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Abstract: Clustering, as one of the most basic data mining strategies, has a prominent role in various
fields of application, especially decision making in management systems. Experts can make and
implement decisions according to the features of each cluster by examining the characteristics,
nature, and essence of the data that are in the same cluster. Since neutrosophic sets in various
application fields have inspired tremendous research endeavors to model problems from varius of
aspects, the main goal of this research is to combine hierarchical clustering with neutrosophic
trapezoidal fuzzy data. For this purpose, a new distance measure is first introduced to calculate the
difference between neutrosophic trapezoidal fuzzy data. In the following, while proving some
characteristics of the measure, the hierarchical clustering algorithm based on the new distance
measure with neutrosophic trapezoidal fuzzy data is explained. By extending continuous fuzzy data
from an explanatory example in fuzzy literature, the effectiveness and efficiency of the proposed
algorithm are tested in MATLAB software. Although the resulting dendrogram provides
appropriate clustering to the decision maker, two criteria gap, and silhouette, are also used to
determine the optimal number of clusters. The hybrid process developed in this research can not
only be used in the study areas of clustering but also makes it possible to propose the optimal
number of clusters for neutrosophic trapezoidal fuzzy data.

Keywords: clustering; agglomerative hierarchical clustering; neutrosophic set; neutrosophic
trapezoidal fuzzy number; distance measure

1. Introduction

Clustering methods are recognized as efficient tools for extracting, analyzing, and identifying hidden
patterns from existing data. The concept of clusters in clustering involves grouping together data or
objects with the highest similarity (or least distance) within the group and the greatest dissimilarity
(or least similarity) with members of other clusters. Therefore, measures of distance and similarity in
the data space are crucial for the final clustering outcome. Various methods, including partitional
and hierarchical clustering algorithms, are available for deterministic data, many of which are
detailed in [1].
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While numerous techniques for deterministic data clustering have been proposed theoretically, there
has been relatively less research on non-deterministic data in this domain. With the introduction of
fuzzy numbers by Zadeh [2] and their extensions, particularly Neutrosophic fuzzy numbers [3],
researchers have become interested in their applications in scientific and engineering problems such
as decision science, pattern recognition, medicine, networking, and cluster analysis. For example, Ye
and Smarandache (2016) [4] developed measures such as Cosine, Jaccard, and Dice for multi-criteria
decision-making scenarios using single-valued neutrosophic sets. Khalifa and Kumar (2020) [5]
proposed a framework for the neutrosophic assignment problem under interval-valued trapezoidal
neutrosophic numbers, transforming it into an interval-valued assignment problem using the score
function and considering ordinal relationships based on decision makers' preferences to optimize the
interval objective function. Additionally, Zulqarnain et al. [6] advocated for the use of fuzzy TOPSIS
as a practical methodology for neutrosophic fuzzy TOPSIS in the context of supplier selection in the
manufacturing sector. Haq et al. [7] developed a fuzzy multi-objective framework to solve complex
multi-site hybrid supply chain problems under neutrosophic data, focusing on optimizing
transportation cost and delivery time simultaneously. Poonia and Bajaj [8] devised an architecture of
exponential-function-based similarity measures and weighted types for neutrosophic collections,
applying these measures to pattern recognition and decision-making problems to demonstrate their
effectiveness and computational manageability. The Kruskal approach for finding the minimum
spanning tree in an undirected network with trapezoidal neutrosophic edge weights was introduced
by Patro et al. in 2017 [9]. Subsequently, Broumi et al. [10] proposed hybrid structures and methods
for addressing medical diagnosis issues under neutrosophic information to expedite disease
identification and treatment. Recently, Jdid and Smarandache (2023) [11] developed a comprehensive
model for optimal agricultural land distribution using neutrosophic science, asserting that
neutrosophic values can more accurately represent environmental fluctuations, natural factors
affecting production, and price fluctuations, all of which impact final profitability. Broumi et al. (2023)
[12] formulated the shortest route problem based on the interval set of a Fermatean neutrosophic
setting and proposed a new score function for its solution. Rosli et al. (2023) [13] visualized the
neutrosophic Bézier curve (NBC) of the quartic version, demonstrating the approximation of the
neutrosophic control point to the NBC and introducing its mathematical construction and logical
properties. Research in the field of clustering methods with neutrosophic numbers, particularly
continuous numbers, is much scarcer compared to other neutrosophic problems. Ye (2014) [14]
proposed an extended distance measure for single-valued neutrosophic sets (SVNSs) and introduced
two similarity measures based on this distance measure, leading to a practical clustering algorithm
for SVN data. Long et al. [15] utilized the neutrosophic association matrix to propose a clustering
approach, constructing a neutrosophic equivalent matrix and then deriving the lambda-cutting
matrix. Zhang et al. [16] are among the authors who formulated a clustering model using
neutrosophic datasets, considering both original clusters and noise clusters representing real and
false memberships, respectively. They defined uncertainty, factoring in data density, and employed

Lagrangian multipliers to further optimize the cost function under the neutrosophic dataset.
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Hierarchical clustering stands out among clustering methods for providing an optimal display of
clusters through dendrograms, from the highest to the lowest possible number of clusters [17].
Despite being considered computationally intensive for extensive data, hierarchical clustering offers
diverse cluster numbers, catering to expert preferences in data segmentation. Its advantages,
including simplicity in utilizing distance and similarity criteria, accessibility, and flexibility, have
sparked interest among researchers in expanding such algorithms. Consequently, this study aims to
develop an agglomerative hierarchical clustering algorithm using trapezoidal fuzzy neutrosophic
numbers. Geva (1999) [18] pioneered a fuzzy hierarchical algorithm, while Ghasemigol et al. (2010)
[19] introduced a hierarchical clustering approach for fuzzy data clustering, incorporating
dendrogram drawing and evaluating its performance against noisy data. Vandhana and Anuradha
[20] employed fuzzy hierarchical clustering and neutrosophic fuzzy hierarchical clustering to identify
dengue-affected foci in Sri Lanka, revealing clusters with varying risk levels of dengue attack.
Elhassouny [21] outlined the steps of the DIANA hierarchical clustering algorithm using single-
valued neutrosophic sets (SVNs). In light of the indisputable role played by distance measures in
data clustering methodologies, it becomes imperative to spearhead further research aimed at
introducing innovative distance metrics tailored for neutrosophic trapezoidal fuzzy numbers.
Although some clustering methods have been applied to different types of neutrosophic numbers,
research specifically investigating hierarchical clustering on neutrosophic trapezoidal fuzzy numbers
remains scarce. Thus, the primary motivation of this research is to introduce a distance measure
between neutrosophic trapezoidal fuzzy numbers based on a novel structure capable of effectively
facilitating hierarchical clustering. To illustrate this, we implemented the developed hierarchical
clustering method on a set of neutrosophic trapezoidal fuzzy numbers. Furthermore, in the
comparative analysis, while evaluating the performance of the proposed algorithm against existing
measures, we also assess its performance based on a linear combination of these measures. To
proceed, the remainder of this paper is structured as follows: In Sect. 2, we gather some preliminaries
and notations regarding neutrosophic sets and neutrosophic trapezoidal fuzzy numbers (NTraFNs).
In Sect. 3, we introduce the novel structure and its main properties. In Sect. 4, we present the
agglomerative hierarchical clustering method based on the proposed distance within the NTraFNs
dataset. We provide illustrative examples, discuss the determination of the optimal number of
clusters, and conduct sensitivity analyses. Furthermore, in Sect. 5, we conduct a comparative study
and discuss the advantages of the suggested approach. Finally, Sect. 6 includes some concluding

remarks and outlines prospects for further research.

2. Preliminaries

In this section, we will recall the preliminary concepts about Neutrosophic sets and neutrosophic
trapezoidal fuzzy numbers (NTraFNs) and notations that will be used often in the rest of the paper.
Definition 1 (Samarandache 1999). Let a crisp set M be fixed. A neutrosophic set N in M is an
object of the following representation [3]:

N = {6, ug (00, g (), py G 0 < g (), i (%), p (%) < 1,x € M}, 1)
Where functions ug, ng,pz:M — [0,1] are the degree of truth-membership, indeterminacy-
membership, and falsity-membership of the x € M to N. Furthermore, for every x € M, 0 <
pr(x) + mg(x) + pr(x) < 3.
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Definition 2 [22]. Let a crisp set M be fixed, 7 = (ug(x), mgz(x), py(x)) is a neutrosophic fuzzy
number in the set of M. Then its truth membership function is defined as

ut(x), a;<x<a,
1, a,<x<a
pa(x) = z 3

2
E(x), az;<x<a, @
k 0, 0.W.
The membership function of indeterminacy is defined as
nh(x), by <x<bh,
0, b, < x < by
~\X) = 3
T =N 1) by <x < b, ®)
1, 0.W.
Furthermore, the falsehood membership function is defined as
pik(x), ¢ <x<c,
0, G <x<c3
~ = 4
pax) pE(x), c3<x<c, @
1, 0.w,

where 0 < puz(x), m5(x), ps(x) <1 and 0 < pz(x) + sz (x) + ps(x) < 3.
Definition 3 [3]. Let #; and i, be two neutrosophic fuzzy numbers given as fi; =
(i, (), 5, (%), pa, (X)) and 71, = (g, (%), 74, (x), pa, (x)). Then, A, S i, if and only if

iy (0) S iy (), T, (1) = 10, (0), P, (1) 2 iy (), for every x € M

Definition 4 [22]. Let a crisp set M be fixed, 7i = ((aq, ay, as, a,), (b1, by, bz, by), (cq, ¢z, ¢3,¢4)) is a
neutrosophic trapezoidal fuzzy number of M. Then its truth-membership function is defined as

xX—a
g, a, <x<a,
a, -y
1, a,<x<a
pa(w) = z ’ ®)
(ay —x)
—, a35x<ay
Ay — as
0, 0.W.

The membership function of indeterminacy is defined as

(b, — x)
< "7 <
b, b, b, <x<b,
_ 0, szx<b3
WOy ®)
b4,_b3’ 3_x 4
0, o.w,

Furthermore, the falsehood membership function is defined as

(c; —x)
2—, L <x<¢
C—C
0, c,<x<c
pa(x) = 2 ’ )
(x—c3)
——, 3=x<¢(y
Cy —C3
k 0, 0.w,
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Where 0 < pz(x), m5(x), ps(x) <1 and 0 < pz(x) + m5(x) + ps(x) < 3.

3. Proposed distance measure for neutrosophic trapezoidal fuzzy numbers

In this section, we will conduct a comprehensive survey of the novel distance measure, its structure,

and its properties.

3.1. Structure

Here, we will to design a meaningful scheme to model the distance measure between two
neutrosophic trapezoidal fuzzy numbers. The primary idea of this subsection is based on the ranking
method provided by Abbasi and Darehmiraki [23]. Assume

f; = ((ami' Aoy A3y a4ﬁi)' (bmi' by, b3y b4ﬁi)' (Cmi’ Ca7iy Cany C4ﬁi))r
be a neutrosophic trapezoidal fuzzy number. The left and right line formulas of the truth-membership
function, the complement indeterminacy-membership function, and the complement falsity-
membership function can be considered for 7; to the vertical line w =0, respectively, as follows:

[Ulﬁ" (w), 0™ (‘D)] = [(am,-) + (D(azm - alﬁi)' (a4q;) + w(asm; — a4ﬁi)]/ 8)
[Tlﬁi(w)f T (w)] = [(bmi) + w(bZﬁi - blﬁi)' (bmi) + w(bzz, — b4ﬁi)]/ )
[‘Plﬁ" (w), <Prﬁ" (03)] = [(Cmi) + ‘D(Czﬁi - Clﬁi): (C4ﬁi) + 00(53ﬁi - C4ﬁi)]- (10)

In this sense, the area of the left and right half of the truth-membership interval respective to the
w =0 can state:

SW(i;) = f ' ((alﬁi) + w(azq, — ami)) do = (az,) + M (11)
0
50610 = [ (@) + (e, = n)) o = () + 2= 00) 1)

The area of the left and right half of the indeterminacy-membership interval respective to the
w =0 can state:

5% = [ (bun) + 0(ban, = bin)) doo = (bn) + (bzz;bl) (13)
0
sui) = | ((bun) + 0sn, ~ ban)) do = (bar,) +M (14)

Furthermore, the area of the left and right half of the falsity-membership interval respective to
the w =0 can state:

s = [ () + wlean, — ean)) do = (cn) +(022;C1) (15)
0
1 . — .
5701 = [ () + e, — can)) doo = (eag) + 21, 16)

Based on the relations 11-16, the score functions corresponding to the truth-membership
function, indeterminacy-membership function, and falsity-membership function are:

RAG) = 5 (S'() + 543} = %{(blﬁg + w + (aun) + (“%‘1)} (17)

2 2

RP(7i;) = %{51”(711') +87°(A)} = %{(Cmi) + M + (Can,) + (C‘Sﬁlz;c%)}

R(1) = 318 () + 57} = 3 (ean) + (on i), ) 4 Lo~ Pan) b‘“’”)}, (18)

(19)
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Let

n; = ((ami. Az A3y a4ﬁi)' (bmi' ba#; bsn» b4ﬁi)' (Cmi' Codip C3ip C4ﬁi)>
and
n] = <(a1ﬁj' a2ﬁj' a3‘ﬁ.j' a4ﬁ.j) 4 (blﬁj' bZﬁj: b3ﬁj' b4—ﬁj) ’ (ClﬁjP C2ﬁj' C3ﬁj' C4ﬁj)>
are two neutrosophic trapezoidal fuzzy numbers. Then our proposed distance measure defines as
1
1 /2

Dis(f;, ;) = ﬁ{ (R#(ﬁi) - fRﬂ(ﬁj))z + (Rﬂ(ﬁi) - fR“(ﬁj))z + (RP(ﬁi) - Rp(ﬁj))z } . o)

3.2. Theorems and properties

Now, the validity and reasonable structure of the suggested distance measure are proven
according to the following theorem.

Theorem1: Show the proposed distance measure in equation (20) for all 7}, i, and 7; of a dataset,
including the NTraFNs are satisfied following principles:

1) Dis(f,,fi,) € [0,1]

2) i, =fi, = Dis(fiy,A,) =0

3) Dis(fiy, ;) = Dis(fiy, 7i;)

4) If #, € f, € fi; = Dis(f,, A,) < Dis(f,, A1) and Dis(fi, fiy) < Dis(fi,, fiz).

Proof:
1. Since
0 < (RM(Ay) — RE(R,))° <1, 0 < (R™(,) — R™(1,))° <1, 0 < (RP(R) — RP ()" < 1,
Certainly, we have:
0 < Dis(fiy, fi,) < 1
2. If A, =7, then
R”(fh) = Ru(ﬁz). fRT[(fh) = Rn(ﬁz); :Rp(ﬁﬂ = :Rp(ﬁz)
So, Dis(iiy,7,) = 0.
3. Forevery fi; and i,, Since the each of the expressions in (20) is positive value. We have:
1
Dis (i, ) = = { (R, — REG)) + (R¥(y) — R¥G))” + (RO () — RP ()’ )
1
= L{ (REGy) - RE@E)) + (RT(y) - RE))” + (RO () — RO G))’ )
= Dis(fiy, ;).
4. 1If 7y € i, € 7, then:
(R: () = R* (i) < (R* () — R¥(713)),
(R™(R) = R™(i)) < (R™(7y) — R™(725)),
(R (7)) = RP (7)) < (RP(7y) — R ().
Hence

%{ (RE(iy) = RE(,)) + (R™ () — R™(7,)” + (RP () — RP (i) } o

1
= ®Re@) - REE)” + (R7() - R™ ()" + (RP () — R (5)” | 7,
Therefore Dis(ﬁl,ﬁz) < DiS(ﬁl,ﬁ3).
Similarly, Dis(fi,,73) < Dis(fiy,3) also holds.

Property 1: If 7i; =((a,a,a,a),(a,a,a,a),(a,aaa)) and 7, =((b,b,b,b),(b,b,b,b),(b,b,b,b))
then, Dis(#i;,7i,) = |la — b|.

Property 2: If 7, ={(a,a,a,a),(a,a,a,a),(aaaa)) and i, =((0,0,0,0),(0,0,0,0),(0,0,0,0))
then, Dis(#i;,7i,) = a.
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Property 3: If #i; ={(a,a,a,a),(a,a,a,a),(a,a,a,a)) and 7, =((1,1,1,1),(1,1,1,1),(1,1,1,1))
then, Dis(7i;,7,) = |1 — al.

Example 1: Consider the following TrNFNs. #; =((0,0,0,0),(0,0,0,0),(0,0,0,0)), =
((1,1,1,1),(1,1,1,1),(1,1,1,1)), 5 = ((0.5,0.5,0.5,0.5), (0.5,0.5,0.5,0.5), (0.5,0.5,0.5,0.5)), i, =
((0.8,0.8,0.8,0.8), (0.8,0.8, 0.8, 0.8), (0.8, 0.8, 0.8, 0.8)).

Distance measures; Dis(ﬁi,ﬁj) forevery i,j = 1,2,3,4 calculated in Table 1.

Table 1. Distance measures of Ex 1.

Dis(f,n;) n, n3 ny
fy 0 1.0000 0.5000 0.8000
i, 1.0000 0 0.5000 0.2000
3 0.5000 0.5000 0 0.3000
g 0.8000 0.2000 0.3000 0

The results of Table 1 show the logical performance related to the properties of the proposed distance

measure.

4. Agglomerative hierarchical clustering (AHC) under neutrosophic trapezoidal fuzzy numbers

Hierarchical clustering methods that use a dendrogram tree to depict the status of data relative to
each other at different levels are known as the most widely used methods in clustering. Therefore,
while providing a proper picture of the data placement in the clusters, it reveals a proper picture of
the sub-clusters at each stage. Two general views, bottom-up and top-down, are known as the main
approaches in hierarchical clustering. In the implementation mechanism of this method, based on the
first approach, each data point is assigned to a cluster. Then the pairs of clusters that are closest to
each other are combined. How to combine the clusters with spare parts will be influential in
determining the final shape of the cluster. Some of these criteria to determine the distance between

two clusters are:

Single-link method: The similarity or closeness between two clusters is measured based on the
smallest distance between the members of the two clusters. In this case, for two clusters, we have:
is(C;, C;) aegflgecj is(a, b) 1)

Complete-link method: The similarity or closeness between two clusters is measured based on the
highest distance between the members of the two clusters. In this case, for two clusters, we have:

Dis(Ci, Cj) = aecrinla;fecj Dis(a,b) 22)

Average-link method: The similarity or closeness between two clusters is measured based on the
unweighted average distance between the members of the two clusters. In this case, for two clusters,
we have:

Dis(C;, C) = Dis(a,b) (23)
a€eCy, bEC]'
Our goal in this part is to present a hybrid algorithm based on the first approach. The details of the

second approach can be found in [24].

_ 1
(1] (o

4.1. AHC algorithem under neutrosophic trapezoidal fuzzy numbers
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Clustering is the separation of a heterogeneous group of data into several clusters, with the goal of
maximizing the inter-cluster difference and minimizing the intra-cluster difference. In the AHC
algorithm, each data point is placed in a separate cluster at first. Then, according to the dispersion of
the data, the two closest clusters (according to the selected distance comparison) are merged. This

process continues until all the data are in one cluster.

The steps of the AHC procedure under the NtraFN dataset are described as follows:
Step 1: Record and identify the elements of NtraFN dataset
Dy = {fiy, fig, o, fiy}

Where 7; = (@, @z, A3, Qar; ) (Prsgs b2y basiys bar, ) (Castys Comipr Ca7ipp Camg)) and m denote  the
number of data.
Step 2: Set § = ,max {alﬁi, by, clﬁi}, the normalized NTraF-dataset denote by Dy which each

i=1,2,..,m

element obtain as

ﬁ?or = ﬁl/(s = ((alﬁi' aZﬁi' a3ﬁi' a4ﬁi)' (blﬁi’ bzﬁ.i' b37’~li' b4ﬁi)’ (Clﬁi' CZﬁi' C3‘ﬁ.i’ C4ﬁi))/6'
Step 3: Transform Dy to DE such that:
Dy = {R@T°"), R(AZT), .., R(ART)}-

And R(ATT) = (RH(ATT), R™(AFO7), RP(ATCT)) for every ie{1,2,...,m}.
Step 4: Place each element of Df in a separate cluster. So, the number of clusters is k = m.
Step 5: Form the Neutrosophic distance matrix, between clusters according to equation (20) as follows
[Dis(#;, ﬁj)]m*m
Step 6: To choose the shortest distance between two clusters for merging, select (fix), and use one of
the criteria presented in equations 21, 22 and 23.
Step 7: Put k = m — 1. Then, repeat steps 5 to 7 until we reach k=1.

Note: In big data, for the termination condition, k=t can be considered as the optimal number of
clusters (1<t<m).

4.2. Illustrative example

In this part, the experimental study is conducted using the previously suggested method. A
typical example includes collecting trapezoidal fuzzy numbers, which is used for clustering
methods in [19]. We, have

(7 7 7 7 7 7v_ (((1.0,15,3.5,4.5)),((1.5,2.5,2.5,3.5)),((6.0,6.5,7.5,8.5)),
Dr = {fu forfo fur for fo} = {((7.0, 8.0,8.0,9.0)),{(8.0,8.5,8.5,9.0)), ((3.5, 4.5, 4.5, 5.5))}'

Due to the intrinsic limitations of NTraF data, Without making a noticeable change in the distribution
of fuzzy data from Dy, by applying the following equation f; = ((alﬁi, Az A3ty a4ﬁi)) SO

L (alﬁi, Qo7 A3y ami), (alﬁi — 0.1, a5, — 0.1, a353, — 0.1, asz, — 0.1), (24)
L < (ars, + 0.1, azz, + 0.1, azs, + 0.1, as +0.1) >
We can construct the following NTraF-dataset as follows
Dy = {fy, iy, iz, iy, fis, Tig}
= {((1.0,1.5,3.5,4.5), (0.9,1.4, 3.4, 4.4), (1.1,1.6, 3.6, 4.6)), ((1.5,2.5, 2.5, 3.5), (1.4, 2.4, 2.4, 3.4), (1.6,2.6, 2.6, 3.6)),
((6.0,6.5,7.5,8.5), (5.9, 6.4,7.4,8.4), (6.1, 6.6,7.6,8.6)), (7.0, 8.0,8.0,9.0), (6.9, 7.9,7.9,8.9), (7.1,8.1,8.1,9.1)),

Madineh Farnam, Gholam Hassan Shirdel, Majid Darehmiraki, Agglomerative Hierarchical Clustering Method under
Neutrosophic Trapezoidal Fuzzy Num



Neutrosophic Sets and Systems, Vol. 97, 2026 318

((8.0,8.5,8.5,9.0),(7.9,8.4,8.4,8.9),(8.1,8.6,8.6,9.1)),((3.5,4.5,4.5,5.5), (3.4 ,4.4,4.4,5.4), (3.6,4.6,4.6,5.6) )}
In Figure 1 a, b, the elements of D and Dy is represented.

From step 2, since l:r?'%A{alﬁi, bz, i} = 9.1, the normalized NTraF-dataset is obtained as
i=1,2,..,6
Dy =
{((0.1099,0.1648, 0.3846, 0.4945), (0.0989,0.1538, 0.3736, 0.4835), (0.1209,0.1758, 0.3956, 0.5055)),

((0.1648,0.2747,0.2747,0.3846), (0.1538,0.2637,0.2637,0.3736), (0.1758,0.2857,0.2857, 0.3956)),
((0.6593,0.7143,0.8242,0.9341), (0.6484,0.7033,0.8132,0.9231), (0.6703,0.7253, 0.8352,0.9451)),
((0.7692,0.8791,0.8791, 0.9890), (0.7582,0.8681,0.8681, 0.9780), (0.7802,0.8901,0.8901, 1.0000)),
((0.8791,0.9341,0.9341, 0.9890), (0.8681,0.9231,0.9231, 0.9780), (0.8901,0.9451,0.9451, 1.0000)),
((0.3846,0.4945, 0.4945, 0.6044), (0.3736,0.4835, 0.4835, 0.5934), (0.3956,0.5055, 0.5055, 0.6154))}.

For each element of the Dy, we calculate the triple ranks corresponding to the truth-membership,
indeterminacy-membership, and falsity-membership functions. Triple-ranks replace the previous
elements of Dy. The new set is named Df with the following representation.
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Figure 1. a) The elements of Dp (TraF-dataset), b) The elements of Dy(NTraF-dataset).

DR ={(0.2885,0.3187,0.2995),(0.2747 ,0.2363, 0.2857),(0.7830, 0.7857, 0.7940),
(0.8791,0.8407,0.8901),(0.9341,0.9093, 0.9451), (0.4945 ,0.4560,0.5055)}.

From step 4, and equation 20 the distance measure matrix is obtained, which is shown in Table

2.

Table 2. Distance measure matrix of illustrative example (k=6).

Dis(fi, #;) i, i, fis iy fis flg
4 0 0.0489 0.4855 0.5687 0.6287 0.1860
My 0.0489 0 0.5223 0.6044 0.6640 0.2198
M3 0.4855 0.5223 0 0.0847 0.1425 0.3028
Ty 0.5687 0.6044 0.0847 0 0.0599 0.3864
Mg 0.6287 0.6640 0.1425 0.0599 0 0.4442

Mg 0.1860 0.2198 0.3028 0.3846 0.4442 0

The distance results of Table 2 show Dis(fi;,fi,) = 0.0489 has the smallest value among all
distances. So, 7i; and i, are placed together in one cluster. The information of the new distance
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matrix is updated by merging the rows and columns corresponding to these two elements and based
on the selected distance criterion (single linkage is selected) in Table 3.

Table 3. Distance measure matrix of illustrative example (k=5).

(i, i} 7 fiy fig fig
{fi, i,y 0 0.4855 0.5687 0.6278 0.1860
fi;  0.4855 0 00847 0.1425 0.3028
fi, 05687 00847 0  0.0599 0.3846
fis 06278 01425 0.0599 0  0.4442
fle, 01860 0.3028 0.3846 04442 0

With the continuation of this iterative process, the results of the distance measure matrices are
summarized in Tables 4 to 6 for k=4, 3, 2.

Table 4. Distance measure matrix of illustrative example (k=4).
{7y, 71, } 73 {7iy, s} Tlg
{1y, 7} 0 0.4855 0.5687 0.1860
M3 0.4855 0 0.0847  0.3028
{fiy, s} 0.5687 0.0847 0 0.3846
Mg 0.1860 0.3028 0.3846 0

Table 5. Distance measure matrix of illustrative example (k=3).

{ﬁ'li ﬁ'Z} {ﬁ3! ﬁ4! ﬁS} ﬁ6

{71y, iy} 0 0.4855  0.1860
(fis, iy, fis}  0.4855 0 0.3028
fig 0.1860  0.3028 0

Table 6. Distance measure matrix of illustrative example (k=2).
{ﬁliﬁZJﬁﬁ} {ﬁ3!ﬁ4!ﬁ5}
{fi;, 71y, Tig} 0 0.4855
{fi;, Ny, fis} 0.4855 0

Finally, all NTraF data are in the same cluster. Figure 2 depicts the elements of Dy . The first
one shows the elements of Df, before clustering, while the second shows the elements of Df, after
clustering; two groups of 6 subjects are classified as cluster 1 (red color) and cluster 2 (cyan color)
have been simulated.

A visual display in the form of a dendrogram diagram is given in Figure 3 for a better analysis
of the findings related to tables 2 to 6.

The comparison between AHC-fuzzy numbers and AHC-neutrosophic numbers about
suggested distance is summarized in Table 7.

Table 7. Comparison between AHC-fuzzy numbers and AHC-neutrosophic numbers.

Cluster AHC-fuzzy numbers AHC-neutrosophic numbers
6  {ALAMAL AL B U (i () (Rs), (i), (s}, (i)
5 () AR AL UL ) (i, i} (5}, {4}, {is), (i}
4 {f fb AR G fsb (s} (i A0}, {7ia), (g, fis), (i}
3 o Fo} s fi F3, () {fiy, iz}, {3, iy, Tis}, (e}
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Figure 2. Dendrogram of Dy (NTraF-dataset).
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Figure 3. The elements of Dy, a) before clustering and b), after clustering

(k=2).
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4.3. Optimal number of clusters

Although in hierarchical clustering methods, it is not necessary to determine the optimal number of
clusters, instead, the focus is on the relationships between clusters, however, from the dendrogram
presented in Figure 3. It is possible to guess the optimal number of clusters for the appropriate
separation of the data. Of course, in this part, for more certainty, two criteria, silhouette method and
gap statistic, are used to determine the optimal number of clusters after removing the apparent states
of one cluster and six clusters. In the first one, the average silhouette value for each member is
calculated and depicted for any arbitrary number of clusters. The maximum point in the silhouette
diagram represents the optimal number of clusters. The second one compares the sum of the intra-
cluster differences of the data with their expected values (data distribution assuming the null

hypothesis is authentic) for any arbitrary number of clusters.

Here, the point for which the gap statistic is maximum shows the optimal number of clusters.
More methods of evaluation criteria found in [25-26]. As can be seen in Figure 4, the results of two

a)gap criteria

05 b)silhouette criteria

Gap Values

Silhouette Values

T2 3 4 5 2 3 4 5
MNumber of Clusters Number of Clusters

Figure 4. Optimal number of clusters based on two criteria.

indexes also recommend the number of two for the optimal number of clusters.

4.4. Sensitivity analysis

Consider the data setin the Dy. Itis clear that the same and simultaneous perturbation on all numbers
in Dy cannot provide a different evaluation than that obtained in Subsection 4.2. Hence, it makes

more sense to examine the changes in each of the numbers separately. It is also assumed that when
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applying each of the changes, no changes occur in other samples. We want to know how much the
increase or decrease in the values related to the NTraF will not change the hierarchical clustering
structure obtained in Table 7. It is clear that any decrease or increase in the a will not necessarily
change the current results. For this purpose, we want to check the turbulence performance based on
the following four modes for 7, = ((7.0,8.0,8.0,9.0), (6.9,7.9,7.9,8.9), (7.1,8.1,8.1,9.1)).

Case 1. Consider the following changes in all values of i,
fiz® =((7.0,8.0,8.0,9.0),(6.9,7.9,7.9,8.9),(7.1,8.1,8.1,9.1)) + ((a, @, a, @), (¢, a, @, @), (a, @, @, @)).

Changes for ae(—0.12,0.11) shows the result in steps of AHC-neutrosophic numbers remain stable.
Meanwhile, the clustering results change for @ = —0.12 and a = 0.11 according to what is given in
Table 8.

Table 8. AHC-neutrosophic results based on sensitive analysis for Case 1.

Cluster AHC-neutrosophic numbers (¢ = 0.11) AHC-neutrosophic numbers (a = —0.12)

6 i, {72}, (s}, {7}, {7is}, {i} {1, {712}, (s}, {7ia}, {7is}, {Ti}
5 {7113, (i}, {71}, {Tia, Tis}, {7} Ly, i}, (M3}, {7}, {715}, {76}
4 (i1, iz}, {71}, {fla, Tis}, {Ti} (i, i}, (T3, la}, {Tis}, {76}

3 {fiy, 71y}, {fis, fig, fis}, {7} {fiy, iy}, {fis, iy, fis}, {fig}

2 {fiy, iy, fig}, {fis, iy, Tis} {fiy, iy, fig}, {fis, iy, Tis}

1 {fiy, iy, iz, iy, fis, i} {iy, iy, iz, iy, fis, i)

Case 2. Consider the following changes in 7,

;7 = ((7.0,8.0,8.0,9.0), (6.9,7.9,7.9,8.9), (7.1,8.1,8.1,9.1)) + {(a, &, @, &), (0,0,0,0), (0,0,0,0)).

Changes for ae(—0.33,1.88) shows the result in steps of AHC-neutrosophic numbers remain stable.
Meanwhile, the clustering results change for « = —0.33 and « = 1.88 according to what is given in Table 9.

Table 9. AHC-neutrosophic results based on sensitive analysis for Case 2.

Cluster AHC-neutrosophic numbers (¢ = 1.88) AHC-neutrosophic numbers (o = —0.33)

6 {3, {71}, (s}, {7}, {7is}, {76} {113, {712}, {7is}, {7ia}, {7is}, {7}
5 {1, i}, {713}, {fla}, {715}, {76} {1, i}, {713}, {fla}, {715}, {76}
4 {1, i}, {73}, {Tls, Tis}, {76} (i, i}, {713, s}, {Tis}, {76}

3 {fiy, iz, e}, {3}, {fis, Tis} {1, 71z}, {73, g, Tis}, {l }

2 {iy, iy, Tig}, {fiz, iy, Tis} {fiy, iy, Tig}, (s, iy, i}

1 {fiy, iy, i, g, s, i} {fiy, iy, Tig, g, s, i}

Case 3. Consider the following changes in 71,

7i,?" =((7.0,8.0,8.0,9.0), (6.9,7.9,7.9,8.9), (7.1,8.1,8.1,9.1)) + ((0,0,0,0), (@, @, @, @), (0,0,0,0)).

Changes for ae(—0.40,2.16) shows the result in steps of AHC-neutrosophic numbers remain stable.
Meanwhile, the clustering results change for a = —0.40 and « = 2.16 according to what is given in Table 10.

Table 10. AHC-neutrosophic results based on sensitive analysis for Case 3.
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Cluster AHC-neutrosophic numbers (a =2.16) AHC-neutrosophic numbers (a = —0.40)

6 {113, {712}, {7ia}, {7la}, {7is}, (i} {13, {712}, (s}, {7}, {7is}, {76}
5 {fiy, i}, (3}, {fi}, {715}, {6} {1, i}, (3}, {fi}, {715}, {76}
4 {71, o}, {fis}, {iy, Tis}, {7} {1, 72}, {fis, s}, {715}, {6}

3 {fiy, iy, Tig}, {fis}, {7y, Tis} {iy, iy}, (g, g, is ), {7i}

2 {fiy, iy, Tig}, {fis, iy, Tis} {iy, iy, Tig}, {fiz, iy, Tis}

1 {fiy, iy, Tig, g, Tis, i} {fiy, iy, fig, Tig, s, i)

Case 4. Consider the following changes in 71,

71,?" =((7.0,8.0,8.0,9.0),(6.9,7.9,7.9,8.9), (7.1,8.1,8.1,9.1)) + ( (0,0,0,0), (0,0,0,0), (@, @, @, @)).

Changes for ae(—0.33,1.88) shows the result in steps of AHC-neutrosophic numbers remain stable.
Meanwhile, the clustering results change for a = —0.33 and « = 1.88 according to what is given in Table 11.

Table 11. AHC-neutrosophic results based on sensitive analysis for Case 4.
Cluster AHC-neutrosophic numbers (¢ = 1.88) AHC-neutrosophic numbers (& = —0.33)

6 {71}, {fio}, {fis}, {fia}, {is}, {Tie} i} {fio}, {fis}, (e}, {Tis}, {Tie}
5 {711, 753, {73}, {7y}, {7is}, {7le } {711, 71,3, (s}, (g}, {Fis}, {76}
4 {7, iz}, (i}, {Tla, Tis}, {76} {71, 712}, {73, iy}, {715}, {Tle}

3 {711, iz, Tig}, {713}, {Tla, fis } {7y, o}, {3, g, is}, {Tle}

2 {fiy, iy, g}, {Ti3, iy, is} {71y, 71y, T}, {fiz, iy, Tis}

1 {fiy, iy, iz, Ay, fis, g} {fiy, My, iz, Ty, s, g}

It is clear that for other numbers in the Dy in a similar way, the effect of disturbance in creating
different clusters can be obtained.

5. Comparative analyses and advantages
5.1. Comparison

Distance measure as one of the most basic concepts in information theory can play a prominent
role in determining the degree of difference and distinction between NTraFNs. Most of the
researchers explain and define the distance measure from their theoretical and practical point of view.
In the following, we refer to researches that have specifically introduced a new distance measure
between NTraFNs. For this purpose, consider two NTraFNs as follows:

n, = (((11711' A2y A37iqs a4ﬁ1)' (bml, by, bss,, b4ﬁ1)' (le. C27iqyr C37iys C4ﬁ1)>
and
iy, = ((a1ﬁ2‘ A2y A3y a4ﬁ2), (blﬁz' bzﬁzf b3ﬁ2' b4ﬁ2)' (Clﬁzi C27iy1 C37iy» C4ﬁ2))

Tan et al. (2019) [27] defined the following distance measure to determine the distance between
two NTraFNs.

4 4 4 5
o 1 2 A A (25)
Dis,(fiy,7i;) = ﬁ(Z'aiﬁl — a,|” + Z|biﬁ1 — by, | + Z|Ciﬁ1 —cn,| )t A=0.
i=1 i=1 i=1

If 2 =1, then equation (25) is reduced to the following Hamming distance:
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1 4 4 4

Dis.y (fiy, ) = {E (Z|aiﬁ1 — iz, | + Z|biﬁ1 — b, | + Z|Ciﬁ1 — ¢, ) ] (26)

i=1 i=1 i=1
If 2 = 2, then equation (25) is reduced to the following Euclidean distance:
1 4 ) 4 ) 4 5 1/2

Dis;p(f1y, i) = [E (Z'aiﬁl — i, |+ Z'biﬁl — bia, |+ Z|Ciﬁ1 — ¢y | ) } ) (27)

i=1 i=1 i=1

The performance of the distance measure defined by them in combination with the hierarchical
algorithm in some cases shows the equality between the differences, which prevents the effective
performance of the method.

Broumi et al. (2020) [28] defined the following distance measure to determine the distance
between two NTraFNs.

Disg(fiy, iy)

))

7 4 4 4 7 7
a4n1a3n1 aln1 aan a4n2 a3n2 alnzaan
Qi+ ) b + ) i = ) o = ) b = ) in, = )
i=1 =1 i=1 ! i=1 i=1 : (a4n1+a3n1) (a1n1 + a2n1) (a4nz+a3n2) (al'ﬂz + aznz)
_( b4n1 b3n1 blﬁ1 b2ﬁ1 _ b4nz b3n2 blnz ban ) _ C4n1 C3n1 Cln1 CZn1 _ C4nz C3n2 Clnz Can ))2
= 1 (b4ﬁ1+b3ﬁ1) - (b1ﬁ1 + bzﬁl) (b4ﬁ2+b3ﬁ2) - (bmz + bzﬁz) (C4ﬁ1+c3ﬁ1) - (C1ﬁ1 + Czﬁl) (C4ﬁ2+C3ﬁ2) - (C1ﬁ2 + Czﬁz)
2 +(< A7, A3, — A, Aod, _ QAasi, 371, — A1, A27, ) + ba, b3, — bisi,bas, _ bz, b3z, — bisi,bas,
(asn,+aza,) — (a1s, + aza,)  (@an,+asq,) — (a1a, + a21,) (ban,+bsq,) — (bisi, + basr,)  (basm,+b3n,) — (b1s, + bas,
C471,C371, — C17, C2iy Cafi, €371, — C17,C27, )2

(C4ﬁ1+c3ﬁ1) - (leh + CZﬁq) (C4ﬁz+c3ﬁ2) - (Clﬁvz + CZﬁz)
Despite some intuitive advantages, their suggested distance measure does not work properly in
some cases. For example, consider the following two NTraFNs:

i, = ((0,0,0,0), (0.1,0.2,0.3,0.4), (0.3,0.4,0.5,0.6))
and
i, = ((0.1,0.3,0.5,0.7), (0.2,0.4,0.6,0.8), (0.1,0.2,0.3,0.4))

In this case, the distance measure between #1; and 7, cannot be defined based on the Disg.

Now we want to evaluate the performance of the hierarchical clustering method based on the
available measures. The results of clustering based on different measure are given in Table 12.

Table 12. Comparison between AHC-neutrosophic numbers based on proposed distance
and existing distance measures.

Dis.y (74, 7,) and

Proposed distance measure, Disp(iiy,7i;) and

Cluster Dis (4, 7;) combination of distance measures
6 {fiy} {fio}, {fis}, {fla}, {fis}, {Ti6} {71}, {fio}, {fis}, {fia}, {Tis}, {Ti6}
5 {fu} (i), Rz}, {Tia, s}, {76} (i, 7o}, {fis}, {7}, {7is}, {Tie}
4 (i, iz}, (i}, {Tla, fis}, {76} {7, Tz}, (i}, {Tla, fis}, {76}
3 {71y, fip}, {13, iy, s}, {fig} {71y, iy}, {fiz, iy, s}, {flg}
2 {7y, iy, fig}, {Tiz, iy, is} {fiy, iy, g}, {fiz, Tia, is}
1 {fly, iy, s, fiy, is, flg } {fly, iy, s, fiy, is, flg }
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From the information in Table 12, it can be concluded that the hierarchical clustering method based
on the Disp(fiy, ;) and combination of distance measures has the same output as the proposed
method in subsection 4.2. In addition, the results of clustering based on the Disy;(fl;,7i,) and
Dis;g(i1;,7,) are different from other approaches only in cluster 5.

5.2. Managerial implications and advantages

Clustering serves as a conduit for encapsulating latent knowledge within the final categories. Each
cluster's output embodies characteristics closely intertwined within the cluster's data, offering
invaluable insights that can inform organizational actions such as marketing strategies, customer
relationship enhancement, resource allocation, and investment decisions. This act of data labeling
facilitates precise managerial decisions by elucidating internal data patterns. By delving into the
intricate relationships within the data, managers gain access to more reasoned options, thereby
enhancing organizational performance. Additionally, decision-makers can harness the strengths of
various distance metrics simultaneously by amalgamating the output of the distance matrix, thus
yielding more accurate results. For instance, in the context of customer data, appropriate clustering
enables organizations to devise effective promotional and incentive strategies tailored to each cluster,
fostering customer retention, satisfaction, and acquisition.

Among the myriad management advantages offered by hierarchical clustering methods, one
standout feature is the decision-maker's autonomy in determining the final number of clusters. This
flexibility allows for adjustments in resource allocation based on fluctuating resource availability (be
it human, financial, or temporal), enabling organizations to tailor their goals accordingly.

As previously highlighted, existing distance metrics may not fully capture all the nuances inherent
in NTraFNs. Hence, in Section 3, we introduce a novel distance measure based on vertical axis levels.
Some key advantages of this distance measure include:

- Intuitive and logical interpretation of NTraFN dimensions.

- Theorems and properties outlined in subsection 3.2 affirm the accuracy of the proposed distance
measure.

- Simplicity in calculations facilitates its applicability in diverse distance- or similarity-based
problems.

- Combined with existing distance measures, the proposed measure yields consistent clustering

outputs, offering decision-makers confidence in their analytical endeavors.

6. Conclusions

In this study, we introduced a novel and efficacious conceptual distance measure for comparing
NTraFNs. The validity of the proposed distance measure structure was substantiated through the
verification of its underlying principles and logical properties. Furthermore, the performance of the
clustering algorithm, predicated on this distance measure, underscores the practical utility of our
research. Among the limitations encountered in this study is the paucity of a comprehensive database
of NTraFNs, which hampers our ability to tackle problems with larger dimensions. Nonetheless, the
dearth of research pertaining to data mining under NTraFNs, coupled with the significance of
information theory, underscores the importance and continued exploration of this field. Several

avenues for future research warrant consideration:
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- Developing similarity measures and entropy metrics based on the proposed distance measure
between NTraFNs.

- Generalizing the conceptual framework to encompass other distance, similarity, and entropy
measures.

- Integrating the suggested distance measure with alternative clustering methodologies.

- Employing the proposed distance measure to address challenges associated with larger-
dimensional problems and other distance-based predicaments.

- These avenues not only hold promise for advancing our understanding of NTraFNs but also offer
opportunities to enhance the efficacy and versatility of clustering methodologies in diverse problem

domains.
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