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Abstract. This paper presents a comprehensive exploration of neutrosophic UP-subalgebras within the frame-

work of BCC-algebras, introducing a novel framework for their classification and characterization. By in-

tegrating neutrosophic set theory—which generalizes fuzzy and intuitionistic fuzzy sets—we systematically

investigate three types of neutrosophic subalgebras: (∈,∈)-neutrosophic, (q,∈ ∨q)-neutrosophic, and their hy-

brid variants. A key contribution lies in establishing rigorous conditions under which neutrosophic ∈-subsets,
q-subsets, and ∈ ∨q-subsets qualify as BCC-subalgebras, leveraging threshold-based analysis (e.g., λ, µ, ν

parameters) to delineate membership and non-membership criteria. We further derive algebraic characteriza-

tions for (Φ,Ψ)-neutrosophic BCC-subalgebras, where Φ,Ψ ∈ {∈, q,∈ ∨q}, and demonstrate their theoretical

consistency through illustrative examples and counterexamples. Notably, the study reveals that neutrosophic

q-subsets and ∈ ∨q-subsets exhibit subalgebraic properties under specific threshold constraints (λ, µ > 0.5;

ν < 0.5), extending classical results in fuzzy algebraic structures. Our findings contribute to the theoretical

foundations of neutrosophic algebraic systems while offering a versatile tool for modeling uncertainty in logical

algebras, decision-making, and beyond.

Keywords: BCC-algebra; (∈,∈)-neutrosophic BCC-subalgebra; (∈, q)-neutrosophic BCC-subalgebra; (q,∈)-
neutrosophic BCC-subalgebra; (q,∈)-neutrosophic BCC-subalgebra; (q,∈ ∨q)-neutrosophic BCC-subalgebra.

—————————————————————————————————————————-

1. Introduction

The concept of fuzzy sets (FSs) was first introduced by Zadeh [22], and it has since been

widely applied in various real-world contexts. Numerous researchers have further developed

this theory, leading to a variety of generalizations. Among them, the integration of FSs with

other uncertainty models, such as soft sets and rough sets, has been actively explored [1,3,4].
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Atanassov [2] extended the idea of FSs by proposing intuitionistic fuzzy sets (IFSs), which

have shown greater flexibility and broader applicability. These sets have been applied in di-

verse fields, including medical diagnosis, optimization, and multicriteria decision-making [6–8].

Later, Smarandache [18] introduced neutrosophic sets in 1999 as a more comprehensive frame-

work, which encompasses classical sets, FSs, IFSs, and interval-valued variants. Neutrosophic

set theory has since found applications in many areas, with additional resources available at

http://fs.unm.edu/neutrosophy.htm.

Iampan [11] introduced UP-algebras as a novel algebraic structure, which motivated ex-

tensive studies on their fuzzy and generalized forms. Somjanta et al. [19] and Guntasow

et al. [9] investigated fuzzy sets within this setting, while Dokkhamdang et al. [5] proposed

threshold-based fuzzy UP-subalgebras. Poungsumpao et al. [16] extended the study to fuzzy

UP-subalgebras and fuzzy UP-ideals, and Tanamoon et al. [21] advanced the framework further

to Q-fuzzy UP-subalgebras and Q-fuzzy UP-ideals. Intuitionistic fuzzy extensions were also

explored: Kesorn et al. [14] examined intuitionistic fuzzy structures in UP-algebras, and Jana

et al. [12] introduced quasi-coincidence for intuitionistic fuzzy points and analyzed (∈,∈ ∨q)-
intuitionistic fuzzy BCI-subalgebras. Neutrosophic approaches have equally enriched the field:

Songsaeng and Iampan [20] defined neutrosophic UP-subalgebras, filters, near filters, and

strongly UP-ideals, while Rangsuk et al. [17] studied the more specialized class of neutrosophic

N -UP-structures. Finally, Jun et al. [13] demonstrated the equivalence of UP-algebras [11]

and BCC-algebras [15], and following Komori’s original formulation, the present study employs

the term BCC-algebra for consistency.

This study investigates neutrosophic BCC-subalgebras in the setting of BCC-algebras and

provides a structured classification of their types. Drawing on neutrosophic set theory, which

extends both fuzzy and intuitionistic fuzzy frameworks, we focus on three central categories:

(∈,∈)-neutrosophic, (q,∈ ∨q)-neutrosophic, and hybrid forms. The main contribution is to

specify the precise conditions under which neutrosophic ∈-subsets, q-subsets, and ∈ ∨q-subsets
constitute valid BCC-subalgebras, using threshold parameters (λ, µ, ν) to regulate truth, in-

determinacy, and falsity membership. In addition, algebraic properties of generalized (Φ,Ψ)-

neutrosophic BCC-subalgebras (Φ,Ψ ∈ {∈, q,∈ ∨q}) are derived, supported by illustrative

examples and counterexamples. It is shown that neutrosophic q-subsets and ∈ ∨q-subsets pos-
sess subalgebraic characteristics under particular thresholds (λ, µ > 0.5; ν < 0.5), thereby ex-

tending earlier results in fuzzy algebra. Overall, this work enriches the theoretical foundations

of neutrosophic algebraic systems and highlights their potential applications in uncertainty

modeling, logical structures, and decision-making.
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2. Preliminaries

Building upon Komori’s seminal work [15], the notion of BCC-algebras can be reformulated

without explicitly relying on condition (6), yielding a more concise axiomatic framework as

follows:

Definition 2.1. [11] An algebra U = (U, ⋆, 0) of type (2, 0) is referred to as a BCC-algebra

(cf. [10]) provided that the following axioms are satisfied:

(∀ż, z̈, ẑ ∈ U)
(
(z̈ ⋆ ẑ) ⋆ ((ż ⋆ z̈) ⋆ (ż ⋆ ẑ)) = 0

)
, (1)

(∀ż ∈ U)(0 ⋆ ż = ż), (2)

(∀ż ∈ U)(ż ⋆ 0 = 0), (3)

(∀ż, z̈ ∈ U)(ż ⋆ z̈ = 0 = z̈ ⋆ ż ⇒ ż = z̈). (4)

Throughout this paper, we shall simply write U instead of (U, ⋆, 0), unless otherwise specified.

A binary relation ≤ on U is defined by

(∀ż, z̈ ∈ U)(ż ≤ z̈ ⇔ ż ⋆ z̈ = 0). (5)

In the context of U, one can verify the validity of the following properties (cf. [11]).

(∀ż ∈ U)(ż ≤ ż) (6)

(∀ż, z̈, ẑ ∈ U)(ż ≤ z̈ ⇒ ẑ ⋆ ż ≤ ẑ ⋆ z̈) (7)

(∀ż, z̈, ẑ ∈ U)(ż ≤ z̈ ⇒ z̈ ⋆ ẑ ≤ ż ⋆ ẑ) (8)

(∀ż, z̈, ẑ ∈ U)(ż ≤ z̈ ⋆ ż) (9)

(∀ż, z̈ ∈ U)(z̈ ⋆ ż ≤ ż ⇔ ż = z̈ ⋆ ż) (10)

(∀ż, z̈ ∈ U)(ż ≤ z̈ ⋆ z̈) (11)

(∀ż, z̈, ẑ ∈ U)((ż ⋆ z̈) ⋆ ẑ ≤ z̈ ⋆ ẑ) (12)

(∀ż, z̈, ẑ ∈ U)(ż ≤ z̈ ⇒ ż ≤ ẑ ⋆ z̈) (13)

(∀ż, z̈, ẑ ∈ U)((ż ⋆ z̈) ⋆ z ≤ ż ⋆ (z̈ ⋆ ẑ)) (14)

Definition 2.2. [11] LetS be a nonempty subset of U. ThenS is said to be a BCC-subalgebra

(BCCS) of U whenever

(∀ż, z̈ ∈ S) (ż ⋆ z̈ ∈ S). (15)

Definition 2.3. [18] Given a nonempty set U, a neutrosophic set (NS) on U is described by

the collection

N := {(ż,Ntr(ż),Nind(ż),Nfa(ż)) : ż ∈ U}, (16)
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where Ntr : U → [0, 1] represents the truth-membership function, Nind : U → [0, 1] denotes

the indeterminacy-membership function, and Nfa : U → [0, 1] corresponds to the falsity-

membership function. For brevity, the NS in (16) will be denoted by N = (U,Ntr,Nind,Nfa).

3. Neutrosophic BCC-subalgebras of several types

Given an NS N = (U,Ntr,Nind,Nfa) on a universe U, with parameters λ, µ ∈ (0, 1] and

ν ∈ [0, 1), we introduce the following associated collections:

Tr∈(N, λ) = {ż ∈ U : Ntr(ż) ≥ λ},

Ind∈(N, µ) = {ż ∈ U : Nind(ż) ≥ µ},

Fa∈(N, ν) = {ż ∈ U : Nfa(ż) ≤ ν},

Trq(N, λ) = {ż ∈ U : Ntr(ż) + λ > 1},

Indq(N, µ) = {ż ∈ U : Nind(ż) + µ > 1},

Faq(N, ν) = {ż ∈ U : Nfa(ż) + ν < 1},

Tr∈∨q(N, λ) = {ż ∈ U : Ntr(ż) ≥ λ or Ntr(ż) + λ > 1},

Ind∈∨q(N, µ) = {ż ∈ U : Nind(ż) ≥ µ or Nind(ż) + µ > 1},

Fa∈∨q(N, ν) = {ż ∈ U : Nfa(ż) ≤ ν or Nfa(ż) + ν < 1}.

The sets Tr∈(N, λ), Ind∈(N, µ), and Fa∈(N, ν) are referred to as neutrosophic ∈-subsets
of U, while Trq(N, λ), Indq(N, µ), and Faq(N, ν) are called neutrosophic q-subsets. Likewise,

Tr∈∨q(N, λ), Ind∈∨q(N, µ), and Fa∈∨q(N, ν) are identified as neutrosophic ∈ ∨q-subsets. For

Φ ∈ {∈, q,∈ ∨q}, any element of TrΦ(N, λ) (resp., IndΦ(N, µ),FaΦ(N, ν)) is designated as a

neutrosophic TrΦ-point (resp., IndΦ-point, FaΦ-point) with threshold value λ (resp., µ, ν).

It directly follows that

Tr∈∨q(N, λ) = Tr∈(N, λ) ∪ Trq(N, λ),

Ind∈∨q(N, µ) = Ind∈(N, µ) ∪ Indq(N, µ),

Fa∈∨q(N, ν) = Fa∈(N, ν) ∪ Faq(N, ν).

Definition 3.1. Let Φ,Ψ ∈ {∈, q,∈ ∨q}. An NS N = (U,Ntr,Nind,Nfa) on U is said to form a

(Φ,Ψ)-neutrosophic BCC-subalgebra ((Φ,Ψ)-NBCCS) of U whenever the following conditions

are satisfied:

(∀ż, z̈ ∈ U)

 ż ∈ TrΦ(N, λż), z̈ ∈ TrΦ(N, λz̈) ⇒ ż ⋆ z̈ ∈ TrΨ(N, λż ∧ λz̈),

ż ∈ IndΦ(N, µż), z̈ ∈ IndΦ(N, µz̈) ⇒ ż ⋆ z̈ ∈ IndΨ(N, µż ∧ µz̈),

ż ∈ FaΦ(N, νż), z̈ ∈ FaΦ(N, νz̈) ⇒ ż ⋆ z̈ ∈ FaΨ(N, νż ∨ νz̈),

 (17)

for all λż, λz̈, µż, µz̈ ∈ (0, 1] and νż, νz̈ ∈ [0, 1).
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Theorem 3.2. Let N = (U,Ntr,Nind,Nfa) be an NS on U. Then N constitutes a (∈,∈)-
NBCCS of U precisely when the following inequalities hold:

(∀ż, z̈ ∈ U)

 Ntr(ż ⋆ z̈) ≥ Ntr(ż) ∧Ntr(z̈),

Nind(ż ⋆ z̈) ≥ Nind(ż) ∧Nind(z̈),

Nfa(ż ⋆ z̈) ≤ Nfa(ż) ∨Nfa(z̈).

 (18)

Proof. Suppose that N = (U,Ntr,Nind,Nfa) is a (∈,∈)-NBCCS of U. If there exist ż, z̈ ∈ U

such that Ntr(ż ⋆ z̈) < Ntr(ż) ∧Ntr(z̈), then one can choose λs̆ ∈ (0, 1] with Ntr(ż ⋆ z̈) < λs̆ ≤
Ntr(ż) ∧Ntr(z̈). This would imply ż, z̈ ∈ Tr∈(N, λs̆) but ż ⋆ z̈ /∈ Tr∈(N, λs̆), contradicting the

assumption. Hence, the inequality Ntr(ż ⋆ z̈) ≥ Ntr(ż)∧Ntr(z̈) must hold for all ż, z̈ ∈ U. By a

parallel argument, one also obtains Nind(ż ⋆ z̈) ≥ Nind(ż) ∧Nind(z̈) for every ż, z̈ ∈ U. Finally,

if there exist à, b́ ∈ U and νs̃ ∈ [0, 1) such that Nfa(à ⋆ b́) > νs̃ ≥ Nfa(à) ∨Nfa(b́), then à, b́ ∈
Fa∈(N, νs̃) but à ⋆ b́ /∈ Fa∈(N, νs̃), again a contradiction. Thus, Nfa(ż ⋆ z̈) ≤ Nfa(ż) ∨Nfa(z̈)

for all ż, z̈ ∈ U.

Conversely, assume that N = (U,Ntr,Nind,Nfa) satisfies condition (18). If ż, z̈ ∈ U with

ż ∈ Tr∈(N, λż) and z̈ ∈ Tr∈(N, λz̈), then Ntr(ż) ≥ λż and Ntr(z̈) ≥ λz̈, which yields Ntr(ż ⋆ z̈) ≥
Ntr(ż) ∧Ntr(z̈) ≥ λż ∧ λz̈, so that ż ⋆ z̈ ∈ Tr∈(N, λż ∧ λz̈). A similar reasoning applies to the

indeterminacy component, showing that ż ⋆ z̈ ∈ Ind∈(N, µż ∧ µz̈) whenever ż ∈ Ind∈(N, µż)

and z̈ ∈ Ind∈(N, µz̈). Finally, if ż ∈ Fa∈(N, νż) and z̈ ∈ Fa∈(N, νz̈), then Nfa(ż) ≤ νż and

Nfa(z̈) ≤ νz̈, so that Nfa(ż ⋆ z̈) ≤ Nfa(ż) ∨Nfa(z̈) ≤ νż ∨ νz̈, implying ż ⋆ z̈ ∈ Fa∈(N, νż ∨ νz̈).

Therefore, N is indeed a (∈,∈)-NBCCS of U.

Theorem 3.3. If N = (U,Ntr,Nind,Nfa) is a (∈,∈)-NBCCS of U, then for every λ, µ ∈
(0, 1] and ν ∈ [0, 1), the sets Trq(N, λ), Indq(N, µ), and Faq(N, ν) (whenever nonempty) form

BCCSs of U.

Proof. Take ż, z̈ ∈ Trq(N, λ). By definition, Ntr(ż) + λ > 1 and Ntr(z̈) + λ > 1. Since N is a

(∈,∈)-NBCCS, we obtain

Ntr(ż ⋆ z̈) + λ ≥ (Ntr(ż) ∧Ntr(z̈)) + λ = (Ntr(ż) + λ) ∧ (Ntr(z̈) + λ) > 1,

which shows ż ⋆ z̈ ∈ Trq(N, λ). Thus, Trq(N, λ) is closed under the operation and hence a

BCCS of U.

An analogous argument applies to the indeterminacy case: if ż, z̈ ∈ Indq(N, µ), then ż ⋆ z̈ ∈
Indq(N, µ), so Indq(N, µ) is also a BCCS.

Finally, let ż, z̈ ∈ Faq(N, ν). Then Nfa(ż) + ν < 1 and Nfa(z̈) + ν < 1. Consequently,

Nfa(ż ⋆ z̈) + ν ≤ (Nfa(ż) ∨Nfa(z̈)) + ν = (Nfa(ż) + ν) ∨ (Nfa(z̈) + ν) < 1,

which ensures ż ⋆ z̈ ∈ Faq(N, ν). Therefore, Faq(N, ν) is a BCCS of U.
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Theorem 3.4. If N = (U,Ntr,Nind,Nfa) is a (q,∈ ∨q)-NBCCS of U, then the neutrosophic

q-subsets Trq(N, λ), Indq(N, µ), and Faq(N, ν) are BCCSs of U for all λ, µ ∈ (0.5, 1] and

ν ∈ [0, 0.5), whenever nonempty.

Proof. Consider ż, z̈ ∈ Trq(N, λ). By assumption, ż ⋆ z̈ ∈ Tr∈∨q(N, λ), which means ż ⋆ z̈ ∈
Tr∈(N, λ) or ż ⋆ z̈ ∈ Trq(N, λ). If the first case holds, then Ntr(ż ⋆ z̈) ≥ λ > 1−λ since λ > 0.5,

implying ż ⋆ z̈ ∈ Trq(N, λ). Thus, Trq(N, λ) is closed under ⋆ and therefore a BCCS of U.

The argument for Indq(N, µ) proceeds in the same way: any ż, z̈ ∈ Indq(N, µ) yield ż ⋆ z̈ ∈
Indq(N, µ), so Indq(N, µ) is also a BCCS.

For the falsity component, take ż, z̈ ∈ Faq(N, ν). Then ż ⋆ z̈ ∈ Fa∈∨q(N, ν), hence either

ż ⋆ z̈ ∈ Fa∈(N, ν) or ż ⋆ z̈ ∈ Faq(N, ν). If the former occurs, then Nfa(ż ⋆ z̈) ≤ ν < 1− ν (since

ν < 0.5), which forces ż ⋆ z̈ ∈ Faq(N, ν). Consequently, Faq(N, ν) is a BCCS of U.

Theorem 3.5. Let N = (U,Ntr,Nind,Nfa) be an NS on U. Then N constitutes a (∈,∈ ∨q)-
NBCCS of U precisely when the following inequalities are fulfilled:

(∀ż, z̈ ∈ U)


Ntr(ż ⋆ z̈) ≥

∧
{Ntr(ż), Ntr(z̈), 0.5},

Nind(ż ⋆ z̈) ≥
∧
{Nind(ż), Nind(z̈), 0.5},

Nfa(ż ⋆ z̈) ≤
∨
{Nfa(ż), Nfa(z̈), 0.5}.

 (19)

Proof. Assume that N = (U,Ntr,Nind,Nfa) is a (∈,∈ ∨q)-NBCCS of U and let ż, z̈ ∈ U.

For the truth component, suppose first that Ntr(ż) ∧Ntr(z̈) < 0.5. If Ntr(ż ⋆ z̈) < Ntr(ż) ∧
Ntr(z̈), choose λs̆ with Ntr(ż ⋆ z̈) < λs̆ < Ntr(ż) ∧ Ntr(z̈). Then ż, z̈ ∈ Tr∈(N, λs̆) but ż ⋆ z̈ /∈
Tr∈(N, λs̆). Moreover, Ntr(ż ⋆ z̈) + λs̆ < 1, i.e. ż ⋆ z̈ ∈ Trq(N, λs̆), which contradicts closure in

Tr∈∨q(N, λs̆). Hence, Ntr(ż ⋆ z̈) ≥
∧
{Ntr(ż),Ntr(z̈), 0.5} whenever Ntr(ż) ∧Ntr(z̈) < 0.5.

If instead Ntr(ż) ∧Ntr(z̈) ≥ 0.5, then ż, z̈ ∈ Tr∈(N, 0.5) and thus ż ⋆ z̈ ∈ Tr∈∨q(N, 0.5). This

implies Ntr(ż ⋆ z̈) ≥ 0.5, since otherwise Ntr(ż ⋆ z̈) + 0.5 < 1, a contradiction. Consequently,

Ntr(ż ⋆ z̈) ≥
∧
{Ntr(ż),Ntr(z̈), 0.5} for all ż, z̈ ∈ U.

A parallel reasoning shows Nind(ż ⋆ z̈) ≥
∧
{Nind(ż),Nind(z̈), 0.5} for every ż, z̈ ∈ U.

For the falsity part, suppose Nfa(ż) ∨Nfa(z̈) > 0.5. If Nfa(ż ⋆ z̈) > νs̃ := Nfa(ż) ∨Nfa(z̈),

then ż, z̈ ∈ Fa∈(N, νs̃) while ż ⋆ z̈ /∈ Fa∈(N, νs̃), and moreover Nfa(ż ⋆ z̈) + νs̃ > 1, so ż ⋆ z̈ /∈
Faq(N, νs̃) which is a contradiction. Thus, Nfa(ż ⋆ z̈) ≤

∨
{Nfa(ż),Nfa(z̈), 0.5} whenever

Nfa(ż) ∨Nfa(z̈) > 0.5.

If Nfa(ż)∨Nfa(z̈) ≤ 0.5, then ż, z̈ ∈ Fa∈(N, 0.5) and hence ż ⋆ z̈ ∈ Fa∈∨q(N, 0.5). Therefore,

Nfa(ż ⋆ z̈) ≤ 0.5, since otherwise Nfa(ż ⋆ z̈)+ 0.5 > 1, a contradiction. Altogether, Nfa(ż ⋆ z̈) ≤∨
{Nfa(ż),Nfa(z̈), 0.5} for all ż, z̈ ∈ U.

Conversely, assume that N satisfies condition (19). Let ż, z̈ ∈ U and choose thresholds

λż, λz̈, µż, µz̈, νż, νz̈ ∈ [0, 1].
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If ż ∈ Tr∈(N, λż) and z̈ ∈ Tr∈(N, λz̈), then Ntr(ż) ≥ λż and Ntr(z̈) ≥ λz̈. Using (19), we

deduce Ntr(ż ⋆ z̈) ≥ Ntr(ż) ∧Ntr(z̈) ∧ 0.5 ≥ λż ∧ λz̈, so ż ⋆ z̈ ∈ Tr∈∨q(N, λż ∧ λz̈).

A similar reasoning applies to the indeterminacy component, giving ż⋆ z̈ ∈ Ind∈∨q(N, µż∧µz̈)

whenever ż ∈ Ind∈(N, µż) and z̈ ∈ Ind∈(N, µz̈).

Finally, if ż ∈ Fa∈(N, νż) and z̈ ∈ Fa∈(N, νz̈), then Nfa(ż) ≤ νż and Nfa(z̈) ≤ νz̈. If

Nfa(ż ⋆ z̈) > νż ∨ νz̈, then condition (19) would be violated, giving a contradiction. Hence,

Nfa(ż ⋆ z̈) ≤ νż ∨ νz̈, so ż ⋆ z̈ ∈ Fa∈∨q(N, νż ∨ νz̈).

Therefore, N is indeed a (∈,∈ ∨q)-NBCCS of U.

Theorem 3.6. If N = (U,Ntr,Nind,Nfa) is a (∈,∈ ∨q)-NBCCS of U, then the neutrosophic

q-subsets Trq(N, λ), Indq(N, µ), and Faq(N, ν) form BCCSs of U for all λ, µ ∈ (0.5, 1] and

ν ∈ [0, 0.5), whenever they are nonempty.

Proof. Suppose that Trq(N, λ), Indq(N, µ), and Faq(N, ν) are nonempty for some λ, µ ∈ (0.5, 1]

and ν ∈ [0, 0.5).

Take ż, z̈ ∈ Trq(N, λ). Since Ntr(ż) + λ > 1 and Ntr(z̈) + λ > 1, Theorem 3.5 ensures

Ntr(ż ⋆ z̈) + λ ≥
∧

{Ntr(ż), Ntr(z̈), 0.5}+ λ =
∧

{Ntr(ż) + λ, Ntr(z̈) + λ, 0.5 + λ} > 1.

Thus, ż ⋆ z̈ ∈ Trq(N, λ), showing that Trq(N, λ) is closed under ⋆ and therefore a BCCS of U.

The same reasoning applies to the indeterminacy case: for any ż, z̈ ∈ Indq(N, µ), Theo-

rem 3.5 guarantees ż ⋆ z̈ ∈ Indq(N, µ). Hence, Indq(N, µ) also forms a BCCS.

Finally, consider ż, z̈ ∈ Faq(N, ν). Then Nfa(ż)+ν < 1 and Nfa(z̈)+ν < 1. By Theorem 3.5,

Nfa(ż ⋆ z̈) + ν ≤
∨

{Nfa(ż), Nfa(z̈), 0.5}+ ν =
∨

{Nfa(ż) + ν, Nfa(z̈) + ν, 0.5 + ν} < 1,

which yields ż ⋆ z̈ ∈ Faq(N, ν). Consequently, Faq(N, ν) is a BCCS of U.

Theorem 3.7. For an NS N = (U,Ntr,Nind,Nfa) in U, if the nonempty neutrosophic ∈ ∨q-
subsets Tr∈∨q(N, λ), Ind∈∨q(N, µ), and Fa∈∨q(N, ν) are BCCSs of U for all λ, µ ∈ (0, 1] and

ν ∈ [0, 1), then N is a (∈,∈ ∨q)-NBCCS of U.

Proof. Assume that Tr∈∨q(N, λ) is a BCCS of U and suppose, for contradiction, thatNtr(ż⋆z̈) <∧
{Ntr(ż),Ntr(z̈), 0.5} for some ż, z̈ ∈ U. Then there exists λ ∈ (0, 0.5] with Ntr(ż ⋆ z̈) <

λ ≤
∧
{Ntr(ż),Ntr(z̈), 0.5}. This forces ż, z̈ ∈ Tr∈(N, λ) ⊆ Tr∈∨q(N, λ), and hence ż ⋆ z̈ ∈

Tr∈∨q(N, λ). Consequently, Ntr(ż ⋆ z̈) ≥ λ or Ntr(ż ⋆ z̈) + λ > 1, contradicting the choice of λ.

Therefore, Ntr(ż ⋆ z̈) ≥
∧
{Ntr(ż),Ntr(z̈), 0.5} for all ż, z̈ ∈ U.

A parallel reasoning applies to the indeterminacy component, giving Nind(ż ⋆ z̈) ≥∧
{Nind(ż),Nind(z̈), 0.5}.
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Next, let Fa∈∨q(N, ν) be a BCCS of U and assume that Nfa(ż ⋆ z̈) >
∨
{Nfa(ż),Nfa(z̈), 0.5}

for some ż, z̈ ∈ U. Then there exists ν ∈ [0.5, 1) such that

Nfa(ż ⋆ z̈) > ν ≥
∨

{Nfa(ż),Nfa(z̈), 0.5}. (20)

Thus, ż, z̈ ∈ Fa∈(N, ν) ⊆ Fa∈∨q(N, ν), which forces ż ⋆ z̈ ∈ Fa∈∨q(N, ν). However, by (20) we

would have ż ⋆ z̈ /∈ Fa∈(N, ν) and simultaneously Nfa(ż ⋆ z̈) + ν > 1, so ż ⋆ z̈ /∈ Faq(N, ν), a

contradiction. Hence, Nfa(ż ⋆ z̈) ≤
∨
{Nfa(ż),Nfa(z̈), 0.5} for all ż, z̈ ∈ U.

Combining the above with Theorem 3.5, it follows that N = (U,Ntr,Nind,Nfa) is indeed a

(∈,∈ ∨q)-NBCCS of U.

Theorem 3.8. Let N = (U,Ntr,Nind,Nfa) be a (∈,∈ ∨q)-NBCCS of U. Then, for ev-

ery λ, µ ∈ (0, 0.5] and ν ∈ [0.5, 1), the nonempty neutrosophic ∈ ∨q-subsets Tr∈∨q(N, λ),

Ind∈∨q(N, µ), and Fa∈∨q(N, ν) form BCCSs of U.

Proof. Assume that Tr∈∨q(N, λ), Ind∈∨q(N, µ), and Fa∈∨q(N, ν) are nonempty for all λ, µ ∈
(0, 0.5] and ν ∈ [0.5, 1).

Take ż, z̈ ∈ Ind∈∨q(N, µ). Each of them lies either in Ind∈(N, µ) or in Indq(N, µ), so four

possibilities occur:

(i) ż, z̈ ∈ Ind∈(N, µ),

(ii) ż ∈ Ind∈(N, µ) and z̈ ∈ Indq(N, µ),

(iii) ż ∈ Indq(N, µ) and z̈ ∈ Ind∈(N, µ),

(iv) ż, z̈ ∈ Indq(N, µ).

In case (i), closure in Ind∈∨q(N, µ) is immediate. In case (ii), z̈ ∈ Indq(N, µ) implies Nind(z̈) >

1 − µ ≥ µ, hence z̈ ∈ Ind∈(N, µ) and the pair reduces to case (i). Case (iii) is symmetric. In

case (iv), both Nind(ż) and Nind(z̈) exceed 1 − µ ≥ µ, so ż, z̈ ∈ Ind∈(N, µ) and again closure

follows. Therefore, Ind∈∨q(N, µ) forms a BCCS of U for all µ ∈ (0, 0.5].

An analogous argument applies to Tr∈∨q(N, λ), showing it is a BCCS for each λ ∈ (0, 0.5].

Now consider ż, z̈ ∈ Fa∈∨q(N, ν). Then either Nfa(ż) ≤ ν or Nfa(ż) + ν < 1, and the same

for z̈. We inspect the cases:

If both Nfa(ż),Nfa(z̈) ≤ ν, then by Theorem 3.5,

Nfa(ż ⋆ z̈) ≤
∨

{Nfa(ż),Nfa(z̈), 0.5} ≤ ν,

so ż ⋆ z̈ ∈ Fa∈(N, ν) ⊆ Fa∈∨q(N, ν).

If Nfa(ż) ≤ ν and Nfa(z̈) + ν < 1, then Theorem 3.5 gives

Nfa(ż ⋆ z̈) ≤
∨

{ν, 1− ν, 0.5} = ν,

hence ż ⋆ z̈ ∈ Fa∈∨q(N, ν). The case Nfa(ż) + ν < 1 and Nfa(z̈) ≤ ν is symmetric.
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If both Nfa(ż) + ν < 1 and Nfa(z̈) + ν < 1, then

Nfa(ż ⋆ z̈) ≤
∨

{1− ν, 0.5} = 0.5 < ν,

so again ż ⋆ z̈ ∈ Fa∈(N, ν) ⊆ Fa∈∨q(N, ν).

Thus, Fa∈∨q(N, ν) is a BCCS of U for all ν ∈ [0.5, 1).

Theorem 3.9. Let N = (U,Ntr,Nind,Nfa) be a (q,∈ ∨q)-NBCCS of U. Then, for every λ, µ ∈
(0, 0.5] and ν ∈ [0.5, 1), the nonempty neutrosophic ∈ ∨q-subsets Tr∈∨q(N, λ), Ind∈∨q(N, µ),

and Fa∈∨q(N, ν) constitute BCCSs of U.

Proof. Assume that Tr∈∨q(N, λ), Ind∈∨q(N, µ), and Fa∈∨q(N, ν) are nonempty for all λ, µ ∈
(0, 0.5] and ν ∈ [0.5, 1).

Let ż, z̈ ∈ Tr∈∨q(N, λ). Then ż ∈ Tr∈(N, λ) or ż ∈ Trq(N, λ), and likewise z̈ ∈ Tr∈(N, λ) or

z̈ ∈ Trq(N, λ). If both belong to Trq(N, λ), closure is clear. If ż ∈ Tr∈(N, λ) and z̈ ∈ Trq(N, λ),

then Ntr(ż)+λ ≥ 2λ > 1, so ż ∈ Trq(N, λ), and hence ż ⋆ z̈ ∈ Tr∈∨q(N, λ). The other cases are

symmetric, showing Tr∈∨q(N, λ) is a BCCS.

A parallel reasoning applies to Ind∈∨q(N, µ) for µ ∈ (0, 0.5].

Now, let ż, z̈ ∈ Fa∈∨q(N, ν). Then ż ∈ Fa∈(N, ν) or ż ∈ Faq(N, ν), and similarly for z̈. If

both are in Fa∈(N, ν), then by Theorem 3.5, Nfa(ż⋆ z̈) ≤
∨
{Nfa(ż),Nfa(z̈), 0.5} ≤ ν, so ż⋆ z̈ ∈

Fa∈(N, ν) ⊆ Fa∈∨q(N, ν). If one element lies in Fa∈(N, ν) and the other in Faq(N, ν), then

again ż ⋆ z̈ ∈ Fa∈∨q(N, ν). Finally, if ż, z̈ ∈ Faq(N, ν), then Nfa(ż) + ν < 1 and Nfa(z̈) + ν < 1,

implying ż, z̈ ∈ Fa∈(N, ν) as well, so closure holds.

Therefore, Tr∈∨q(N, λ), Ind∈∨q(N, µ), and Fa∈∨q(N, ν) are BCCSs of U for all λ, µ ∈ (0, 0.5]

and ν ∈ [0.5, 1).

Given an NS N = (U,Ntr,Nind,Nfa) on a universe U, we introduce the subset

U1
0 = {ż ∈ U : Ntr(ż) > 0,Nind(ż) > 0,Nfa(ż) < 1}.

Theorem 3.10. If N = (U,Ntr,Nind,Nfa) is a (∈,∈)-NBCCS of U, then the set U1
0 is itself

a BCCS of U.

Proof. Take ż, z̈ ∈ U1
0. By definition,

Ntr(ż) > 0,Nind(ż) > 0,Nfa(ż) < 1,

and likewise Ntr(z̈) > 0, Nind(z̈) > 0, Nfa(z̈) < 1.

Assume for contradiction that Ntr(ż ⋆ z̈) = 0. Since ż ∈ Tr∈(N,Ntr(ż)) and z̈ ∈
Tr∈(N,Ntr(z̈)), closure of Tr∈ would require ż ⋆ z̈ ∈ Tr∈(N,Ntr(ż) ∧ Ntr(z̈)). But this fails

because Ntr(ż ⋆ z̈) = 0 < Ntr(ż) ∧Ntr(z̈), a contradiction. Hence, Ntr(ż ⋆ z̈) > 0.

A. Iampan and N. Rajesh, Neutrosophic UP (BCC)-Subalgebras of Several Types: A
Threshold-Based Analysis in UP (BCC)-Algebras

Neutrosophic Sets and Systems, Vol. 97, 2026                                                                                273



A parallel argument shows Nind(ż ⋆ z̈) > 0.

For the falsity part, note that ż ∈ Fa∈(N,Nfa(ż)) and z̈ ∈ Fa∈(N,Nfa(z̈)). If Nfa(ż⋆ z̈) = 1,

then Nfa(ż ⋆ z̈) > Nfa(ż) ∨Nfa(z̈), contradicting closure in Fa∈. Therefore, Nfa(ż ⋆ z̈) < 1.

Altogether, ż ⋆ z̈ ∈ U1
0, establishing that U1

0 is a BCCS of U.

Theorem 3.11. If N = (U,Ntr,Nind,Nfa) is a (∈, q)-NBCCS of U, then the set U1
0 forms a

BCCS of U.

Proof. Take ż, z̈ ∈ U1
0. By definition,

Ntr(ż) > 0,Nind(ż) > 0,Nfa(ż) < 1,

and similarly for z̈.

Suppose Ntr(ż ⋆ z̈) = 0. Then

Ntr(ż ⋆ z̈) + (Ntr(ż) ∧Ntr(z̈)) = Ntr(ż) ∧Ntr(z̈) ≤ 1,

which would force ż ⋆ z̈ /∈ Trq(N,Ntr(ż) ∧ Ntr(z̈)). But since ż ∈ Tr∈(N,Ntr(ż)) and

z̈ ∈ Tr∈(N,Ntr(z̈)), closure requires ż ⋆ z̈ ∈ Trq(N,Ntr(ż) ∧ Ntr(z̈)) which is a contradiction.

Therefore, Ntr(ż ⋆ z̈) > 0.

An analogous reasoning shows Nind(ż ⋆ z̈) > 0.

For the falsity part, assume Nfa(ż ⋆ z̈) = 1. Then

Nfa(ż ⋆ z̈) + (Nfa(ż) ∨Nfa(z̈)) = 1 +Nfa(ż) ∨Nfa(z̈) ≥ 1,

so ż ⋆ z̈ /∈ Faq(N,Nfa(ż) ∨ Nfa(z̈)). Yet ż ∈ Fa∈(N,Nfa(ż)) and z̈ ∈ Fa∈(N,Nfa(z̈)), which

contradicts closure. Thus, Nfa(ż ⋆ z̈) < 1.

Hence, ż ⋆ z̈ ∈ U1
0, proving that U1

0 is a BCCS of U.

Theorem 3.12. If N = (U,Ntr,Nind,Nfa) is a (q,∈)-NBCCS of U, then the set U1
0 is a BCCS

of U.

Proof. Take ż, z̈ ∈ U1
0. Then

Ntr(ż) > 0,Nind(ż) > 0,Nfa(ż) < 1,

and likewise for z̈. This implies

Ntr(ż)+ 1 > 1,Ntr(z̈)+ 1 > 1,Nind(ż)+ 1 > 1,Nind(z̈)+ 1 > 1,Nfa(ż)+ 0 < 1,Nfa(z̈)+ 0 < 1,

so that ż, z̈ ∈ Trq(N, 1) ∩ Indq(N, 1) ∩ Faq(N, 0).

Suppose Ntr(ż⋆ z̈) = 0 or Nind(ż⋆ z̈) = 0. Then Ntr(ż⋆ z̈) < 1 = 1∧1 or Nind(ż⋆ z̈) < 1 = 1∧1,
which means ż ⋆ z̈ /∈ Trq(N, 1 ∧ 1) or ż ⋆ z̈ /∈ Indq(N, 1 ∧ 1) which is a contradiction. Hence,

Ntr(ż ⋆ z̈) > 0 and Nind(ż ⋆ z̈) > 0.
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Now assume Nfa(ż ⋆ z̈) = 1. Then ż ⋆ z̈ /∈ Faq(N, 0 ∨ 0), contradicting closure. Therefore,

Nfa(ż ⋆ z̈) < 1.

Thus, ż ⋆ z̈ ∈ U1
0, and so U1

0 is a BCCS of U.

Theorem 3.13. If N = (U,Ntr,Nind,Nfa) is a (q, q)-NBCCS of U, then the set U1
0 is a BCCS

of U.

Proof. Let ż, z̈ ∈ U1
0. Then

Ntr(ż) > 0,Nind(ż) > 0,Nfa(ż) < 1,

and similarly for z̈. This ensures

Ntr(ż)+ 1 > 1,Ntr(z̈)+ 1 > 1,Nind(ż)+ 1 > 1,Nind(z̈)+ 1 > 1,Nfa(ż)+ 0 < 1,Nfa(z̈)+ 0 < 1,

so ż, z̈ ∈ Trq(N, 1) ∩ Indq(N, 1) ∩ Faq(N, 0).

Suppose Ntr(ż ⋆ z̈) = 0 or Nind(ż ⋆ z̈) = 0. Then

Ntr(ż ⋆ z̈) + 1 = 1 or Nind(ż ⋆ z̈) + 1 = 1,

so ż ⋆ z̈ /∈ Trq(N, 1 ∧ 1) or ż ⋆ z̈ /∈ Indq(N, 1 ∧ 1), a contradiction. Thus, Ntr(ż ⋆ z̈) > 0 and

Nind(ż ⋆ z̈) > 0.

Now assume Nfa(ż ⋆ z̈) = 1. Then

Nfa(ż ⋆ z̈) + 0 ∨ 0 = 1,

which means ż ⋆ z̈ /∈ Faq(N, 0 ∨ 0), again a contradiction. Hence, Nfa(ż ⋆ z̈) < 1.

Therefore, ż ⋆ z̈ ∈ U1
0, showing that U1

0 is a BCCS of U.

Theorem 3.14. If N = (U,Ntr,Nind,Nfa) is a (q, q)-NBCCS of U, then N is neutrosophic

constant on U1
0, i.e., the functions Ntr, Nind, and Nfa take constant values on U1

0.

Proof. Assume first that Ntr is not constant on U1
0. Then there exists z̈ ∈ U1

0 such that

λz̈ = Ntr(z̈) ̸= Ntr(0) = λ0. Hence, either λz̈ > λ0 or λz̈ < λ0.

Suppose λz̈ < λ0. Choose λ1, λ2 ∈ (0, 1] with 1− λ0 < λ1 ≤ 1− λz̈ < λ2. Then

Ntr(0) + λ1 = λ0 + λ1 > 1,Ntr(z̈) + λ2 = λz̈ + λ2 > 1,

so 0 ∈ Trq(N, λ1) and z̈ ∈ Trq(N, λ2). However,

Ntr(z̈ ⋆ 0) + λ1 ∧ λ2 = Ntr(z̈) + λ1 = λz̈ + λ1 ≤ 1,

which implies z̈ ⋆ 0 /∈ Trq(N, λ1 ∧ λ2), a contradiction.

Now suppose λz̈ > λ0. Then

Ntr(z̈) + (1− λ0) = λz̈ + 1− λ0 > 1,

A. Iampan and N. Rajesh, Neutrosophic UP (BCC)-Subalgebras of Several Types: A
Threshold-Based Analysis in UP (BCC)-Algebras

Neutrosophic Sets and Systems, Vol. 97, 2026                                                                                275



so z̈ ∈ Trq(N, 1− λ0). But

Ntr(z̈ ⋆ z̈) + (1− λ0) = Ntr(0) + 1− λ0 = λ0 + 1− λ0 = 1,

hence z̈ ⋆ z̈ /∈ Trq(N, (1− λ0) ∧ (1− λ0)), a contradiction. Therefore, Ntr is constant on U1
0. A

similar argument shows that Nind is constant on U1
0.

Finally, suppose Nfa is not constant on U1
0. Then for some z̈ ∈ U1

0 we have νz̈ = Nfa(z̈) ̸=
Nfa(0) = ν0. Consider two cases:

If νz̈ < ν0, then

Nfa(z̈) + 1− ν0 = νz̈ + 1− ν0 < 1,

so z̈ ∈ Faq(N, 1−ν0). Hence, z̈⋆ z̈ ∈ Faq(N, 1−ν0), implying 0 ∈ Faq(N, 1−ν0), a contradiction

since Nfa(0) + 1− ν0 = 1.

If νz̈ > ν0, choose ν1, ν2 ∈ (0, 1) such that 1− ν0 > ν1 > 1− νz̈ > ν2. Then

Nfa(z̈) + ν2 = νz̈ + ν2 < 1 ⇒ z̈ ∈ Faq(N, ν2),

and

Nfa(0) + ν1 = ν0 + ν1 < 1 ⇒ 0 ∈ Faq(N, ν1).

Thus, z̈ ⋆ 0 ∈ Faq(N, ν1 ∨ ν2). However,

Nfa(z̈ ⋆ 0) + ν1 ∨ ν2 = Nfa(z̈) + ν1 = νz̈ + ν1 > 1,

which contradicts membership in Faq(N, ν1 ∨ ν2).

Therefore, Nfa must also be constant on U1
0. This completes the proof.

To further extend the structural analysis, we present a set of conditions that guarantees

when an NS can be regarded as a (q,∈ ∨q)-NBCCS.

Theorem 3.15. Let S be a BCCS of U, and let N = (U,Ntr,Nind,Nfa) be an NS on U

satisfying:

(∀ż ∈ S)(Ntr(ż) ≥ 0.5, Nind(ż) ≥ 0.5, Nfa(ż) ≤ 0.5), (21)

(∀ż ∈ U \S)(Ntr(ż) = 0, Nind(ż) = 0, Nfa(ż) = 1). (22)

Then N = (U,Ntr,Nind,Nfa) is a (q,∈ ∨q)-NBCCS of U.

Proof. Assume that ż ∈ Indq(N, λż) and z̈ ∈ Indq(N, λz̈) for some ż, z̈ ∈ U and λż, λz̈ ∈ [0, 1].

Then Nind(ż) + λż > 1 and Nind(z̈) + λz̈ > 1. If ż ⋆ z̈ /∈ S, then either ż ∈ U \S or z̈ ∈ U \S,

since S is a BCCS of U. This would force Nind(ż) = 0 or Nind(z̈) = 0, implying λż > 1 or

λz̈ > 1, a contradiction. Hence, ż ⋆ z̈ ∈ S.

If λż ∧ λz̈ > 0.5, then

Nind(ż ⋆ z̈) + (λż ∧ λz̈) > 1,
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so ż ⋆ z̈ ∈ Indq(N, λż ∧ λz̈). If λż ∧ λz̈ ≤ 0.5, then

Nind(ż ⋆ z̈) ≥ 0.5 ≥ λż ∧ λz̈,

so ż ⋆ z̈ ∈ Ind∈(N, λż ∧ λz̈). In either case, ż ⋆ z̈ ∈ Ind∈∨q(N, λż ∧ λz̈).

A similar argument shows that if ż ∈ Trq(N, λż) and z̈ ∈ Trq(N, λz̈), then ż⋆z̈ ∈ Tr∈∨q(N, λż∧
λz̈).

Now let ż ∈ Faq(N, νż) and z̈ ∈ Faq(N, νz̈) for some νż, νz̈ ∈ [0, 1]. Then Nfa(ż) + νż < 1 and

Nfa(z̈) + νz̈ < 1. If ż ⋆ z̈ /∈ S, then either ż ∈ U \ S or z̈ ∈ U \ S, and hence Nfa(ż) = 1 or

Nfa(z̈) = 1, which implies νż < 0 or νz̈ < 0, a contradiction. Thus, ż ⋆ z̈ ∈ S.

If νż ∨ νz̈ ≥ 0.5, then

Nfa(ż ⋆ z̈) ≤ 0.5 ≤ νż ∨ νz̈,

so ż ⋆ z̈ ∈ Fa∈(N, νż ∨ νz̈). If νż ∨ νz̈ < 0.5, then

Nfa(ż ⋆ z̈) + (νż ∨ νz̈) < 1,

so ż ⋆ z̈ ∈ Faq(N, νż ∨ νz̈). In either case, ż ⋆ z̈ ∈ Fa∈∨q(N, νż ∨ νz̈).

Therefore, N = (U,Ntr,Nind,Nfa) is a (q,∈ ∨q)-NBCCS of U.

The interplay between Theorems 3.4 and 3.15 leads directly to the following corollary.

Corollary 3.16. Let S be a BCCS of U. If N = (U,Ntr,Nind,Nfa) is an NS on U satisfying

conditions (21) and (22), then the subsets Trq(N, λ), Indq(N, µ), and Faq(N, ν) are BCCSs of

U for all λ, µ ∈ (0.5, 1] and ν ∈ [0, 0.5), whenever they are nonempty.

Theorem 3.17. Let N = (U,Ntr,Nind,Nfa) be a (q,∈ ∨q)-neutrosophic BCCS of U such that

Ntr, Nind, and Nfa are not constant on U1
0. Then there exist ż, z̈, ẑ ∈ U with Ntr(ż) ≥ 0.5,

Nind(z̈) ≥ 0.5, and Nfa(ẑ) ≤ 0.5. In particular, these inequalities hold for all ż, z̈, ẑ ∈ U1
0.

Proof. Assume first that Ntr(ż) < 0.5 for all ż ∈ U. Since Ntr is not constant on U1
0, there

exists à ∈ U1
0 such that λà = Ntr(à) ̸= Ntr(0) = λ0. Thus, either λà > λ0 or λà < λ0.

If λà > λ0, choose δ > 0.5 such that λ0 + δ < 1 < λà + δ. Then a ∈ Trq(N, δ) but

Ntr(à ⋆ à) + δ = Ntr(0) + δ = λ0 + δ < 1,

and also Ntr(à ⋆ à) = λ0 < δ, so à ⋆ à /∈ Tr∈∨q(N, δ), a contradiction.

If λà < λ0, choose δ > 0.5 such that λà + δ < 1 < λ0 + δ. Then 0 ∈ Trq(N, δ) and

a ∈ Trq(N, 1), but

Ntr(à ⋆ 0) + δ = λà + δ < 1,Ntr(à ⋆ 0) = λà < δ,

so à ⋆ 0 /∈ Tr∈∨q(N, δ), a contradiction. Hence, Ntr(ż) ≥ 0.5 for some ż ∈ U.

By the same reasoning, there exists z̈ ∈ U with Nind(z̈) ≥ 0.5.
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Now suppose Nfa(ẑ) > 0.5 for all ẑ ∈ U. Since Nfa is not constant on U1
0, there exists ĉ ∈ U1

0

with νĉ = Nfa(ĉ) ̸= Nfa(0) = ν0. Consider two cases:

If νĉ < ν0, then for some ε ∈ [0, 0.5) we have ν0 + ε > 1 > νĉ + ε, so ĉ ∈ Faq(N, ε). But then

Nfa(ĉ ⋆ ĉ) + ε = ν0 + ε > 1,Nfa(ĉ ⋆ ĉ) = ν0 > ε,

which implies ĉ ⋆ ĉ /∈ Fa∈∨q(N, ε), a contradiction.

If νĉ > ν0, choose ε ∈ [0, 0.5) such that ν0 + ε < 1 < νĉ + ε. Then 0 ∈ Faq(N, ε) and

ĉ ∈ Faq(N, 0). But

Nfa(ĉ ⋆ 0) + ε = νĉ + ε > 1,

so ĉ ⋆ 0 /∈ Fa∈∨q(N, ε), again a contradiction.

Thus, Nfa(ẑ) ≤ 0.5 for some ẑ ∈ U.

Next, we show that Ntr(0) ≥ 0.5, Nind(0) ≥ 0.5, and Nfa(0) ≤ 0.5. Suppose Ntr(0) = λ0 <

0.5 while Ntr(ż) = λż ≥ 0.5 for some ż ∈ U. Choose λ1 with λ0 < λ1 and λ0+λ1 < 1 < λż+λ1.

Then ż ∈ Trq(N, λ1) but

Ntr(ż ⋆ ż) + λ1 = λ0 + λ1 < 1,Ntr(ż ⋆ ż) = λ0 < λ1,

so ż ⋆ ż /∈ Tr∈∨q(N, λ1), a contradiction. Hence, Ntr(0) ≥ 0.5. Similarly, Nind(0) ≥ 0.5.

If Nfa(0) = ν0 > 0.5, but there exists ẑ with Nfa(ẑ) = νẑ ≤ 0.5, then νẑ < ν0. Choosing

ν1 < ν0 with ν0 + ν1 > 1 > νẑ + ν1, we obtain ẑ ∈ Faq(N, ν1) but

Nfa(ẑ ⋆ ẑ) + ν1 = ν0 + ν1 > 1,Nfa(ẑ ⋆ ẑ) = ν0 > ν1,

so ẑ ⋆ ẑ /∈ Fa∈∨q(N, ν1), a contradiction. Thus, Nfa(0) ≤ 0.5.

Finally, assume Nind(z̈) = µz̈ < 0.5 for some z̈ ∈ U1
0. Take µ > 0 with µz̈ + µ < 0.5. Then

z̈ ∈ Indq(N, µ) and 0 ∈ Indq(N, µ+ 0.5), but

Nind(z̈ ⋆ 0) + (µ+ 0.5) = µz̈ + µ+ 0.5 < 1,Nind(z̈ ⋆ 0) = µz̈ < µ+ 0.5,

so z̈⋆0 /∈ Ind∈∨q(N, µ+0.5), a contradiction. Hence, Nind(z̈) ≥ 0.5 for all z̈ ∈ U1
0. By the same

reasoning, Ntr(ż) ≥ 0.5 for all ż ∈ U1
0.

If Nfa(ẑ) > 0.5 for some ẑ ∈ U1
0, then for some ν ∈ (0, 0.5) we have 0 ∈ Faq(N, 0.5− ν) and

ẑ ∈ Faq(N, 0), but Nfa(ẑ ⋆ 0) + 0.5 − ν > 1, a contradiction. Therefore, Nfa(ẑ) ≤ 0.5 for all

ẑ ∈ U1
0.

4. Conclusion

This study explores the theoretical framework of NBCCSs within BCC-algebras, introduc-

ing a systematic classification of their types, including (∈,∈)-neutrosophic and (q,∈ ∨q)-
neutrosophic subalgebras. By integrating NS theory, which generalizes FSs and IFSs, we
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establish threshold-based conditions (λ, µ, ν) for neutrosophic ∈-subsets, q-subsets, and ∈ ∨q-
subsets to qualify as BCCSs. Key results demonstrate that these subsets exhibit subalgebraic

properties under specific constraints (e.g., λ, µ > 0.5; ν < 0.5), extending classical fuzzy al-

gebraic results. The work also highlights the role of the set U1
0 (elements with T > 0, I > 0,

F < 1) in preserving subalgebraic structures and provides a method to construct NBCCSs from

classical ones. These findings advance the interplay between neutrosophic logic and abstract

algebra, offering a foundation for modeling uncertainty in logical systems and decision-making.

Future research could explore dynamic neutrosophic systems or applications in computational

intelligence.
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4. Caǧman, N.; Enginoǧlu, S.; Citak, F. Fuzzy soft set theory and its application, Iran. J. Fuzzy Syst. 2011,

8(3), 137-147. https://doi.org/10.22111/IJFS.2011.292

5. Dokkhamdang, N.; Kesorn, A.; Iampan, A. Generalized fuzzy sets in UP-algebras, Ann. Fuzzy Math.

Inform. 2018, 16(2), 171-190. https://doi.org/10.30948/afmi.2018.16.2.171

6. Garg, H.; Kumar, K. An advanced study on the similarity measures of intuitionistic fuzzy sets based on the

set pair analysis theory and their application in decision making, Soft Comput. 2018, 22(15), 4959-4970.

https://doi.org/10.1007/s00500-018-3202-1

7. Garg, H.; Kumar, K. Distance measures for connection number sets based on set pair analysis and its

applications to decision-making process, Appl. Intell. 2018, 48(10), 3346-3359. https://doi.org/10.1007/

s10489-018-1152-z

8. Garg, H.; Singh, S. A novel triangular interval type-2 intuitionistic fuzzy set and their aggregation operators,

Iran. J. Fuzzy Syst. 2018, 15(5), 69-93. https://doi.org/10.22111/ijfs.2018.4159

9. Guntasow, T.; Sajak, S.; Jomkham, A.; Iampan, A. Fuzzy translations of a fuzzy set in UP-algebras, J.

Indones. Math. Soc. 2017, 23(2), 1-19. https://doi.org/10.22342/jims.23.2.371.1-19

10. Huang, Y. BCI-algebra, Science Press, Beijing, China, 2006.

11. Iampan, A. A new branch of the logical algebra: UP-algebras, J. Algebra Relat. Top. 2017, 5(1), 35-54.

https://doi.org/10.22124/JART.2017.2403

12. Jana, C.; Senapati, T.; Pal, M. (∈,∈ ∨q)-intuitionistic fuzzy BCI-subalgebras of a BCI-algebra, J. Intell.

Fuzzy Syst. 2016, 31(1), 613-621. https://doi.org/10.3233/IFS-162175

13. Jun, Y. B.; Brundha, B.; Rajesh, N.; Bandaru, R. K. (3, 2)-Fuzzy UP (BCC)-subalgebras and (3, 2)-fuzzy

UP (BCC)-filters, J. Mahani Math. Res. Cent. 2022, 11(3), 1-14. https://doi.org/10.22103/jmmrc.2022.

18786.1191

A. Iampan and N. Rajesh, Neutrosophic UP (BCC)-Subalgebras of Several Types: A
Threshold-Based Analysis in UP (BCC)-Algebras

Neutrosophic Sets and Systems, Vol. 97, 2026                                                                                279

https://doi.org/10.1155/2009/586507
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1007/s40314-021-01501-x
https://doi.org/10.22111/IJFS.2011.292
https://doi.org/10.30948/afmi.2018.16.2.171
https://doi.org/10.1007/s00500-018-3202-1
https://doi.org/10.1007/s10489-018-1152-z
https://doi.org/10.1007/s10489-018-1152-z
https://doi.org/10.22111/ijfs.2018.4159
https://doi.org/10.22342/jims.23.2.371.1-19
https://doi.org/10.22124/JART.2017.2403
https://doi.org/10.3233/IFS-162175
https://doi.org/10.22103/jmmrc.2022.18786.1191
https://doi.org/10.22103/jmmrc.2022.18786.1191


14. Kesorn, B.; Maimun, K.; Ratbandan W.; Iampan, A. Intuitionistic fuzzy sets in UP-algebras, Ital. J. Pure

Appl. Math. 2015, 34, 339-364.

15. Komori, Y. The class of BCC-algebras is not a variety, Math. Japon. 1984, 29(3), 391-394.

16. Poungsumpao, P.; Kaijae, W.; Arayarangsi, S.; Iampan, A. Fuzzy UP-ideals and fuzzy UP-subalgebras of

UP-algebras in term of level subsets, Int. J. Math. Comput. Sci. 2019, 14(3), 647-674.

17. Rangsuk, P.; Huana, P.; Iampan, A. Neutrosophic N -structures over UP-algebras, Neutrosophic Sets Syst.

2019, 28, 87-127.

18. Smarandache, F. A unifying field in logics: neutrosophic logic. Neutrosophy, neutrosophic set, neutrosophic

probability (fourth edition), Rehoboth American Research Press, 2008.

19. Somjanta, J.; Thuekaew, N.; Kumpeangkeaw, P.; Iampan, A. Fuzzy sets in UP-algebras, Ann. Fuzzy Math.

Inform. 2016, 12(6), 739-756.

20. Songsaeng, M.; Iampan, A. Neutrosophic set theory applied to UP-algebras, Eur. J. Pure Appl. Math. 2019,

12(4), 1382-1409.

21. Tanamoon, K.; Sripaeng, S.; Iampan, A. Q-fuzzy sets in UP-algebras, Songklanakarin J. Sci. Technol. 2018,

40(1), 9-29.

22. Zadeh, L. A. Fuzzy sets, Inf. Control 1965, 8(3), 338-353. https://doi.org/10.1016/S0019-9958(65)

90241-X

A. Iampan and N. Rajesh, Neutrosophic UP (BCC)-Subalgebras of Several Types: A
Threshold-Based Analysis in UP (BCC)-Algebras

Neutrosophic Sets and Systems, Vol. 97, 2026                                                                                280

 Received: April 26, 2025. Accepted: Sep 26, 2025 

https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X

	1. Introduction
	2. Preliminaries
	3. Neutrosophic BCC-subalgebras of several types
	4. Conclusion
	References

