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Abstract. The Lukasiewicz neutrosophic set (LN'S) is developed using the ideas of Lukasiewicz t-norm and
s-norm. This set is then applied to the hoop structure and introduces the Lukasiewicz neutrosophic filter
(LNF). The properties of this filter, as well as its interconnection with the Lukasiewicz fuzzy filter (LFF),

are subsequently investigated.
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1. Introduction

Professor Lofti A. Zadeh, the father of fuzzy systems theory, proposed the idea of fuzzy logic
in 1965. Extending this, Atanassov introduced intuitionistic fuzzy sets by adding the degree
of belongingness and non-belongingness. As a generalization of the Zadeh and Atanassov sys-
tem, Florentin Smarandache introduced the neutrosophic set, which deals with belongingness,
in determinacy, and non-belongingness, in 1998 [15]. The concept of neutrosophic point and
its properties was introduced by Gautam Chandra Ray and Sudeep Dey [13]. Neutrosophic
algebraic structures were studied by Kandasamy and Smarandache |10,|17]. Many researchers
have since explored neutrosophic filters in different algebraic frameworks [5(-7,(12}/141/16,/18}(19].
Hoops is an algebraic structure introduced by Bosbach [3]. Lukasiewicz logic is the many-
valued logic, which is the extension of classical binary logic. Y.B. Jun introduced the

Lukasiewicz fuzzy set using Lukasiewicz t-norm and the Lukasiewicz intuitionistic fuzzy set
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using Lukasiewicz t-norm and the dual of Lukasiewicz t-norm (Lukasiewicz t-conorm) and
applied them in BCK algebras [9,[11], while Mohseni Takallo et al. studied the Lukasiewicz
fuzzy filters in hoops [11] and Jun et al. extended these ideas to BE-algebras [8]. However,
these filters cannot adequately capture indeterminacy, which plays a crucial role in uncertainty
modeling.

In this paper, we address this gap by introducing the Lukasiewicz neutrosophic set, which
extends Lukasiewicz fuzzy and intuitionistic fuzzy sets by capturing the indeterminacy com-
ponent, which has remained unexplored in hoop structures. We introduced the Lukasiewicz
neutrosophic filter and studied its characteristics using the neutrosophic point. We provide a

relationship between the Lukasiewicz fuzzy filter and the Lukasiewicz neutrosophic filter.

1.1. Comparative Analysis

Lukasiewicz intuitionistic fuzzy filter handles uncertainty better than the Lukasiewicz fuzzy
filter. However, both of these filters fail to capture indeterminancy. Our proposed Lukasiewicz
neutrosophic filter plays a significant role where indeterminancy occurs, and is an advancement

of existing theories.

Term Notation
Lukasiewicz fuzzy set LFS
Lukasiewicz fuzzy filter LFF
Lukasiewicz neutrosophic set LNS
Lukasiewicz neutrosophic filter | LN F

2. Preliminaries

Definition 2.1. [11]

If an algebra (H,®,~-,1) satisfies the axioms (H1, H2, H3,H4), then it is said to be a hoop.
Hl:n~n=1foralneH

H2:n®(n~s)=s®(s~mn) foralln,s € H

H3:n~>(s~p)=(n®S)~p foralln,s,peH

H4: (H,®,1) is a commutative monoid.

In a hoop H, we say that an element n is less than or equal to s , that is n < s if and only if

n~s=1.

Proposition 2.2. 5/
All of the following claims are met by every hoop H.
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n@®s<peE>nswp (1)
n®s<n,s (2)

n<s~n (3)
n~1l=11~n=n (4)
(n~s)@(s~p)<n-~p (5)
n<s=n®p<s®p (6)
n®((n~s)<s (7)

Vn,s,peH.
Definition 2.3. [13]
Let X be the universe of discourse. A neutrosophic set A over X is defined by

N ={(z,Tn (), In(2), Fr(z))z € X}
where T, In, Fr: X = [0,1] and 0 < T'ar(z) + In(z) + Far(x) < 3.
Definition 2.4. [13]
A neutrosophic set P = {(z,Tp(x), Ip(x), Fp(z))|xr € X} is called a neutrosophic point if it
is of the form

(a7ﬁ77)7 ify:x

where 0 < a < 1,0<8<1,0<y < 1.
For the neutrsophic point P = {(z,Tp(x),Ip(x), Fp(z))|r € X} with support x will be
denoted by Pcfﬁv or p<x,a,fB,7>0r Togn-

Definition 2.5. [13]
Let N be a neutrosophic set over X and z, g be the neutrosophic point in X.

Then z, g is said to belong to AV, denoted by x5, € N if and only if
a <Tn(x), 8> In(x),y > Fra).-
Definition 2.6. [11]
Consider a fuzzy set F in H and let € € (0,1). A function from H to [0,1] defined by
L% (x) = max{0, F(z) + e — 1}
is called the Lukasiewicz fuzzy set (LFS) of F in H.
Definition 2.7. [11]
A LFS L% is called a Lukasiewicz fuzzy filter (LFF) of H if it satisfies:
L%(1) is an upper bound of {L%(z)|z € H} (8)
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LF(y) = {LF(2), LF(z ~ y)} 9)

3. Lukasiewicz Neutrosophic Filters

The concepts of Lukasiewicz neutrosophic set(LNS) and Lukasiewicz neutrosophic
filter(LAN F) in the hoop structure were presented in this section, and their properties were

examined.

Definition 3.1.
Let V be a neutrosophic set in a hoop H and let €, 4,60 € [0, 1] be such that 0 <e+d+6 < 3.

A mapping defined as an object in the form below

Ly = {(z, L5, LS

T INvLeFNNm € H}

where
L7, : H —[0,1], L%, (z) = maz{0, Ty (z) + & — 1}
Ly, H—[0,1], L] (z) = min{1, Iy () + 6}
L%+ H = [0,1], LY, () = min{1, Fyr(x) + 6}
suchthatOSLETN—i-L‘}N—i—L%N <3VreH

is called the LN'S of N in H denoted by Ly = (L§

4
TN’L

G T
Let Ly = (LETN,LﬁN,L%N) be the LNS of N in H. If (¢,6,6) = (1,0,0), then
max{0, Th(x)+e—1} = Th(x) and min{l, In(x)+ 3} = In(x), min{l, Fxr(x)+ 6} = En(z).
This shows that if (¢,6,0) = (1,0,0), then the LNS, Ly = (LSTN,L%\/,L%N) of NV is the
classical neutrosophic set N in H.

If (,0,0) = (0,1,1), then max{0,Th(x) + & — 1} = 0 and min{l, Ix(z) + 0} = 1,
min{1, Fyr(z) + 0} = 1.Thus if (,6,0) = (0,1,1), then the LNS, Ly = (L, L}, L%, )
of N is the constant function with the value(0,1,1). Therefore, in handling the LN'S, the value

of (g,0,0) can always be considered to be in (0,1) x (0,1) x (0,1).

Definition 3.2.
A LNS Ly in H is called a LN F of H if it satisfies:

Nay,Brm € Ly, Sag,B2,y2 € Ly = (n ® 8)041/\0427ﬁ1\/527'71\/’}’2 € Ly (10)

n < 8, Nay By € LV = Say g € Lv (11)

forallm,s € H,0 < a1, < 1,0< f1,82< 1,0 < yq,70 < 1.

Example 3.3.

Consider a Hoop structure H with the binary operations ” ®” and " ~~" as below.
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Table 3.1
n|is|pll

n|\ninin|n
n

S | n S| S

n|is|p

— |

1 |n|s|p

Table 3.2
~> | n 9

n |1

— | = | ®

S S

p|n|s

== =] =]~

S =] = -

1 |n|s

Define the neutrosophic set N in H as follows,

((0.63,0.23,0.35), ifz=n
(0.63,0.05,0.30), ifz = s
(0.70,0.01,0.27), ifz=p
(0.91,0,02),  ifz=1

For (g, 9, #)=(1,0.5,0.6), the LN'S is given as follows

(0.63,0.73,0.95), ifx=n
(0.63,0.55,0.90), ifz=s
(0.70,0.51,0.87), ifz=p
(0.91,0.5,0.8), ifz=1

Now we can check that it is a LN F of H.

Theorem 3.4.
A LNS Ly inH is a LNF of H if and only if the following conditions are valid.

Lrz,(1) is an upper bound of {Lrz (n)|n € H}
L?N(l) is a lower bound of {L?N(n)|n €Mt} (12)
L%N(l) is a lower bound of {L%N(n)m €M}
Nar,B1,m) € LN (0~ 8)as,Bayn € LN = Saynan,f1vBamvre € LN (13)

foralln,se HV0 < aj,as <1,0< 61,02 <1,0< vq,7% < 1.

Proof.
Suppose that Ly is a LN'F of H. If Lyg (1) is not an upper bound of {Lrz (n)|n € H},then

L (1) < Lrg, (m) for some m € H. since m < 1 and my,_

< (m),L3, (m), L, (m) € Ly, it follows
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from that 1LTﬁ/(m)7L§N(m)7L%N(m) € Ly. That is, Ltz (1) > Lrg.(m),
L3, (1) = L (m), L, (1) < Ly (m).

Thus Lt (1) is an upper bound of {Lrg,(n)|n € H},

L%v(l) is a lower bound of {L?N(n)\n € M}, and

L%N(l) is a lower bound of {L%N(n)\n € H}.

Let n,s € Hand 0 < ag,ap < 1,0 < f1,82 < 1,0 < 1,72 < 1, ) € Ly and

anBfim
(N~ $)as,Bave € La. Then by we have (n ® (n ~ $))aiAas,B1VBamvre € Lar. Since
(n® (n~s)) <s, by we have that, 5o, nas,81VE2,71vy2 € LA

Assume that Ls satisfies and .

Let n,s € H,0<a < 1,0 <8 <1,0< v <1, besuch that n < s and ny g, € Ly. Then it

follows from that

LTs (n~s)=Lrg (1) > Lz, (n) > «
Im~s) =Ly (1) <Ly (n) <
P (n~s)=L§ (1) < L (n) <~

= (n ~ S)a”/jﬁ € L5

IN

The condition leads to s4 5, € L3, which proves .
Let n,s € H, and 0 < ag,a2 < 1,0 < f1,82 < 1,0 < 71,72 < be such that n, g, 1) € L
and Say 8,7, € L
Since,
n~(s~»n®s)=(n®s)~ (n®s)(by H3)
=1(by H1).

we have

Lpe (’I’L ~ (8 ~n® S)) = LTﬁf(l) > LTX[(S) > o
Ly (n~ (s~ n®s) = L, (1) < L, (5) < fi
Ley(n~ (s~ n®s)) = L%N(l) < L (s) <

Hence by we have, (5~ 1 ® $)a; Aas,81VB2,71 Ve € LA
Again by we have, (1 ® $)aynan,81VA2y1vye € Lar which shows (10)).
Ly in His a LNF of H.

Theorem 3.5. A LN'S Ly in H is a LNF of H if and only if it satisfies:

o6y € LN = Loy € Ly (14)
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VneH,0<a<1,0<8<1,0<y< 1.
Ltz (s) = min{ Lz (n), Lrg, (n ~ s)}
L () < maz{Lj, (), L\ (n ~ )} (15)
Ly (5) < maz{ Ll (n), L, (n = )

foralln,s € H.

Proof.

Assume that Ly is a LNF of H.

LetneHand 0 <a<1,0<8<1,0<v<1 besuch that n,g, € Ly.
The condition leads to

LTﬁ/(l) 2 LTE (n) Z «
Ly, (1) <Ly (n) <8
L, (1) < LY (n) <7

which implies that 1,5, € L.
we know that ML, (), L3 (), L, () € Ly and
(n ~ S)LT;\[(HWSLL‘}N(”WS),L%N(“WS) € Ly Vn,s € H. It follows from that
SLTJE\/(n)/\LTﬁ/_(nws),L?N(n)VL?N(nws),L%N(n)\/L%N(nws) € Ly and hence
Lrg (s) =2 min{Lrg,(n), Lt (n ~ s)}

L9, (s) < maz{Lj, (n), L], (n ~ s)}
L, (s) < maz{Li, (n), LY, (n ~ s)}
for all n,;s € H.
Conversely suppose that Ly, satisfies and .
Since nLTﬁ,(")vaN(n):L%N(n) € Ly for all n € H, we have by 1) that
1LTJ§/(H)»L§N(H)7L%N(71) € Ly and so Lrg (1) > L (n), L%\r(l) < L?N(n), L%N(l) < L%N(n) for
all n € H. Hence

Lrz,(1) is an upper bound of {Lrz (n)|n € H}

(1) is a lower bound of {L‘}N(n)\n e H}

L%N(l) is a lower bound of {L%N(n)\n €M}

Let n,s € H and 0 < ag,2 < 1,0 < By, 82 < 1,0 < 71,72 < 1 be such that n, g, ) € Ln
and (n ~ 8)ay 8y € L. Then

LTﬁ/(n) > o, LTﬁf(n ~ 8) > an

L‘}N(n) < B, L?N(n ~ 8) < By

L (n) < 71, LY, (0~ 5) < 7
which imply from that,
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Lye (s) = min{Lrz,(n), L, (n ~ s)} > min{ai, az}
L?N(s) < ma:v{L?N(n),L%v(n ~ 8)} < max{p1, P2}
L%N(s) < mam{L%N(n),L%N(n ~ 8)} < max{y,v2}

Thus sa;naz,81vB271vy2 € L
Therefore Lyr is a LNF of H by (3.4)). o

Proposition 3.6.
Every LN F Ly of H satisfies the following condition.

PN~ 8, Moy Brm) € LNy Pag,Bae € LNV = Sainas,piveeyivre € Ly (16)
forall n,s,p < H70 <o, a2 < 170 < ﬂlvﬁQ < 170 < 71,72 < 1.

Proof.

Let n,s,p € Hand 0 < aj,as < 1,0 < 51,82 < 1,0 < 41,7 < 1 be such that p < n ~ s,
Nay,B1m) € Ly and pay 8,7, € L

Then p ~ (n ~ s) = 1.

Ly (n) > on, L%\,(n) < pi, L%N(n) <m

Lrz.(p) > g, LY, (p) < B2, L, (p) <72

Hence
L1g (s) = min{Lrz,(n), L. (n ~ s)}
> min{Lrg, (n), mm{LTE (p~ (n~s)), L1y, (p)}}
= min{Lrg, (n), min{ Lzs (1), L5 (p)}}
= min{Lrz, (n), Lrs,(p)}
> min{ag, as}
and

L? (s) < maz{L (n), (n ~ 3)}

< max{L (n),maw{LlN(p ~ (e 5)),L§N(p)}}
( ),max{L (1), L3, ()}}

n), L

I ()}

= max{LlN n
= maz{LlN(

< maz{fi, B2}
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and

L% (s) < maz{L4 (n), (n ~ 3)}

< max{LF n ,'maa:{LFN(p ~ (e 3))7L%N(p)}}

n

w (), L
(n)

= maz{L%, (n), max{L, (1), L, (p)}}
x (1), Ly (0)}

= maz{L4

< max{y1,72}

Thus we have that sq;aa.,8v82,71vye € LN O

4. Relation between Lukasiewicz Neutrosophic Filter and Lukasiewicz Fuzzy Filter

In this section, we discussed the relationship between LN F and LFF.

Theorem 4.1.
A LNS Ly in a hoop is a LN F if and only if Ly satisfies the following three conditions.
(1) L%, is a LFF of H
(2) 1—L‘}N is a LFF of H
(3) 1— LY, is a LFF of H,
where (1 — L?N)(n) =1- L?N(n), (1-— L%N)(n) =1- L%N(n)

Proof.

Suppose that Ly is a LNF in H.

From we have that L5, (1) is an upper bound of {L%, (n)|n € H} and by we have
L5, (s) = min{L%, (n), L%, (n ~ s)}. Hence L5, is a LFF of H by (2.7).

Similarly from we have that L?N(l) is a lower bound of {L‘}N(n)|n € H}.

That is,

(1-Li )
(11— L?N)(l) is an upper bound of {(1 — L?N)(n)|n € H}.
By , we have
Li(s) < maz{Lj, (n), L} (n ~ 5)}
=min{l — Ly (n),1— L} (n~ s)}.
Thus (1= L4, )(s) > min{(1 — L, )(n), (1 = L], )(n = )}
1—L§N is a LFF of H by 1D
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And from 1| we have that L%N(l) is a lower bound of {L%N(n)]n € H}.
That is,

L, (1) < L, (n).
1— L, (1) > 1 L, (n)
(1 - LE)(1) > (1= L, )(n)
(1= L% ,)(1) is an upper bound of {(1 — L%, )(n)|n € H}.
By (7)), we have
L (5) < maw{Li, (n), L%, (n ~ s)}
1 — L (s) > 1 — maz{L, (n), L, (n ~ )}

= min{l — L%, (n),1 — L%, (n ~ s)}

Thus (1 — L%, )(s) = min{(1 — L, )(n), (1 = LY )(n ~ s)}.

Therefore by 1) 1— L%N isa LFF of H .
Conversely suppose that a LN'S in H satisfies the conditions ,,. Then by definition

2.7 we have,
Vn,s € H, L1z, (1) > Lrg.(n) and L (s) > min{Lrg (n), Lrg, (n ~ s)}
Vn,s € H, (1—L5 )(1) > (1-L§, )(n) and (1—-L3, )(s) > min{(1—L] )(n), (1—L§ )(n ~ s)}
Vn,s€H, (1—-L F )(1) > (1—L9 )(n) and
(1= 19)(s) > min{(1 — L, )(n), (1 — LY ) (n ~ s}
Let napy € Ly
= Ltz (n) > a,L?N(n) < B,L%N(n) <~
Hence Ly (1) > Lrg, (n) > «
S Lrg, (1) > «

Ly (1) = (1= (1= Lj,))(1)

< (1-(1—-Ly)(n)

Ly (1) <8

Lo (1) = (1= (1 = Lz )(1)
< (1= (1~ Li))(n)
= L, (n)
<7

S LE (1) <oy
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Hence 1,3, € Ly. Therefore the condition |14]is proved.

Also we have
Le (s) > min{Lrz, (n), L, (n ~ s)}.
(1= L, )(s) = min{(1 - L] )(n), (1~ L5N)(n v 8)}
= min{l = Lj, (n),1 - L} (n~ s)}
), LY, (n ~ )}
), L (n~~ 5)}
I~ )}

(1~ L, )(s) = min{(1 — L%N)(n),( L)~ s)}

=1- maw{L? (n
1-— L‘}N(s) >1- max{L? (n
Ly, (s) < maz{Ly, (n), L

= min{l — L% (n),
= 1—max{L% (n), L (nws)}

1-— L%N(s) >1- maa:{L%N( ), L
L (s) < maz{L, (n), LFN(n ~ 5)}

Therefore the condition [15]is proved.
Hence Ly is a LNF in H

Example 4.2. consider the example of LN F given in

0.63, ifzx=n
0.63, ifz=s
LTf\/’ =
0.70, ifz=0p
| 0.91, ife=1
(
0.27, ifxz=n
0.45, ifx=s
1 - L15 -
N 0.49, ifz=p
0.5, ifzxz=1
0.05, ifz=n
0.1, ifzx=s
1 — LF9 —
N 0.13, ifz=p
02, ifx=1
It can be easily verified that L% L(;N, — L%N is a LFF of H.
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5. Limitations

This work focuses on theoretical development. And a comparison with real-life applications

or a case study is not provided.

6. Conclusions

Using the Lukasiewicz t-norm and Lukasiewicz s-norm, the concept of Lukasiewicz neutro-
sophic set is introduced. Lukasiewicz neutrosophic filter is defined based on the neutrosophic

point, and its properties have been studied.

7. Future work

In the future, we will extend this to other algebraic structures and provide a case study
and real-world implementation of this theory. And also we examine the types of Lukasiewicz
neutrosophic filter and the relation among them. Conflicts of Interest: We declare that

there is no conflict of interest.
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