-neutrosophic, and hybrid forms. The main contribution is to
specify the precise conditions under which neutrosophic €-subsets, g-subsets, and € Vg-subsets
constitute valid BCC-subalgebras, using threshold parameters (A, u,v) to regulate truth, in-
determinacy, and falsity membership. In addition, algebraic properties of generalized (®, ¥)-
neutrosophic BCC-subalgebras (®,¥ € {€,q,€ Vq}) are derived, supported by illustrative
examples and counterexamples. It is shown that neutrosophic ¢g-subsets and € Vg-subsets pos-
sess subalgebraic characteristics under particular thresholds (A, x> 0.5;v < 0.5), thereby ex-
tending earlier results in fuzzy algebra. Overall, this work enriches the theoretical foundations
of neutrosophic algebraic systems and highlights their potential applications in uncertainty

modeling, logical structures, and decision-making.
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2. Preliminaries

Building upon Komori’s seminal work [15], the notion of BCC-algebras can be reformulated
without explicitly relying on condition @, yielding a more concise axiomatic framework as

follows:

Definition 2.1. [11] An algebra 4 = (4, ,0) of type (2,0) is referred to as a BCC-algebra

(cf. |10]) provided that the following axioms are satisfied:

(V3,35 € 0 ((Gx3) » ((3x3) * (3%3)) =0), (1)
(3 e)(0x3=3), (2)
(V3 € W(3+0=0), (3)
(V3,5 €)Gx5=0=5x5 = §5=3) (4)

Throughout this paper, we shall simply write {l instead of (I, x, 0), unless otherwise specified.
A binary relation < on 4 is defined by

(V3,5€)(3 <5 © 5x5=0). (5)

In the context of 4, one can verify the validity of the following properties (cf. [11]).

(Ve <3) (6)
(V3,35 €03 <35=5x5 <3} (7)
(V3,55 € WG <3=3%3<5*3) (8)
(V3,33 € (G <3+3) (9)
(V33 €)G*5<3e5=5*3) (10)
(V3,5 € ) <5+3) (11)
(V3,33 € W) ((3x3) x5 <5*3) (12)
(V3,55 €3 <3=3<5*3) (13)
(V3,35 € W((G*3) *2 <3*(3%3)) (14)

Definition 2.2. [11] Let & be a nonempty subset of {{. Then & is said to be a BCC-subalgebra
(BCCS) of 4 whenever

(V3,5 €6) (3x3€6). (15)

Definition 2.3. |[18] Given a nonempty set i, a neutrosophic set (NS) on i is described by

the collection

M= {(G, Mer(3), Mina(3), Nya(3)) : 5 € U}, (16)
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where Dy, @ U — [0, 1] represents the truth-membership function, ;g : U — [0,1] denotes
the indeterminacy-membership function, and My, : 4 — [0,1] corresponds to the falsity-
membership function. For brevity, the NS in will be denoted by 9 = (L, Ny, Ming, Nsa)-

3. Neutrosophic BCC-subalgebras of several types

Given an NS 91 = (¢, Ny, Mina, Nsa) on a universe U, with parameters A, u € (0,1] and

v € [0,1), we introduce the following associated collections:
Tec(MA) = {3 € U : N (3) > A},

Ive(M, 1) = {3 € ¢ Mina(3) >
Fac(M,v) = {3 € L : Nga(3) < v},
Teg(OLA) = {3 € U: Ny, (3) + A > 1},

I, (M, p) = {5 € ¢ Mypa(3) + p > 1},
Fag(Mv) ={3 € U: Ny (3) +v < 1},
Trevg(MA) = {3 € U Ny (3) > X or Ny (3) + A > 1},
Indevg(M, 1) = {3 € U Mina(3) > p or Mina(3) +p > 1},
Faevg(Mv) = {5 € U: Ny (3) < vor Npo(3) +v < 1}

The sets Tre (M, A), Tndec (M, 1), and Fac (N, v) are referred to as neutrosophic €-subsets
of U, while Tty (9T, A), Indy(N, ), and Fa,(N, v) are called neutrosophic g-subsets. Likewise,
Trevg (M, A), Indeyy(M, 1), and Facyy(N,v) are identified as neutrosophic € Vg-subsets. For
® € {€,q,€ Vq}, any element of Tre(N, A) (resp., Inde(N, 1), Fas (M, v)) is designated as a

neutrosophic Trg-point (resp., Indgp-point, Fag-point) with threshold value A (resp., u, v).
It directly follows that

Trevg(M,A) = Tee(D, A) U Teg (M, N),

jﬂbg\/q (mv N) = jl’lae (ma M) U jan(mv #)7

Sacye(M,v) = Fac(M,v) UFa,(N,v).

Definition 3.1. Let ®, ¥ € {€,q,€ Vg}. An NSO = (&, Ny, Ming, Nsa) on U is said to form a

(®, ¥)-neutrosophic BCC-subalgebra ((®, ¥)-NBCCS) of 4 whenever the following conditions
are satisfied:

3€Ta(M ;) 3€ Tea(M, ;) = x35€ Tea(M A AN,
(V3,3 € U) | € Tnoa(M,py), 3 €Tnoe(M, ;) = §+35 € Indg (M, uy A pg), (17)
3 €Tas(M, 1), 3 €Fao(M,vy) = 3x3 € Faw(M, 15V 1),
for all A, Ay, 15, 115 € (0,1] and v;, 15 € [0,1).
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Theorem 3.2. Let M = (U, Ny, Mina, Nypq) be an NS on U. Then N constitutes a (€, €)-
NBCCS of U precisely when the following inequalities hold:

Mir(3%3) > M (3) AN (3),
(V3,5 €0 [ Mina(3%3) = Nina(3) A Mina(3), (18)

Nya(3%3) < Nyal3) V Nsal3)-
Proof. Suppose that 9 = (L, Ny, Wing, Nya) is a (€,€)-NBCCS of L. If there exist 3,3 € U
such that My (3 % 3) < Ny (3) A Ny (3), then one can choose Az € (0,1] with Ny (3%3) < A <
N (3) ANy (3). This would imply 3,3 € Tee (M, As) but jx3 ¢ Tee (N, Ag), contradicting the
assumption. Hence, the inequality My (3 *3) > MNir(3) A Nir(3) must hold for all §,3 € L. By a
parallel argument, one also obtains M;ua(3 * 3) > Nina(3) A Nina(3) for every 3,3 € 4. Finally,
if there exist &, b € $l and vz € [0,1) such that My, (8% b) > v5 > Npa(a) V Np,(b), then a,b €
Fac(M,v5) but a b ¢ Fac(N,vs), again a contradiction. Thus, MNra(G3x3) <Npa3) VNsal3)
for all 3,3 € 4L

Conversely, assume that 9 = (4, My, Mina, Nyq) satisfies condition (18). If 3,3 € U with
3 € Tre(M, ;) and 3 € Tee (M, Ay), then Ny, (3) > Ay and Ny-(3) > Ay, which yields (5 +3) >
MNir(3) ANr(3) > Ay A Ay, s0 that jx3 € Tee(M, A5 A X;). A similar reasoning applies to the
indeterminacy component, showing that 3 x5 € Jndc(IM, py A ) whenever 3 € Tndc (N, )
and 3 € IJndc(M, u3). Finally, if 3 € Fac(M, 1) and § € Fac(N,v4), then N, (3) < v and
Nsa(3) < vy, so that N (3x3) < Npa(3) V Npa(3) < v Vg, implying § 3 € Fac(N, 5 V 15).
Therefore, 91 is indeed a (€, €)-NBCCS of 4.

Theorem 3.3. If M = (U, My, Mina, Nya) is a (€,€)-NBCCS of U, then for every A\, pu €
(0,1] and v € [0,1), the sets Tey(M, X), Indg(N, ), and Fay,(M,v) (whenever nonempty) form
BCCSs of Al.

Proof. Take 3,3 € Trg(M, \). By definition, M,-(3) + A > 1 and 9%,-(3) + A > 1. Since N is a
(e, €)-NBCCS, we obtain

Nir(3x3) +A = (Mr () AN (3)) + A = Mir(3) + M) A (N (3) + ) >

which shows j %3 € Tr (M, A). Thus, Try (M, A) is closed under the operation and hence a
BCCS of L.

An analogous argument applies to the indeterminacy case: if 3,3 € Ind,(M, ), then 3x3 €
Indg (9T, 1), so Indg (N, u) is also a BCCS.

Finally, let 3,3 € §a,(9,v). Then Ny, (3) +v < 1 and Ny, (3) + v < 1. Consequently,

Npa(3%3) +v < MNpa(3) VNfa(3) +v = MNpal3) +1)V(Np(3) +v) <1,

which ensures j x 3 € §a,(M,v). Therefore, Fa,(N,v) is a BCCS of U. g
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Theorem 3.4. If N = (L, Nsy, Mina, Nya) is a (g, € Vq)-NBCCS of U, then the neutrosophic
g-subsets Tey(M, N), Indg(M, 1), and Fay,(N,v) are BCCSs of U for all \,pu € (0.5,1] and

v € [0,0.5), whenever nonempty.

Proof. Consider 3,3 € Try(M, A). By assumption, 3 x j € Trcyy(M, A), which means j x § €
Tee (M, A) or x5 € Tey(M, A). If the first case holds, then Iy, (3x3) > A > 1 — A since A > 0.5,
implying 3 3 € Try (N, A). Thus, Tey (M, A) is closed under x and therefore a BCCS of 4L

The argument for Jnd, (N, ) proceeds in the same way: any 3,3 € Indy (I, ) yield jx3 €
Indg (M, 1), so Ind, (N, p) is also a BCCS.

For the falsity component, take 3,3 € §a,(91,v). Then j x3 € Facyy(I,v), hence either
%3 €Fac(M,v) or j+3 € Fag(N,v). If the former occurs, then Ny, (3%3) < v < 1 — v (since
v < 0.5), which forces 3« 3 € §a,(M,v). Consequently, Fa,(91,v) is a BCCS of 4.

Theorem 3.5. Let M = (Y, Ny, Mina, Nsa) be an NS on . Then N constitutes a (€,€ Vq)-
NBCCS of M precisely when the following inequalities are fulfilled:

Nir(G*3) = AN (3), Mir(3), 0.5},
(Vj,ﬁ € L[) mmd(ﬁ*ﬁ) > /\{mmd(ﬁ)’ mznd( ) 0. 5}7 (19)
Npa(3%3) < VI{Nsal3), Npal3), 0.5}

Proof. Assume that 9 = (&, Ny, Mina, Nya) is a (€, € Vq)-NBCCS of U and let 3,3 € 4L

For the truth component, suppose first that D, (3) A N (3) < 0.5, If N (3% 3) < N (3) A
Ny (3), choose Az with My (3%3) < Az < N (3) AN (3). Then 3,3 € Tec(NM, Az) but jx3 ¢
Tre (M, Az). Moreover, My (3x3) + As < 1, ie. x5 € Trg(N, Az), which contradicts closure in
Trevg(M, Az). Hence, My (3% 3) > A{r(3), DMr(3), 0.5} whenever Ny, (5) A Ny (3) < 0.5.

If instead M (3) A My (3) > 0.5, then 3,3 € Tee(M, 0.5) and thus 3 x 3 € Treyy(N,0.5). This
implies (3 x 3) > 0.5, since otherwise 9, (3 x3) + 0.5 < 1, a contradiction. Consequently,
Ner (5%3) > N {Mr(3), M (5), 0.5} for all 3,3 € 4L.

A parallel reasoning shows M;nq(3 *3) > A{MNina(3), Nina(3), 0.5} for every 3,3 € 4.

For the falsity part, suppose Msq(3) VNra(3) > 0.5, Ny (3x3) > v5 := Npa(3) V Nsal3),
then 3,3 € Sac(M,v5) while j x 3 ¢ Fac(N, v5), and moreover Ny (3 x3) +1v5 > 1,50 jx3 ¢
Sag (M, v5) which is a contradiction. Thus, Msa(3 *3) < V{MNsa(3), Nsa(3),0.5} whenever
Nya(3) V Nsal3) > 0.5.

If Mpa(3) VINpa(3) < 0.5, then 3,3 € Fac(NM,0.5) and hence jx 3 € Facyy(MN,0.5). Therefore,
Nya(3*3) < 0.5, since otherwise N4 (3%3) +0.5 > 1, a contradiction. Altogether, Msq(3%3) <
V{Na(3), Ngal3), 0.5} for all 3,3 € &L

Conversely, assume that 91 satisfies condition . Let 3,5 € 4 and choose thresholds

sy As, g, 5, v3, v5 € [0, 1]
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If § € Tee(IM, ) and § € Tre(N, N;), then Ny (3) > Ay and Ny (3) > Ay, Using (19), we
deduce (3 x3) > N (3) A M (3) A0.5 > Ay A N;, 80 353 € Trayg (LA A Ng).

A similar reasoning applies to the indeterminacy component, giving 3x3 € Jndcyq (M, p3A 115)
whenever 3 € Inde (M, p13) and 3 € Tndc (N, pz).

Finally, if 3 € Fac(M,v5) and 3 € Fac(M,vy), then Ny, (3) < vy and Nypo(3) < vy If
N3 *3) > v Vs, then condition would be violated, giving a contradiction. Hence,
Nsa(3%3) S v3 Vs, 80 553 € Facy (M, v V).

Therefore, 91 is indeed a (€, € Vgq)-NBCCS of 4.

Theorem 3.6. If M = (4, Ny, Ming, Nsa) is a (€, € Vq)-NBCCS of U, then the neutrosophic
g-subsets Trg(M, N), Indg (M, 1), and Fay,(N,v) form BCCSs of LU for all X\, € (0.5,1] and
v € [0,0.5), whenever they are nonempty.

Proof. Suppose that Tty (M, A), Indy (N, 1), and Fa, (N, ) are nonempty for some A, i € (0.5, 1]
and v € [0,0.5).
Take 3,3 € Ttg(IM, A). Since My-(3) + A > 1 and Ny, (3) + A > 1, Theorem [3.5] ensures

Nr(Gx3) + A = A{DU(), Mar3), 051+ A= AL (G) + X, M) + A, 0.5+ A} > 1.

Thus, j x5 € Try (M, A), showing that Te, (I, A) is closed under x and therefore a BCCS of Ll
The same reasoning applies to the indeterminacy case: for any 3,3 € Ind,(M, 1), Theo-
rem guarantees 3 * 3 € Indy (N, ). Hence, Ind, (N, 1) also forms a BCCS.
Finally, consider 3,3 € Fa,(M,v). Then Nya(3)+v < 1 and Ny, (3)+v < 1. By Theorem 3.5]

Nsa(G*3) +v < \{Na(3), Npal3), 0.5} +v = \/{Nsa(3) + v, Npa(3) + v, 05+ v} < 1,

which yields 3 x 3 € Fa,(M, v). Consequently, §a,(91,v) is a BCCS of .

Theorem 3.7. For an NS 0 = (4, Ny, Wing, Nya) in U, if the nonempty neutrosophic € Vq-
subsets Treyq(M, A), Indeyvq(N, 1), and Facyy(N,v) are BCCSs of U for all A, € (0,1] and
v e [0,1), then M is a (€, € Vq)-NBCCS of 4.

Proof. Assume that Trcy,(N, A) is a BCCS of 4 and suppose, for contradiction, that My, (3x3) <
AN (3), Ner(3),0.5} for some 3,3 € L. Then there exists A € (0,0.5] with Ny (3 *3) <
A< A{M%(3),9%-(3),0.5}. This forces 3,5 € Tre(M,A) C Treyg(N,A), and hence j * 3 €
Trevg(M, ). Consequently, My, (5x3) > A or Ny, (3+3) + A > 1, contradicting the choice of .
Therefore, N (5%3) > AN {M(3), Nir(3), 0.5} for all 3,5 € 4L

A parallel reasoning applies to the indeterminacy component, giving M;,q(3 * 3) >

/\{mmd( ) md( ),0.5}.
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Next, let Facyy(9,v) be a BCCS of 4 and assume that My, (3x3) > V{Nra(3), Nra(3), 0.5}
for some 3,3 € 4. Then there exists v € [0.5,1) such that

mfa(é *3) >v 2> \/{mfa(Z)amfa(g)a()ﬁ}- (20)

Thus, 3,3 € Fac(M,v) C Facyy(M, v), which forces j x 3 € Facyy(M,v). However, by we
would have j x j ¢ Fac(9,v) and simultaneously My, (3 x3) +v > 1, s0 jx3 ¢ Fa,(N,v), a
contradiction. Hence, Mo (3% 3) < V{Nra(3), Mt (3),0.5} for all 3,3 € &L

Combining the above with Theorem it follows that 9t = (L, Ny, Ming, Ny4) is indeed a
(€,€ Vq)-NBCCS of {.

Theorem 3.8. Let M = (4, Ny, Ming, Nya) be a (€,€ Vq)-NBCCS of . Then, for ev-
ery A, pu € (0,0.5] and v € [0.5,1), the nonempty neutrosophic € Vq-subsets Treye(M, A),
Indevg(M, 1), and Facyy(M,v) form BCCSs of AL

Proof. Assume that Treyq(M, ), Tndeyq(M, 1), and Facyy(N, v) are nonempty for all A,y €
(0,0.5] and v € [0.5,1).
Take 3,3 € Indeyy(M, 1). Each of them lies either in Indc (N, i) or in Ind, (M, 1), so four
possibilities occur:
(i) 3,5 € Indc (M, ),
(ii) 3 € INDc(M, 1) and 3 € Tnd,(N, ),
(ili) 3 € Indy(M, 1) and 3 € Indc (N, p),
(iv) 3,3 € Indg(M, ).
In case (i), closure in Indcyq(M, 1) is immediate. In case (ii), § € Ind, (M, ) implies N;nq(3) >
1 — p > p, hence 3 € Indc (N, 1) and the pair reduces to case (i). Case (iii) is symmetric. In
case (iv), both M;,4(3) and Mg (3) exceed 1 — p > p, s0 3,5 € Inde(N, 1) and again closure
follows. Therefore, Indcyq(N, p) forms a BCCS of U for all p € (0,0.5].
An analogous argument applies to Trey,(N, A), showing it is a BCCS for each A € (0,0.5].
Now consider 3,3 € Facyy(M, ). Then either Ny, (3) < v or Ny (3) + v < 1, and the same
for 3. We inspect the cases:

If both M4 (3), Msa(3) < v, then by Theorem [3.5

mfa(?;*.j) < \/{mfa(é)amfa(z)vo'f)} <v,

50 3 x5 € Fac(M,v) C Facyy(M,v).
If M40(3) < v and Nge(3) + v < 1, then Theorem [3.5] gives

Nra(3%3) < \/{vn1 - 1,05} =v,

hence 3 %3 € Facvqe(M,v). The case Ny, (3) + v < 1 and Ny,(3) < v is symmetric.
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If both Ny, (3) + v < 1 and Ny, (3) + v < 1, then
Nra(3+3) < \/{1-2,05} =05<v,

so again jx 3 € Fac(M,v) C Facy,(N,v).
Thus, §acye(N,v) is a BCCS of U for all v € [0.5,1).

Theorem 3.9. Let Nt = (L, N, Ming, Nya) be a (q, € Vq)-NBCCS of . Then, for every A\, €
(0,0.5] and v € [0.5,1), the nonempty neutrosophic € Vq-subsets Teeyg(M, X), Tndeyy (M, 1),
and Facye(N,v) constitute BCCSs of L.

Proof. Assume that Treyq(M, A), Tndeyy(M, 1), and Facyy(IN, v) are nonempty for all A, €
(0,0.5] and v € [0.5,1).

Let 3,3 € Trevg(I, A). Then j € Tec(M, A) or j € Ty (I, A), and likewise 3 € Tee (N, A) or
3 € Teg(M, N). If both belong to Try (N, A), closure is clear. If j € Tec(M, A) and j € Ty (N, V),
then 9y (3) + A > 2XA > 1, 50 § € Try(M, A), and hence j*3 € Treyy (I, A). The other cases are
symmetric, showing Trey, (91, A) is a BCCS.

A parallel reasoning applies to Indeyq(N, 1) for 1 € (0,0.5].

Now, let 3,3 € Facyg(M,v). Then j € Fac(M,v) or j € Fa,(N,v), and similarly for 3. If
both are in Fac (N, v), then by Theorem 3.5] Nso(5%3) < V{Nsa(3), Nsa(3),0.5} < v, 50 §x5 €
Sac(M,v) C Facyy(M,v). If one element lies in Fac(N,v) and the other in Fa,(N,v), then
again jx 3 € Facyy(M, v). Finally, if 3,3 € Fa,(M, v), then Ny, (3) +v < 1 and Ny, (3) +v < 1,
implying 3,3 € Fac(N,v) as well, so closure holds.

Therefore, Teeyy (I, A), Indevg(M, 1), and Facyy(N, v) are BCCSs of U for all A, 4 € (0,0.5]
and v € [0.5,1). g

Given an NS 9 = (U, N¢r, Ming, Nye) on a universe 4, we introduce the subset
45 = {3 € 4 Mir(3) > 0, Mina(3) > 0, Mga(3) < 1},

Theorem 3.10. If M = (84, Ny, Mipa, Nsa) is a (€,€)-NBCCS of U, then the set U is itself
a BCCS of 4.

Proof. Take 3,3 € U5, By definition,
mﬁ"(é) > Ovmind(é) > O’mfa(ﬁ) < 17

and likewise 9-(3) > 0, Mina(3) > 0, N (3) < 1.

Assume for contradiction that 9,(3 x3) = 0. Since 3 € Tre(M,Ny(3)) and j €
Tre (M, My (3)), closure of Tre would require § *3 € Tre (M, Ny (3) A Ny (3)). But this fails
because My (3+3) = 0 < Ny (3) A N (3), & contradiction. Hence, 9y, (3 x3) > 0.
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A parallel argument shows MN;,q4(3 *3) > 0.

For the falsity part, note that 3 € Fac(M, Ny, (3)) and 3 € Fac(M, Nsa(3)). U Npa(Gx3) =1,
then My, (3x3) > Nsal3) V Nsa(3), contradicting closure in Fac. Therefore, Msq(3x3) < 1.

Altogether, j x j € U}, establishing that 4 is a BCCS of 4.

Theorem 3.11. If M = (84, Ny, Mina, Nsa) is a (€,q)-NBCCS of U, then the set U forms a
BCCS of .

Proof. Take 3,3 € U5, By definition,
mtr(é) > O,Wmd(é) > O>mffl(3) <1,

and similarly for 3.

Suppose M- (3 x3) = 0. Then

mtr(é *3) + (mtr(ﬁ) A mtr(ﬁ)) = mtr(ﬁ) A mtr(ﬁ) < ]-a

which would force § 3 ¢ Trg(M, M-(3) A Mur(3)). But since j € Tre(IM,My(3)) and
3 € Tec(M, Ny (3)), closure requires 3 x 3 € Teg(M, My (3) A Ny(3)) which is a contradiction.
Therefore, 9. (3 x3) > 0.

An analogous reasoning shows M;,4(3 x3) > 0.

For the falsity part, assume M4 (3 %3) = 1. Then
mfa(é *5) + (mfa(z;) \ mfa(g)) =1+ snfa(é) v sﬁfa(z) > 1,

S0 %3 ¢ Fag(0N,MNyal3) V Nya(3)). Yot § € Fac(0,Nya(3) and § € Fac (M, Nya(3)), which
contradicts closure. Thus, ¢, (3 *3) < 1.
Hence, j 3 € 4}, proving that 4 is a BCCS of . g

Theorem 3.12. If N = (4, Ny, Ming, Nya) is a (q, €)-NBCCS of i, then the set U} is a BCCS
of L.

Proof. Take 3,3 € {43. Then
Ner(3) > 0, Mina(3) > 0,MNsa(3) < 1,
and likewise for 3. This implies
Nir(3)+1>1,MN0(3)+1 > 1, Mina3) +1 > 1, Mina(3) +1 > 1,MN46(3) +0 < 1,M40(3) +0 < 1,

so that 3,3 € Try(M, 1) N Indg(M, 1) N Fay (M, 0).

Suppose N (3%3) = 0 or Mipa(3x3) = 0. Then Ny (3x3) <1 =1A10r Mina(3r3) <1=1A1,
which means j %3 ¢ Tr,(M, 1 A1) or jx3 ¢ Ind,(N,1 A1) which is a contradiction. Hence,
Ny (3x3) > 0 and MNypg(3%3) > 0.
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Now assume M, (3x3) = 1. Then 3 3 ¢ Fa,(MN,0V 0), contradicting closure. Therefore,
Nsa(3%3) < L.
Thus, 3 x5 € 43, and so U} is a BCCS of 8.

Theorem 3.13. If N = (8, Ny, Wina, Nsa) s a (¢,q)-NBCCS of U, then the set U is a BCCS
of L.
Proof. Let 3,3 € 4}, Then
Nir(3) > 0, Mina(3) > 0,M44(3) < 1,
and similarly for 3. This ensures
N () +1>1L,MNG)+ 1> L, Mina(3) +1> 1, Mina(3) +1 > 1,0N5,(3) +0 < 1,N40(3) +0 < 1,
50 3,3 € Trg(MM, 1) NTIndg (N, 1) N Fay(91,0).
Suppose M- (3%3) = 0 or Nyna(3 *3) = 0. Then
Ny(3x3)+1=10r Mia(Gx3)+1=1,

s03%3 ¢ Teg(MM,IAL) or 33 ¢ Indg(M,1 A1), a contradiction. Thus, My (3 x3) > 0 and
‘)de(;, *3) > 0.
Now assume 9, (3« 3) = 1. Then
N (3*x3)+0VvV0=1,

which means § 3 ¢ §a,(9,0V 0), again a contradiction. Hence, M4 (3 x3) < 1.
Therefore, 3 x 3 € 4}, showing that 4} is a BCCS of 4.

Theorem 3.14. If M = (&, Ny, Mina, Nsa) is a (q,q)-NBCCS of U, then N is neutrosophic

constant on 11(1), i.e., the functions Ny, Ning, and Ny, take constant values on 11(1).

Proof. Assume first that My, is not constant on $4}. Then there exists 3 € 4 such that
)\3 = ‘)‘ttr(g) =+ ‘J”(tT(O) = Ag. Hence, either )\3‘ > A or /\3‘ < Ap.
Suppose A; < Ag. Choose A1, Ay € (0,1] with 1 — X < A; <1 — Ay < Ag. Then

Sﬁtr(()) + A= )\0 + A > 1,‘)’(”(5) + Ay = )\3’ + Ay > 1,
50 0 € Trg(M, A1) and 3 € Ty (N, \2). However,
mtr(g*()) + A AN = ‘ﬁtr(g) + A= Ag + A <1,

which implies 3 x 0 ¢ Tt,(M, A1 A X2), a contradiction.
Now suppose A; > Ag. Then

N (3) + (1= Ao) = A5 +1— Ao > 1,
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50 3 € Trg(M,1— Xg). But
‘ﬁtr(ﬁ*g)—i—(l—)\g):mtr(0)+1—)\0:/\0+1—)\0:1,

hence %3 ¢ Tr,(M, (1 — Xo) A (1 — Ao)), a contradiction. Therefore, N, is constant on Uf. A
similar argument shows that 91;,4 is constant on il%).

Finally, suppose My, is not constant on 4§. Then for some 3 € L} we have v; = Nya(3) #
M (0) = vp. Consider two cases:

If v; < v, then

Nra(G)+1—-1o=15+1—-19 <1,

503 € §a,(M,1—1p). Hence, 3x3 € Fay,(M, 1 —1p), implying 0 € Fa, (M, 1—14), a contradiction
since M, (0) +1 — 19 = 1.

If 5 > vy, choose vy, 1o € (0,1) such that 1 — vy > vy > 1 —v5 > vo. Then

Nra(3) +rv2 =15 +10 <1=3 € Fay(MN, 1),
and
‘)Tfa(O) +ri=rp+r<l=0e¢€ Saq(‘ﬁ, Ul).

Thus, 3% 0 € §a,(IM,v1 V v2). However,

‘ﬁfa(ﬁ*O) +rn Vi = ‘ﬁfa(z) +n=v+ur > 1,

which contradicts membership in §a, (N, v V vs).

Therefore, 917, must also be constant on 11(1). This completes the proof.

To further extend the structural analysis, we present a set of conditions that guarantees

when an NS can be regarded as a (¢, € Vq)-NBCCS.

Theorem 3.15. Let & be a BCCS of U, and let M = (&, Ny, Mina, Nya) be an NS on 4
satisfying:

(V3 S 6)(mtr(3) > 0.5, mznd(a) > 0.5, mfa(a) < 05)7 (21)

(V3 € U\ &) (M (3) = 0, Ninal3) = 0, Nya(§) = 1). (22)

Then N = (L, Ny, Ming, Nsa) is a (g, € Vq)-NBCCS of 4.

Proof. Assume that 3 € Jndg(91, ;) and 3 € Ind, (M, Ay) for some 3,5 € L and A;, Ay € [0, 1].
Then Mipng(3) + Ay > 1 and MNipg(3) + Ay > 1. If x5 ¢ S, then either j € U\ S or j € U\ &,
since & is a BCCS of 4. This would force M;,q(3) = 0 or Nipq(3) = 0, implying Ay > 1 or
A; > 1, a contradiction. Hence, jx3 € 6.
If Ay A Ay > 0.5, then
Ninali3) + (4 A X) > 1,
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SO 3%3 € Jnaq(‘ﬁ, )\3 A\ )\3) If /\3 A )\3 < 0.5, then
MNina(3x3) > 05> )‘j A )\3‘,

S0 3 %3 € Indc(M, A3 A Xy). In either case, j x5 € Tndeyvq(IM, Ay A Xz).

A similar argument shows that if § € Tv, (M, A;) and 3 € Tey (N, A;), then jx3 € Treyq (I, A
As)-

Now let j € Fa,(M,v;) and 3 € Fa, (M, vy) for some vy, 4 € [0,1]. Then Ny, (3) + 15 < 1 and
Nra(3) +1v5 < 1. If jx3 ¢ 6, then either j € U\ & or 3 € U\ &, and hence Ny, (3) = 1 or
MNsq(3) = 1, which implies v5 < 0 or v; < 0, a contradiction. Thus, j 3 € &.

If v; Vv > 0.5, then

Nra(3%3) <05 <5V,

S0 3x3 € Fac(M vy Vy). If v; Vg <0.5, then
MNra(3x3) + (V) <1,

s0 3% 3 € Fag(M,v5 vV 15). In either case, j 3 € Facve(N, v V 15).
Therefore, 9 = (&, Ny, Ming, Nya) is a (g, € Vq)-NBCCS of L.

The interplay between Theorems [3.4] and leads directly to the following corollary.

Corollary 3.16. Let G be a BCCS of k. If M = (U, Ny, Ming, Nya) s an NS on U satisfying
conditions and ([22)), then the subsets Trg(M, N), Invg(M, 1), and Fa,(N,v) are BCCSs of
s for all Ay p € (0.5,1] and v € [0,0.5), whenever they are nonempty.

Theorem 3.17. Let N = (4, My, Mina, Nya) be a (q, € Vq)-neutrosophic BCCS of i such that
MNir, Nina, and Ny, are not constant on 3. Then there exist 3,3,3 € U with My, (3) > 0.5,
Nina(3) > 0.5, and N¢,(3) < 0.5. In particular, these inequalities hold for all 3,3,3 € U3.

Proof. Assume first that My, (3) < 0.5 for all j € 8. Since Ny, is not constant on Uy, there
exists & € U} such that \y = My, (&) # N (0) = Ag. Thus, either Ay > Ao or Ay < Ao.
If Ay > Ao, choose 6 > 0.5 such that A\g+ 6 <1 < Ay + . Then a € Try(N,0) but

My (@xa) +0 =My (0) + 8= Ao +0 < 1,

and also My (axa) = Ao < J, 50 a*a ¢ Treyy(M,0), a contradiction.
If Ay < Ao, choose 6 > 0.5 such that \j + 6 < 1 < Ao+ 6. Then 0 € T, (M, ) and
a € Try(M, 1), but
My (a*x0)+6 =X+ < 1,0 (a%x0) = A3 <9,

so 0% 0 ¢ Treyy(M,0), a contradiction. Hence, My, (3) > 0.5 for some j € Ll

By the same reasoning, there exists 3 € Y with 9;,4(3) > 0.5.
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Now suppose My, (3) > 0.5 for all j € 4. Since Ny, is not constant on U, there exists ¢ € LU
with v; = Ma(€) # MNge(0) = v9. Consider two cases:
If v; < vy, then for some € € [0,0.5) we have vy +¢ > 1> 1;+¢, 50 ¢ € §a,(N,¢). But then

mfa(é*6)+6zyo+€> 1,‘1%(6*6) =1y > &,

which implies ¢ x ¢ ¢ Facyy(M, €), a contradiction.
If v; > 1, choose ¢ € [0,0.5) such that vp + ¢ < 1 < 1z +¢e. Then 0 € Fa,(MN,¢) and
¢ € §Fa,(M,0). But
MNp(€x0) +e=v; +e> 1,

so ¢ x 0 ¢ Facyy(M, €), again a contradiction.

Thus, 974(3) < 0.5 for some 3 € L.

Next, we show that 9%,.(0) > 0.5, M;,q(0) > 0.5, and Ny,(0) < 0.5. Suppose Ny, (0) = A <
0.5 while 0My,.(3) = A; > 0.5 for some j € 4. Choose A1 with A\g < A; and Ao+ A1 <1 < Aj+Aq.
Then j € Try (N, A1) but

MNir(3%3) F A =X+ A <L, N (3%3) = Ao < A1,

50 3 %3 & Treyq(M, A1), a contradiction. Hence, 9, (0) > 0.5. Similarly, 9;p,q(0) > 0.5.
If 974(0) = vo > 0.5, but there exists j with 9,(3) = v; < 0.5, then 15 < 1. Choosing
vy < vy with vg +v1 > 1 > 15 + v, we obtain § € Fa (M, v1) but

Nea(3%3) +vi=vo+ 11 > 1,Npa(3%3) = v > v,

S0 3 %3 ¢ Tacve(M,v1), a contradiction. Thus, 94,(0) < 0.5.
Finally, assume M;,,4(3) = p5 < 0.5 for some 3 € Uf. Take p > 0 with pz + p < 0.5. Then
3 € Inog(MN, 1) and 0 € TInd, (N, 1o+ 0.5), but

Nina(3*0) + (1 +0.5) = pz + p + 0.5 < 1, Ny (3 % 0) = p5 < p + 0.5,

50 3%x0 ¢ Tndeyy(M, 1 +0.5), a contradiction. Hence, M;inq(3) > 0.5 for all j € 4U}. By the same
reasoning, My,-(3) > 0.5 for all j € UJ.

If My, (3) > 0.5 for some 3 € LU, then for some v € (0,0.5) we have 0 € Fa,(9,0.5 — v) and
3 € §a,(M,0), but Ny, (3 x0) + 0.5 — v > 1, a contradiction. Therefore, M, (3) < 0.5 for all
5e. o

4. Conclusion

This study explores the theoretical framework of NBCCSs within BCC-algebras, introduc-
ing a systematic classification of their types, including (€, €)-neutrosophic and (gq,€ Vq)-
neutrosophic subalgebras. By integrating NS theory, which generalizes FSs and IFSs, we
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establish threshold-based conditions (A, i, v) for neutrosophic €-subsets, g-subsets, and € Vg-
subsets to qualify as BCCSs. Key results demonstrate that these subsets exhibit subalgebraic
properties under specific constraints (e.g., A\, u > 0.5; v < 0.5), extending classical fuzzy al-
gebraic results. The work also highlights the role of the set {4} (elements with T' > 0, I > 0,
F < 1) in preserving subalgebraic structures and provides a method to construct NBCCSs from
classical ones. These findings advance the interplay between neutrosophic logic and abstract
algebra, offering a foundation for modeling uncertainty in logical systems and decision-making.
Future research could explore dynamic neutrosophic systems or applications in computational
intelligence.
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