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Abstract. We define neutrosophic hyper KU-ideal (strong, weak, s-weak) and refelexive neutrosophic hyper
KU-ideal. A few key properties and their relationships are highlighted. The study of the neutrosophic (weak)
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1. Introduction

Prabpayak and Leerawat created a novel algebraic structure known as KU-algebras [12,
13]. In KU-algebras, they worked at ideals and congruences. They also established the
concept of KU-algebra homomorphism and looked into various related features. They also
deduced some simple consequences of the quotient K U-algebras and isomorphism relationships.
Marty [9] presented the hyper structure theory (also known as multialgebras) at the 8th
Congress of Scandinvian Mathematiciens in 1934. Several authors, primarily in France and
the United States, but also in Italy, Russia, and Japan, worked on hyper groups in the 1940’s.
Hyperstructures offer a wide range of applications in both pure and applied sciences. Jun et al.
extended hyper structures to BC K-algebras, proposed the idea of a hyper BC K-algebra, which
is a generalization of a BC' K-algebra, and looked into several associated characteristics in [8].
They also defined a hyper BC'K-ideal and a weak hyper BC K-ideal, as well as relationships
between hyper BC K-ideals and weak hyper BC K-ideals. Jun et al. [[7] proposed the notions
of a strong hyper BCK-ideal, a weak hyper BC K-ideal, and a reflexive hyper BC K-ideal, as
well as a requirement for a hyper BC' K-algebra to be a BC K-algebra. Every strong hyper
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BCK-ideal is a hyper sub-algebra, a weak hyper BC K-ideal, and a hyper BCK-ideal, and
every reflexive hyper BC' K-ideal is a strong hyper BC'K-ideal, they established.

Smarandache [[14-16] developed the neutrosophic set, which is a more general platform that
extends the notions of classic set, (intuitionistic) fuzzy set, and interval valued (intuitionistic)
fuzzy set. On BL-algebras, Borzooei et al. [4] investigated neutrosophic deductive filters.
Zhang et al. [19] discussed neutrosophic regular filters and fuzzy regular filters when applying
the concept of neutrosophic set to pseudo-BCT algebras. Neutrosophic set theory has been
applied to a variety of areas, and many studies have been conducted to develop, improve, and
expand the theory ( [1-3,5,0,10,17] and [18]).

The goal of this paper is to introduce the concepts of neutrosophic (strong, weak, s-weak)
hyper KU-ideal, as well as RNHKUI. We look at their connections and properties. Char-
acterizations of neutrosophic (weak) hyper KU-ideal are discussed. We define exactly for a
neutrosophic set to be a NSHKUI and a (reflexive) neutrosophic hyper KU-ideal. We're
looking for some provisions that will allow a NSHKUI to become a RNHKUI. We go over
the conditions for a NWHKUT to be a NsWHKUI.

2. Preliminaries

The basic definitions of hyper KU-ideals and neutrosophic set are given in this section.

W
[©]

Let H be a non-empty set and let be a mapping

o: Hx H — P(H)\{0}

which is said to be hyperoperation. For any two subsets A and B, denote by A o B, the
set U {lo1 o lp2|lo1 € A,lp2 € B}. We shall use ly; o lp2 instead of {lp1} o lp2,l01 © {lp2} or
{lo1} o {lo2}-

By a hyper KU-algebra H ( [11]), we mean a non-empty set H with a special element 0
and a hyperoperation o, for all ly1,lgo, lo3 € H, that satisfies the following axioms:

(HKU1) (lo2 o lo3) o (lo1 © lp3) < o1 © lp2,

(HKU2) lp; 0 0 = {0},

(HKU3) 00lp1 = {lo1},

(HKU4) if lg1 < lp2 and lpg < lp1 imply lo1 = lpe, for all o1, lo2, log € H, where Iy < lgg is
defined by 0 € lp2 0lp; and for any A, B C H, A < B is defined by V r € A, 3t € B such that
r <t

Proposition 2.1. [l11] Let H be a hyper KU-algebra. Then for all lo1,lo2,los € H, the
following statements hold:

(i) A C B implies A < B, for all nonempty subsets A, B of H.

(ii) 000 = {0}.
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(iii) 0 < lo1.
(iv) lo3 < los-
(v) o1 o loz < los.
(vi) Ao0 = {0}.

) 0o A= A.
(viii) (000)olpr = {lo1} and (lp1 o (0o lp1)) = {0}.

(ix) lp1 o lor = {lo1} & lp1 = 0.
)

(x) log o (lp2 0 lo1) = loz o (lp3 © lo1) for all loy, lp2,loz € H.

(vii

Definition 2.2. [11] Let (H, o) be a hyper KU-algebra. A subset A of H is called:

e A hyper KU-ideal (briefly, HKUI) of H if
(1) 0 € A,
(2) lp2olpy < A and lgy € A imply lp; € A, forall lg1,lp2 € H.

o A weak hyper KU-ideal (briefly, WHKUTI) of H if it satisfies (1) and
(3) lopolor C A, lop € A= loy € A, Y lo, los € H,

e A strong hyper KU-ideal (briefly, SHKUT) of H if it satisfies (1) and
(4) (lozolot) NA# D, lop € A=lo1 € A, V oy, lo2 € H,

A subset I of a hyper KU-algebra H is said to be reflexive if (lol) C I forall [ € H.
Let H be a non-empty set. A neutrosophic set (N.S) in H (See [16] ) is a structure of the
form:
L= {{; Lr(l), Li(1), Lr(1)) | L € H}
where Ly : H — [0,1] is a truth membership function, L; : H — [0, 1] is an indeterminate
membership function, and Lp : H — [0, 1] is a false membership function. For abbreviation,

we continue to write L = (Lp, Ly, Lr) for the NS
L:={({;Lr(1),Li(1), Lr(l)) |l € H}.

Given a NS L = (Lp,L;,Lp) in a hyper KU-algebra H and a subset V of H, by
«Lr," L, L1,* L1« Lrp and *Lp we mean

«L7(V) =1inf,cy Lr(v) and *Lp (V') = sup,ey L1 (v),

«L1(V) =inf,ey Li(v) and *L;(V') = sup,ecy L1(v),

«Lp(V) =infyey Lp(v) and *Lp(V) = sup,cy Lr(v),
respectively.

Notation. From now on, in this paper, we assume that H is a hyper KU-algebra.

3. Neutrosophic hyper KU-ideals

We discussed the features of neutrosophic (strong, weak, s-weak) hyper KU-ideal and re-
flexive neutrosophic hyper KU-ideal in this part.
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Definition 3.1. Let L = (Lp,L;,Lr) be a NS in H. Then L is said to be a neutrosophic
hyper KU-ideal (briefly, NHKUI) of H if it satisfies the following assertions for all ly1, lg2 € H,

L7 (lo1) > Lr(lo2)
log1 € lgo = L[(l()l) > L[(log) ) (1)

Lr(lo1) < Lr(lo2)

Lr(lor) > min{sLr(lo2 0 lo1), L7 (lo2) }
Li(lo1) > min{sL7(lo2 o lo1), L1(lo2)} (2)
Lr(lor) < max{*Lr(lo2 o lo1), Lr(lo2)}

Example 3.2. Let H = {ly, 4,1} be a hyper KU-algebra. The hyper operation “o” on H
described by Table 1.

w "

Table 1 : Cayley table for the binary operation “o

o) l() la lb
o {lo}  {la} {in}
lq {ZO} {l07la} {laulb}

lb {ZO} {l07la} {ZOalavlb}
We define a NS L = (L, Ly, Lr) on H by Table 2.

Table 2 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lo 0.77 0.65 0.08
le 055 047 0.57
I, 011 0.27 0.69
It is easy to check that L = (Lp, Ly, Lr) isa NHKUI of H.

Proposition 3.3. For any NHKUI L = (Lp, Ly, Lr) of H, the following assertions are valid.
(i) L= (Lt,Ls,LF) satisfies

L7(0) > Lr(lo1)
(Vi€ H) | L(0) > Li(lo) |- (3)
Lr(0) < Lp(lor)

(ii) If L = (L7, Ly, L) satisfies

VVCH)Ju,v,weV)| Liv)= L Li(V) , (4)

then the following assertion is valid.
LT(l()l) Z min{LT(u), LT(ZOQ)}
(V lot, lo2 € H)(3 u,v,w € logolor) | Li(lor) > min{L;(v), L;(lo2)} : (5)
LF(l()l) S max{LF(w), LF(ZOQ)}
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Proof. By Proposition @ (ii) and (m) we have
L7(0) > Lr(lo1), L1(0) > Ly(lo1) and Lr(0) < Lp(lo1)-

Assume that L = (Lp, Lj, Lr) satisfies the condition (@) For all lg1,lpo € H, there exists

ug, Vg, Wy € lgz o lp1 such that
Lr(ug) = «Lr(lo2 0 lo1), Li(vo) = «Li(lo2 o lo1) and Lr(wo) = *Lr(loz © lo1)-
Now condition (E) implies that
Lr(lp1) > min{. L7 (lp2 0 lo1), L1 (lp2) } = min{ Ly (ug), L1(lp2)}
Li(lo1) > min{.Ly(lo2 0 lo1), L1(lo2)} = min{L;(vo), L1(lo2)}-

LF(ZOI) S maX{*LF(log o l()l), LF(ZOQ)} = max{Lp(wo), LF(ZOQ)}

(1]

This completes the proof.
We define the following sets:

U(Lr,ér) == {lor € H | Lr(lo1) > &1}
U(L5,&r) == {lo € H | Li(lo1) > &1}
L(Lp,&r) == {lo1 € H | Lr(lo1) < &F},

where L = (Lp, Ly, Lp) isa NS in H and &7, &7,&p € [0, 1].

Lemma 3.4. Let L be a subset of H. If I is a HKUI of H such that L <« I, then L is

contained in 1.

Proof. Assume that L < H and let [ € L. Then 0ol = {l} < H and so [ € H by using
Definition @ (2). Therefore L C H. =

Theorem 3.5. A NS L = (Lp,L;,Lp) is a NHKUI of H iff the nonempty sets
U(Lr,ér),U(L1,&r) and L(Lp,&p) are HKUI’s of H for all &r,&r,&p € [0, 1].

Proof. Assume that L = (Lp,L;,Lp) is a NHKUI of H and suppose that
U(L7,¢7),U(L1,&r) and L(Lp,&F) are nonempty for all &p,&7,&r € [0,1]. It is easy to
see that 0 € U(Lp,&ér),0 € U(Ly,&7) and 0 € L(Lp,&r). Let lo1,loo € H be such that
log olpr < U(Lp,&r) and log € U(Lp,&r). Then Lp(lo2) > & and for any [ € lgg o lp; there
exists lp € U(Lr, &) such that [ < lp. We conclude from @) that Ly (1) > Lr(lp) > &p for all

[ € lpg 0 lp1. Hence Ly (lgg 0 lp1) > &, and so
Lr(lo1) > min{« Ly (lo2 0 lo1), Lr(lo2)} > &7,

that is, lg1 € U(LT, §T) Similarly, we show that if [g20lp; < U(L[, f[) and lpy € U(L[, f[), then
lor € U(L1,&1). Hence U(Ly,ér) and U(Ly, &) are HKUI's of H. Let lg1,lp2 € H be such that
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lpoolyn <€ L(Lp,fp) and lpy € L(LF,fp). Then LF(lgz) < &p. Let m € lgg olgy. Then there
exists mg € L(Lp,&F) such that m < mg, which implies from @) that Lp(m) < Lp(mg) < &p.
Thus *Lp(lpz 0 lp1) < &F, and so

L (lor) < max{*Lr(lo2 0lo1), Lr(lo2)} < &F.

Hence ly; € L(Lp,&Fr) and therefore L(Lp,&F) is a HKUI of H.
Conversely, suppose that the nonempty sets U(Lp,&r),U (L7, &) and L(Lp,&r) are HKUI'’s
of H for all fT,fj,é:F S [0, 1]. Let l()l, log € H be such that l01 < 102. Then

loo € U(LT,LT(Z()Q)) N U(L[, L](log)) N L(LF, LF(ZOQ)),

and thus loy < U(Lp, L7(lo2)),lon < U(Ly, Li(lp2)) and loy < L(Lp, Lr(lo2)). According
to Lemma B.4, we have lo, € U(Ly, Lr(lo2)),lo1 € U(Lr1, Li(loz2)) and lo1 € L(Lp, L(lo2))
which imply that Lp(lo1) > Lr(lo2), Li(lo1) > Li(lp2) and Lr(lp1) < Lp(lp2). For any
loi,loe € H, let & = min{, Ly (lo2 © lo1), L7(lo2)}, & = min{.L;(lp2 o lo1), L1(lp2)} and
&r = max{*Lr(lo2 0 lo1), Lr(lo2)}. Then

102 S U(LT7§T) N U(Lfvff) N L(LFvé-F)a

and for each up, vy, wr € lgs o lp1 we have
Lr(ur) > «L1(lo2 0 lp1) > min{, L7 (lo2 o lo1), L7 (lo2)} = &7,

L[(v]) > *L]<l()2 o 101) > min{*LI(l(u © l01), LI(ZOQ)} =&
and
Lp(wp) < *Lp(lo2 o lo1) < max{*Lp(lop2 0lp1), Lr(lo2)} = &F.

Hence ur € U(Lt,&7),vr € U(Lr,&1) and wr € L(Lp,&F) and so log o lor € U(L1,&7),lo2 ©
lp1 C U(L], f]) and lggolp1 C L(LF, fF) By Proposition @, we have [go0lp < U(LT, fT), lgo0
lot < U(Lp,&r) and lgg o lgy < L(Lp,&Fp). Tt follows from Definition @ (2) that

lor € U(L7,&r) NU(L1,&1) N L(LE, &F).

Hence

Lr(lo1) > &r = min{«Lr(lo2 o lo1), L1 (lo2)},

Li(lo1) > & = min{.L;(lo2 o lo1), L1(lo2)}
and
Lr(lo1) < &p = max{"Lr(lo2 o lo1), Lr(lo2)}.

Therefore L = (Lp, L1, Lr) is a NHKUI of H.
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Theorem 3.6. If L = (Lp,L;,Lr) is a NHKUI of H, then the set

isa HKUI of H.

Proof. It is easy to check that 0 € J. Let lp1,lg2 € H be such that lpsolgy < J and lgo € J.
Then Lr(lo2) = L1(0), L1(lo2) = L1(0) and Lp(lp2) = Lr(0). Let I € lgp2 o lp;. Then there
exists lp € J such that | < Iy, and thus by (E]), Lr(l) > Lr(lp) = Lr(0), L1(1) > L1(lp) = L1(0)
and Lr(l) < Lr(lo) = Lr(0). It follows from (E) that

Ly (lp1) > min{, L7 (lo2 0 lo1), L7 (lo2) } > L7(0),

Li(lo1) > min{.Ls(lo2 o lo1), L1(lo2)} > L1(0)
and
Lp(lor) < max{*Lr(loz o lo1), Lr(lo2)} < Lr(0).
Hence Lp(lp1) = L7(0), L1(lp1) = L1(0) and Lp(lp1) = Lr(0), that is, lpy € J. Therefore J is
a HKUI of H. =
We define the situation under which a NS L = (Lp, Ly, Lr) is a NHKUI of H.

Theorem 3.7. Let H satisfy |lo2 0lo1] < oo for all lg1,lp2 € H, and let {Jg | f € A C[0,0.5]}
be a collection of HKUI’s of H such that

H=|]Js, (7)
BEA
(VB €M) (a> B Jo CJp) (8)

Then a NS L = (Lp,L;,Lr) in H defined by
Ly : H —[0,1],lp1 — sup{f € A | lnn € J3},
Ly:H —[0,1],l01 — sup{B € A | lo1 € J3},
Lp:H —[0,1],lp1 — inf{8 € A | lo1 € Js}

isa NHKUI of H.

Proof. We first shows that

pel0,1]= |J Jsisa HKUI of H. (9)
SENG>p

It is clear that 0 € |J Js for all p € [0,1]. Let lp1,lp2 € H be such that lpy o lg1 =
SENG>p
{li,lg,--- ln}, lpolon < |J Jsandlpp e U Js. Then lpo € J, for some v € A with
0EN0>p 0EN0>p
p < 7, and for any l; € lgg 0 lp1 there exists m; € |J Js, and so m; € Jg, for some f; € A
SENG>p
with p < 8, such that I; < m;. If we let § := min{p; | ¢ € {1,2,--- ,n}} then J, C Jg for
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all i € {1,2,--- ,n} and so lp2 0 lp1 < Jg with p < 5. We may assume that v > g without
loss of generality, and so J, C Jg. By Definition @ (2), we have lpy € Jg € |J Js. Hence

SEN>p
U JsisaHKUI of H. Next, we consider the following two cases:
SeA0>p
(i) B=sup{peA|p<p}, (ii) B#sup{pe A[p<p} (10)
If the first case is valid, then
lor € U(Ly,B) < lo1 € J, for all p < B lor € ) J,,
p<B
and so U(Ly,B) = () J, which is a HKUI of H. Similarly, we know that U(Ly, ) is a
p<pB
HKUI of H. For the second case, we will show that U(Ly,8) = U J,. If lo1 € |J J,, then
p>p p>p

lor € J, for some p > 3. Thus Lr(lp1) > p > 8, and so lo1 € U(L7, ) which shows that

U J, CU(Lt,B). Assume that lo1 ¢ |J J,. Then lpy & J, for all p > 3, and so there exist
p=p
(5 > 0 such that (8 —9,8) N A = 0. Thus loy & J, for all p > 3 — 6, that is, if lp; € J, then

p<p—0<p. Hencelpy € U(Ly,3). This shows that U(L7,5) = |J J, which is a HKUI
p>p
of H by (E) Similarly we can prove that U(Ly, 5) is a HKUI of H. Now we consider the

following two cases:
a=inf{yeA|a<y}and a#inf{ye A | a <~} (11)
The first case implies that

lor € L(Lp,a) <l € J, foralla <y & lor € (1] o,
a<y

and so L(Lp,a) = () Jy which is a HKUI of H. For the second case, there exists 6 > 0 such
that (o, +0) N Aa:<6 If lpn € UJ Jy, then lp; € J, for some o > . Thus Lp(lp1) < v < a,
that is, lp1 € L(Lp, ). Hence GZ} C L(Lp,a). If 11 & U J, then lg; & Jy for all v < «
and thus lpy € J, for all ay < 07+ 0. This shows that 1f lgl € Jy then v > a4 6. Hence

LF(l()l) >a+0>aq,ie, g & L(LF,a).

Therefore L(Lp,a) C |J J,. Consequently, L(Lr,a) = |J J, which is a HKUI of H by
a>y azy

(). 1t follows from Theorem .3 that L = (Lz, Ly, Lr) is a NHKUT of H. =

Definition 3.8. A NS L = (L, L, Lr) in H is called a neutrosophic strong hyper KU-ideal
(briefly, NSHKUI) of H if it satisfies the following assertions.

Lr(lor o lo1) > Lr(lo1) > min{ sup Ly (uo), L7 (lo2)},

ug€loz0olo1

Li(lor olo1) = Li(lo1) =2 min{ sup  L;(vo), L1(lo2)} (12)

v €lo20lo1

Lr(lorolon) < Lp(lon) <max{ inf Lp(wo),Lr(lo2)}

wo€lp20lo1
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for all lp1,lge € H.

Example 3.9. Consider a hyper KU-algebra H = {ly,l4,1;} with the hyper operation “o”
which is given by Table 3.

Table 3 : Cayley table for the binary operation “o”

o lo la Iy
o {lo} {l}  {l}
la {lo} {losla}  {lo}

b {lo} A} {lo,lb}
Let L = (Lp,L;,Lr) be a NS in H which is described in Table 4.

Table 4 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lp 0.77 0.65 0.08
le 055 047 0.57
Iy 011 0.27 0.69
It is routine to verify that L = (Lp, Ly, L) is a NSHKUI of H.

Theorem 3.10. For any NSHKUI L = (Ly, Ly, Lr) of H, the following assertions are valid.

(i) L = (Ly, Ly, LF) satisfies the conditions (E]) and (E)
(ii) L = (L7, Ly, L) satisfies

Ly (lo1) 2 min{Lyp(u), Lz (lo2) }
(V l()l,l(]z S H)(V U, V, W € l(]2 ] lol) L[(lol) > min{LI(v),Ll(log)} . (13)
Lp(lp1) < max{Lp(w), Lr(lo2)}

Proof. (i) Since ly; < lp1, i.e., 0 € lp1 o lpy for all lg; € H, we get

L7(0) > «L7(lo1 o lo1) > Lr(lo1),
Li(0) > «Li(lo1 o lor) > Li(lo1),
Lp(0) <*Lp(lpr olor) < Le(lor),

which shows that (E) is valid. Let lp1,lp2 € H be such that lgy < lga. Then 0 € Iy o lp1, and

S0
*Lr(log o lor) > L7(0)," Lr(lo2 © lo1) > L1(0) and L (lo2 0 lo1) < Lr(0).
It follows from (E) that
Lr(lo1) > min{* L7 (lo2 o lo1), L1 (lo2)} > min{L7(0), L7 (lo2)} = L7 (lo2),
Li(lo1) > min{*L(lo2 © lo1), L1(lo2)} > min{L;(0), L1(lo2)} = Li(lo2),
Lp(lo1) < max{sLp(lo2 0 lo1), Lr(lo2)} < max{Lr(0), Lr(lo2)} = Lr(lo2)-

Hence L = (L, Ly, LF) satisfies the condition (ﬁ])
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(ii) Let lo1,lo2, u,v,w € H be such that u,v,w € lpz 0 lp;. Then

Lp(lpy) > min{ sup Lp(ug), Lr(lp2)} > min{Lp(u), L7(lo2)},

up €lo20lo1

Li(lp1) > min{ sup Lj(vo),Ls(lp2)} > min{L;(v), L;(lp2)},

vo€lo20lo1
LF(l(n) < max{c Gilnfl LF(UJ()),LF(ZOQ)} < maX{LF(w),LF(log)}.
0€lo20lo1
This completes the proof. =

Theorem 3.11. If a NS L = (Lp,L;,Lr) is a NSHKUI of H, then the nonempty sets
U(Lp,¢7),U(L1, &) and L(Lp,&p) are SHKUI's of H for all &p,&7,&p € [0, 1].

Proof. Let L = (Ly, Ly, Lr) be a NSHKUI of H. Then L = (Lp, Ly, Lr) is a NHKUI
of H. Assume that U(Lp,&7),U(L1, &) and L(Lp,&F) are nonempty for all &7, &7, &p € [0, 1].
Then there exist a € U(Ly,ér),b € U(L1,&7) and ¢ € L(Lp,&p), that is, Ly(a) > &p, Li(b) >
¢ and Lp(c) < €p. Tt follows from (§) that L7(0) > Ly(a) > &r, Lr(0) > Ly(b) > & and
Lr(0) < Lp(c) <&p. Hence

0cU(Lr,ér) NU(Ly1,&1) N L(LF,&F).

Let lo1,lo2,a,b,u,v € H be such that (lpz o lo1) NU(Lr,ér) # 0, loe € U(Ly,&é7), (boa) N

U(Lr, &) #0,b € UL, &), (wou) N L(Lp,ép) # 0 and v € L(Lp,£r). Then there exist

xo € (logolor)NU(Lyp,&7), ap € (boa)NU(Ly,&r) and ug € (vou)NL(Lp,&r). Tt follows that
LT(lm) Z min{ sup LT(C), LT(ZQQ)} Z min{LT(xo), LT(Z()Q)} 2 fT,

c€lpz0lo1

Li(a) > min{dselip Li(d),L;(b)} > min{Lz(ap), L;(b)} > &;

and

Lp(u) <max{ inf Lp(e), Lr(v)} < max{Lp(ug), Lrp(v)} <&p.

ecvou
Hence lg1 € U(Lyp,&7),a € U(L1, &) and w € L(Lp,&p). Therefore U(Lyp,&7), U(Ly, &) and
L(Lp,&r) are SHKUT of H. =

Theorem 3.12. For any NS L = (Ly, L, Lr) in H satisfying the condition
VSCH)Fu,v,weS)| Liv)= *L;(V) |, (14)

if the nonempty sets U(Lyp,&r),U (L1, &) and L(Lp,&p) are SHKUI’s of H for all £7,&1,&F €
[0,1], then L = (Lp, Ly, Lp) isa NSHKUI of H.
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Proof. Assume that U(Lp,&7),U(L1,&r) and L(Lp,&F) are nonempty and SHKUI’s of
H for all &p,&7,6p € [0,1]. For any lop1,lo2, los € H, such that lo; € U(Ly, L7(lo1)),lo2 €
U(Ly,Li(lp2)) and lp3 € L(Lg, Lr(lp3)), since lp10lpr < lo1, lo2o Loz < Loz and lp3olps < Loz by
Proposition @ (v), we have lg10lgy < U(Lp, L1 (lp1)), logo Loz < U(Ly, Li(lp2)) and lpzolps <
L(Lp, Lp(los)). By Lemma B4, lo1 0 loy € U(Lz, Lr(lo1)), lo2 © loa € U(Ly1, Li(lg2)) and
losolos € L(Lp, Lp(lps)). Hence a € U(Ly, L7(lp1)),b € U(Ly, Li(lo2)) and ¢ € L(Lg, Lr(los))
for all a € lpy 0 lp1,b € lo2 © Loz and ¢ € lyg o lp3. Therefore Ly (lo1 o lp1) > L7 (lo1),« Lr(lo2 ©
lo2) > Li(lo2) and *Lp(loz o log) < Lr(loz). Now, let & := min{*Lr(lo2 o lo1), LT (lo2)},
&1 := min{*Ls(loz o lor), L1(lo2)} and &g := max{,Lr(loz o lor), Lr(lo2)} }. By (114), we have

Ly (ao) =" Lr(lp2 0 lp1) > min{*Lz(lp2 © lo1), LT (lo2) } = &7,

Li(bo) =" Li(lo2 © lpr) > min{*Ly(lp2 0 lo1), L1(lo2)} = &1
and
Lr(co) =« Lr(log olp1) < max{«Lp(lo20lo1), Lr(lo2)} = &F

for some ag, by, co € loz2 © lo1. Hence ag € U(L7,&7), bop € U(Ly,&1) and ¢g € L(Lp,&p) which
imply that

(lo2 0 lo1) NU(Lr,&7), (lo2 0 lor) NU(Lz, &) and (lo2 o lor) N L(Lr, &r)

are nonempty. Since log € U(L7,&r)NU(Ly, &) N L(LE,EF), it follows from Definition @ (4)
that Iy € U(LT, €T) N U(L[, é[) N L(LF, §F) Thus

Lr(lo1) > &r = min{"Lr(lo2 o lo1), L1 (lo2)},

Li(lo1) > & =min{"Ly(lo2 o lo1), L1(lo2)}
and

Lp(lo1) < &p = max{«Lr(lo2 © lo1), Lr(lo2)}-

[1]

Consequently, L = (Lp, Ly, Lr) isa NSHKUI of H.
We have the following corollary in a finite hyper KU-algebra since any NS L = (Lp, Ly, L)
satisfies the condition (@)

Corollary 3.13. Let L = (Lp,L;,Lr) be a NS in a finite hyper KU-algebra H. Then
L= (Ly,L;,Lp)isa NSHKUI of H iff the nonempty sets U(Lyp,&7),U (L, &) and L(Lg, EF)
are SHKUI’s of H for all &r,&r,&p € [0, 1].
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Definition 3.14. A NS L = (Lp, L;, Lr) in H is called a neutrosophic weak hyper KU-ideal
(briefly, NWHKUI) of H if it satisfies the following assertions.

L7(0) > Lr(lo1) > min{, L7 (lo2 0 lo1), L7(lo2) },
L[(O) > L[(l()l) > min{*L[(Zog o 101),L[(l02>}, (15)
Lr(0) < Lp(lor) < max{*Lr(lo2 o lo1), Lr(lo2)}

for all lp1,lg2 € H.

Definition 3.15. A NS L = (Lp, Ly, Lr) in H is called a neutrosophic s-weak hyper KU-
ideal (brieflyy, NsWHKUTI) of H if it satisfies the conditions (H) and (B)

w "

Example 3.16. Consider a hyper KU-algebra H = {ly,l,, [y} with the hyper operation “o
which is given by Table 5.

w "

Table 5 : Cayley table for the binary operation “o

o lp la Iy
lo {lo} {la} {iv}
la {lo} {lo;la} {la,lo}
b {lo} {losla} {loslasly}
Let L = (Ly,L;,Lr) be a NS in H which is described in Table 6.

Table 6 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lo 0.77 0.65 0.08
le 055 047 0.57
I, 011 0.27 0.69
It is routine to verify that L = (Lp, Ly, Lr) is a NWHKUI of H.

Theorem 3.17. Every NsWHKUI is a NWHKUI.

Proof. Let L = (Lp,L;,Lr) be a NsSWHKUI of H and let lp1,lo2 € H. Then there exist

u, v, w € lpg o lp; such that

LT(lol) > min{LT(u), LT(lOQ)} > min{ inf LT(U()), LT(ZOQ)},

up€lo20lo1

L[(l()l) 2 min{LI(v), L[(log)} 2 min{ inf L[(Uo), L[(l()g)},

vo€lp20lo1

Lp(lp1) <max{Lp(w),Lr(lp2)} <max{ sup Lp(wy),Lr(lp2)}.

woE€lp20lo1
Hence L = (Lp, Ly, Lp) isa NWHKUI of H. =
The corollary of Theorem , we can assume, is not true. However, finding an example of
a NWHKUI that is not a NsWHKUT is difficult. Now we specify that a NWHKUI must
also be a NsWHKU .
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[

Theorem 3.18. If L = (Lp, Ly, Lp) is a NWHKUI of H which satisfies the condition (@),
then L = (Lp, Ly, L) is a NsWHKUT of H.

Proof. Let L = (Lp, Ly, Lr) be a NWHKUI of H in which the condition (H) is true. Then
there exist wug, vo,co € loz © lo1 such that Lp(ug) = «Lr(lo2 0 lo1), Li(ve) = «Li(lp2 o lp1) and

LF(wo) = *LF(ZOQ o lOl)- Hence
Lr(lor) > min{sL7(lo2 © lo1), L7 (lo2) } = min{L7(ug), L7 (lo2)},
Li(lp1) > min{,L;(lo2 0 lo1), L1(lo2)} = min{L;(vo), L1 (lo2)},
LF(ZOI) S max{*LF(102 e} 101), LF(l()Q)} = maX{LF(wg), LF(ZQQ)}

Therefore L = (Lp, Ly, Lr) is a NsWHKUI of H. =

Remark 3.19. In a finite hyper KU-algebra, every N.S satisfies the condition (@) Hence the
concept of NsWHKUI and NWHKU I coincide in a finite hyper KU-algebra.

Theorem 3.20. A NS L = (Lp,L;,Lp) is a NWHKUI of H iff the nonempty sets
U(Lp,&7),U(L1,&r) and L(Lp,&p) are WHKUI's of H for all &7, &7, & € [0, 1].

Proof. The proof is comparable to Theorem @’s proof. =

Definition 3.21. A NS in H is called a reflexive neutrosophic hyper KU-ideal (briefly,
RNHKUI) of H if it satisfies

«Lr(lor 0 lo1) > Lr(loz)
(Yo, lo2 € H) | «Lyi(lo1 olo1) > Li(lp2) ; (16)

*Lp(lo1 olo1) < Lr(lo2)
and
Ly(lo1) > min{*L;(lo2 o lo1), L1(lo2)}
(Viot,lo2 € H) | Li(lp1) > min{*Lr(lo2 o lo1), L7 (lo2)} . (17)
L (lo1) < max{,Lr(loz o lo1), Lr(lo2)}

Theorem 3.22. Every RNHKUI is a NSHKUI.
Proof. Straightforward. =

Theorem 3.23. If L = (Lp, Ly, L) isa RNHKUI of H, then the nonempty sets U (L, ér),
U(L1,&r) and L(Lp, &) are RHKUI’s of H for all {&p,&7,&p € [0, 1].

Proof. Assume that U(Lp,&r),U(Ly,&7) and L(Lp, ) are nonempty for all &7, &7, &p €
[0,1]. Let a € U(L7,ér),b € U(L1,&1) and ¢ € L(Lp,&ép). f L= (L, L1, L) isa RNHKUI
of H, then by Theorem , L= (Lp,L;,Lr)isa NSHKUI of H, and so it is a NHKUI of
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H. Tt follows from Theorem @ that U(Lp,&r), U(L1,&r) and L(Lp,&r) are HKUI's of H.
For each ly; € H, let ag, by, cyg € lpy ©lpr. Then

Ly(ag) > inf  Lp(u) > Ly(a) > &7,

" u€lorolor

Li(bo) > inf Li(v) > Lz(b) > &5,

v€lp10lo1

Lr(co) < sup Lp(w) < Lp(c) <&,
welp10lo1

and so ag € U(LT,fT),bo S U(L[,f[) and ¢y € L(LF,SF). Hence {y1 o lp1 C U(LT7€T)7Z[)1 o
lor € U(Lr,&r) and loy olon € L(Lp,&F). Therefore U(Lr,&r), U(Lr,&r) and L(LF,&F) are
RHKUI’s of H. =

Lemma 3.24. Every RHKUI is a SHKUI.
By adding a condition, we explore the converse of Theorem .

Theorem 3.25. Let L = (Lp,L;,Lr) be a NS in H satisfying the condition (@) If the
nonempty sets U(Ly, &), U(Ly,&r) and L(Lp,&r) are RHKUI's of H for all &7, &7, & € [0, 1],
then L = (Ly, L1, Lp) is a RNHKUT of H.

Proof. If the nonempty sets U(Lp,&r),U(Ly, &) and L(Lp,&r) are RHKUI’s of H,
then by Lemma they are SHKUI’s of H. By Theorem that L = (Lp, Ly, LF)
is a NSHKUI of H. Hence the condition (@) is valid. Let lp1,lop2 € H. Then the sets
U(Ly, L7(lo2)),U(Ly, L1(lo2)) and L(Lp,Lp(lg2)) are RHKUI's of H, and so lp; o lpg C
U(Lr, Lr(lo2)),lo1olor € U(Ly, Li(lp2)) and lg10loy € L(Lg, Lr(lp2)). Hence Ly(u) > Ly (lp2),
L;(v) > Li(lp2) and Lr(w) < Lp(lo2) for all u,v,w € lp1 olp1 and so Lz (lo1 o lo1) > Lr(lp2),
«Lr(lprolo1) > Li(lo2) and *Lg(lp1olor) < Lr(lo2). Therefore L = (Ly, Ly, Lr)isa RNHKUI
of H. =

We provide conditions for a NSHKUI to be a RNHKUI.

Theorem 3.26. Let L = (Lp, Ly, Lr) be a NSHKUI of H which satisfies the condition (@)
Then L = (Lp, L7, Lr) is a RNHKUI of H iff the following assertion is valid.

«L1(lo1 0 lo1) > L7(0)
(Vilor € H) | «Li(lp1 olo1) > Ls(0) . (18)
*Lp(lo1 olor) < Lp(0)

Proof. It is clear that if L = (Lyp, Ly, Lr) is a RNHKUI of H, then the condition (@) is
valid.

Conversely, assume that L = (Lp, Ly, Lr) isa NSHKUI of H which satisfies the conditions
(14) and (18). Then L1(0) > Ly(ie), L1(0) > Li(ig2) and Lp(0) < Lp(lgo) for all loy € H.
Hence
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«Lr(lor o lo1) > Lr(loz), «Li(lo1 0 lo1) > Li(lo2) and *Lg(lor o lo1) < Lr(lo2).
For any ly1,l02 € H, let
Er =min{" Ly (lp2 0 lo1), L7(lo2) },
&r:=min{"Ly(lo2 0 lo1), L1(lo2)},
&r = max{,Lr(lo2 0 lo1), Lr(lo2)}-
Then U(Lr,&r),U(Ly, &) and L(Lp,€p) are SHKUI’s of H by Theorem B.11. Since L =
(L7, Ly, LF) satisfies the condition (), there exist ug, vg, wy € lg2 o lp1 such that
Ly (uo) =" Lr(lo2 © lo1), L1(vo) =" Li(loz o lo1), Lr(wo) =« Lr(lo2 © lo1).

Hence Lp(ug) > &7, Li(vo) > & and Lp(wg) < &, that is, ug € U(Ly,&ér),v0 € U(L1,&1)
and wg € L(Lp,&r). Hence (lgg 0 lo1) NU(Ly,&r) # 0, (lo2 0 lor) NU(Ly, &) # @ and (lg2 o
lo) N L(Lp, &) # 0. Since loy € U(Ly,&r) N U(L1, &) N L(Lp, €F), by Definition .9 (4),
lor € U(Ly, é7) NU(Ly, &) N L(Lp, £5). Thus

Lr(lo1) > &r = min{" Lz (lo2 o lo1), L1 (lo2)},

Li(lo1) > & = min{* Lz (lo2 o lo1), L1(lo2)},
Lr(lor) < &r = max{«Lr(lo2 o lo1), Lr(lo2)}.
Therefore L = (Lp, Ly, L) isa RNHKUI of H.

(1]

Conclusions

We have introduced the notions of NSHKUI, NWHKUI, NsWHKUI and RNHKUI.
We have considered their relations and related properties. We have discussed characteriza-
tions of NHKUI and NWHKUI have given conditions for a NS to be a RNHKUI and
NSHKUI. We have provided conditions for a NWHKUI to be a NsWHKUI and have
provided conditions for a NSHKUI to be a RNHKUI.
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