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Abstract. The present manuscript delves into the ideology of best proximity point under the purview of
neutrosophic fuzzy metric space. For this purpose, the concept of a new type of mapping named a-proximal
admissible mapping has been defined under the realm of the said space. Also for the contractive condition,
the pre-existent ideologies of Ciric and rational contraction has been combined. Notably, for the sake of best
proximity, concept of a- proximal contraction has also been considered. Here o and 1 can also be regarded as
control functions. Additionally, some examples and applications are also deduced in support of the established
results, for some particular conditions. To the best of known literatures, the results are established for the first

time in the mentioned area.
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1. Introduction

An advanced approach to handle uncertainity and vagueness is neutrosophic sets. It uses
three types of membership grades related to truth, indeterminacy and falsity to establish its
purpose. And that’s the most important part which makes it more efficient than the con-
ventional fuzzy sets in dealing with cases related to uncertainity. This kind of set was first
introduced in a book by Smarandache [2], where the concept of neutrosophy is described as
a philosophical study of neutrality. Some later developments of this concepts include, neutro-
sophic fuzzy set, which was established by Das et. al. [17] in 2020, and neutrosophic metric
space which was given by Kirisci et. al. [12] in 2020. Neutrosophic metric space is a framework
which is also used to model various real life situations related to vagueness. It combines the
concepts of neutrosophic sets and metric space altogether to fulfill it’s name and purpose.
After this development, various fixed point results has been established in this ideology by
several mathematicians such as [13H16].

Also, the notion of fuzzy set was first given by Zadeh [1] in 1965, through one of his ground-
breaking researches. It is the ideology that describes the extent to which a random element
belonging to any random universal set becomes an element of a more specified set, which is
itself a subset of that universal set. The establishment of this theory, allowed it to be used as
a base for the introduction of another concept named fuzzy metric space. Then, the ideology
of fuzzy sets and metric space was amalgamated together by Kramosil et. al. [3] in 1975, to
introduce a new generalization of the traditional metric space, and they called it fuzzy metric
space.

Simultaneously many other recent developments in classical metric space concept has taken
place. Such as the concept of rough metric space by Biswas [27] in 1996 evolved from the
concept of rough sets given by a computer scientist Pawlak [28] in 1982. Then the theory of
soft sets also took shape in the hands of a renowned mathematician named Molodstov [29]
in 1999. It was designed to handle real life situations related to vagueness and uncertainity,
where the classical set theory falls short of. It is usually characterized by a set of specifica-
tions, and a mapping that links each of the specifications from the set to another set which is
a subset of a random universal set. After this discovery, the concept of soft metric space also
developed under the hands of Das et. al. [30] in 2013. It also turned out to be an extention of
the traditional theory for metric space. Then concept of NFMS was also introduced by Ghosh
et. al. [19] in 2024, by extending the previously established concept of neutrosophic fuzzy sets.
Inspired by Das et. al.’s idea, NFMS uses an extra fuzzy membership grade along with the
pre-existing neutrosophic ones.

Lately, some developments in fixed point results in the realm of different metric space

generalizations, has been showcased in [8,9]/14,/18]. Remarkably after [19], not only several
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conventional fpt established in framework for the said space but also, the ideology of semi
metric has been defined in it’s realm. Lastly, all the established concepts has been brought
together so as to charecterize the completeness of the said space. And also in [10], Sonam et.
al. laid the foundation of soft rectangular b-metric space, as well as deduced some fixed point
results under it’s purview.

On the other hand, the terminology best proximity point puts forward a procedure to deal
with minimum distance between two sets. Mathematically, for a non self mapping T : J — R,
an element m € J is recognized as the BPP of T if 7(m, T (m)) = inf {7(p,q) : p € J,q € K},
where 7 denotes the accustomed distance metric. This kind of result was first established by
Basha [25], and further developments in the concept with respect to different other generalisa-
tions of metric space, has been brought by several other mathematicians such as [22-24.2631].
More specifically, [22] describes some best proximity results in metric space and G-metric space,
where control functions has been brought to use.

To the best of known results, the literature is unavailable for best proximity point in neutro-
sophic fuzzy metric space. However fixed point results have already been established in NMS
and NFMS. The present paper deals with the concept of best proximity point in neutrosophic
fuzzy metric space, where Ciric type mappings which are also o — 1) proximal, have been taken
into consideration. Applications of the established results have also been discussed for some

specified conditions.

2. Preliminaries

Definition 2.1. (NFMS) [19,20] A 7-tuple (&,8,9,F,9,*,¢) is known as an NFMS if &
is any random set, x is a CTN, ¢ is a CTCN and 8,9, F, $ are fuzzy sets on &2 x (0, 00),
which are similar to the notations p(z), Tp(z, ), Ip(z, p) and Fg(z, p) in Definition 3 in [19],
satisfying the following conditions ¥V Oy, m,p € & and 3,a > 0,

B(Opj,m, 3) x B(m, p,a) < B(Oyj, p,3 + a),

B(Opj,m,.) : R — (—00,0) = RT — (1,00) is continuous,
D(Onjym,3) = D(m, Ouy, 3),

D(Onj,m, 3) = 1iff Og5 =m,

(10) limy o0 D(Onf, m,3) =1,

(11) D(On, m,3) x D(m, p, ) < D(Onj, 3 + ),
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(12) D(Ops,m,.) : R — (—00,0) = R* — (1, 00) is continuous,
(13) ( afs M, 3) = F(m, Ony, 3 )

(14) F(Onj,m,3) = 0 iff Opy =

(15) lim; oo §(Onj,m,3) = 0,

(16) F(Onf, m, 3) 0 F(m,p,a) > F(Ouf, 0,3 + a),

(17) F(Onj,m,.) : R — (—00,0) = RT — (1, 00) is continuous,
(18) $H(Onj,m,3) = H(m, Ony,3),

(19) H(Ousym,3) =0 iff Oy =m

(20) 1m0 H(Onf,m,3) =0

(21) H(Onf,m, 3) 0 H(m,p,a) > D(Onyj, ;5 + a),

(22) H(Onj,m,.) : R — (—00,0) = RT — (1, 00) is continuous,

(23) %(anamaﬁ) =0, Q(an7m73) =0, S(an7m73) =1 and *6(011]‘7“173) =1if3<0.
Where B(Oy5,m, 3) denotes the surety that the distance between Oy and m is less than 3,

and D (Onj,m, 3), §(Onj, m,3), H(Onj, m, 3) denotes the degree of nearness, neautralness, non-

nearness respectively of Oy and m w.r.t 3.

Remark 2.2. [19,20] From the above definition, it is clear that V Op;,m € &, B(Oy5,m, )
and D (Oyj, m,.) are non-decreasing functions on [0,00), and F(Onj, m,.) and H(Oyj,m,.) are

non-increasing functions on [0, 00).

Remark 2.3. [19,[20] It can be concluded easily from Remark that, given Oy, m € 6, if
%(an’m’ﬁ)v Q(anvmvﬁ) > 1_3 and S(anamaﬁ)v S;J(an)m73) <3 Vﬁ € (0,00), then an =m

Definition 2.4. [20] (&,8,9,F,9,*,¢) is a NFMS. Then,
(a) A sequence {ann} € G is known to be a Cauchy sequence if for each 3,a > 0,
limn_mo %(D“fn—‘ra’ D“fn’ 3) = hmn_mo @(D D“fn’ 5) =1 and,
hmt‘l—>oo g(ann_i_w anrp 3) = hml‘l—>00 g)(gnfn_i_w anna 3) = 0

ata

(b) A sequence {ann} € & is converging to some Oy € & if V 3 > 0,
hmn—)oo %(antﬂ anv 3) = hml‘l—>oo Q(annv ana 3) =1 and?
limy 00 §(Onfys Onfs 3) = limn 00 H(Ongy, Onfr3) = 0.
A NFMS is said to be complete iff every Cauchy sequence is convergent, and it is known to

be compact if every sequence contains a convergent subsequence.

Definition 2.5. [21] Let (S, 7) be a metric space, and T be a self mapping on &. Then ¥ is

a Ciric contraction or quasi-contraction if and only if|
T(TOp;, Tm) < q. max {7(Onj, m), 7(Onj, TOp), 7(M, Tm), 7(Oyj, Tm), 7(m, TO) }

V Ou5,m € &, where q € [0,1).
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3. Main Results

In this section, some new concepts and BPP results have been established in a complete
NFMS.

Definition 3.1. For a NFMS (&,8,9,§, 9, *,9), a mapping ¥ : & — & is t-unif. cont. if for
every 0 <e<1,30€(0,1): VOu,me & and 3 >0,

B(Onj,m,3) > 16, D(Onj,m,3) >1 -6, F(Onj,m,3) <0, and, H(Onj,m,3) <6
gives,

B(TOn;, Tm,3) > 1 — €, D(TOn;, Tm, 3) > 1 —€, F(TOy;,Tm,3) <€, and, H(TOy;, Tm,3) < e

Remark 3.2. Suppose (&,8,9,F,9,*,¢) is a NFMS and T is a t-unif. cont. mapping on
S. Then for a sequence {ann} € G if Oy, — Oyj as n — 00, Ty, — TOy; as 1 — o0.

Remark 3.3. Suppose (6,8,9,F,9,*,0) is a NFMS where Op;, — Oy and m, — m as
n — 0o. Then, V 3 > 0 as n — oo,
%(annamnyﬁ) — %(anamaa)a Q(annamnyﬁ) — Q(anamaé)a g(gnfnymmﬁ) — C‘{(anamaa)a
anda ﬁ(annvmn75) — ﬁ(an7m73)

Definition 3.4. For a NFMS (&,8,9, §, 9, *,¢), the neutrosophic fuzzy metric (8,9,3F, $)
is triangular V Oy, m,p € & and 3 > 0 iff,
1 1 1

e e Tt |

%(an7m73> %(anvpvﬁ) %(pvmaﬁ)
1 SRS S

@(an7m73) o @(an7p73) g(pamaﬁ) ’

S(anamuz) < S(anvpvﬁ) + g(pvm73)7
5(anam73) < 53(911»;,13,3) +‘6(p7m73)

Now for the results, it has been considered that,

+oo
U = {w :[0,00) = [0,00) s.t ¢ is increasing andzwn(g) <+oo Vi3> O}

n=1
where ¥" denotes the value obtained after n repeatations of .
Also, let J # ¢, R # ¢ C (6,B,9D,F, 9, x,©) which is an NFMS, and,
J0(3) = {Onf € T : B(Onpm, 3) = B(J, R,3), D (Ony m,3) = D(J, K, 3) for some m € K},
Ro(3) = {me R:B(On,m,3) = B(J, R,3),D(Onj,m, 3) = D(J, K, 3) for some Oy € J}, W
where,
B(J, R,3) = sup {B(Onj,m,3) : Onj € J,m € K},
D(J,8R,3) =sup {D (O, m,3) : Onj € J,m € R}.
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Definition 3.5. Suppose J # ¢,8 # ¢ C (6,98,9,F,9,*x,¢) which is an NFMS. Let
T:J—o R and a : JxJ x RY — RT U {0}. Then, T is an a-P4 mapping if, for
Ohnjys Onjgs U1, U2 € J,

(Onfy, Onfys3) = 35

B(u1, TOnjy,3) = B(J, R, 3),
B(uz, TOhnjy,3) = B(J, R, 3),
D(u1, TOx5,3) = D(J, R, 3).
D(u2, TOuiy,3) = D(J, R, 3)

gives a(u,ug,3) >3V 3 >0.

Suppose J # ¢, 8 # ¢ C (6,8,9,F,9,x,0) which is an NFMS, and T:J — & be
such that, J # & Now stipulate B¥(Opj, m,u,0,3), DY (Oy, m,1,0,3), F* (Opj, m, u,0,3), and
Hg(an,m, u,0,3) as:

1 1 1 1
B (O, m, u, v, :max{ ,[ + ],
( I 5) %(an7m73) 2 %(Dnﬁuaz) %(m,b,j)
S IR
2 %(Dﬂfvnaﬁ) %(mauvz)

1 1 [ 1 n 1 ]
Q(anamaﬁ)’Q Q(an>u73) Q(mvnaé) ’

D‘I(anv m,u, 073) = max {

! L1

2 :D(an,t’vé) @(mﬂiaé)

%(manaz)%(gnfauaz)
1+ %(ana 073)

%(anamaﬁ)v%(oﬂﬁnaa)a%(mvuaa)}

@(m7075)©(9nf7u73)
1 +®(anana3)

Q(anama?))a@(gnfa073)7©(m7u>3)}

FE(Dagy 1,0, 3) — max {%(onf,u,z», B(m, v,3),

HT(anu m,u, 055) = max {Q(ana uaa)) Q(mv 055)7

Definition 3.6. Suppose J # ¢, R # ¢ C (6,8,9,F,9,x,¢) which is an NFMS, and
T :J — & be such that, J# K& Also, let o : JxJ x RT — RT U{0}. Then, ¥ is an a-
Y- Poy mapping of Ciric type if, for Og;, m,u,0 € J,

a(Onj,m,3) > 3,

B(u, TOw,3) = B(J, R,3),

B(v,Tm,3) = B(J, R3),

D(u, TO04,3) = D(J, K, 3),

D(v,Tm,3) =D(J, K,3)
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gives,

1 < .
- - _ < _
SB(U7 0’5) 1 = w(B (anam;ua 0,3) ]: (an7m’ u’ 073))

@)
1
Do) 1 < P(D¥(Dyg, my 1, 0,3) — HY (O, m, 1, 0, 3))
V 3 > 0, where ¢ € W.

Theorem 3.7. Suppose J # ¢, R # ¢ C (6,B,9,F,9,*,0) which is a complete triangular
neutrosophic fuzzy metric space, such that Jo(3) # ¢V 3> 0. And T :J — K be a t-unif. cont.
mapping where J # K :
(1) T is an a-Py mapping and T(Jo(3)) € Ro(3) V 3 > 0.
(2) T is an a-p-Poy mapping of Ciric type.
(3) If a sequence my € Ro(3) and Oy € J satisfies B(Oynj, My, 3) — B(J, R,3) as n — 400,
then Ons € Jo(3) ¥ 5 > 0.
(4) 3 Onjy: Onfy € Jo(3) : B(Onjys Tty 3) = B, R,3), D(Onjy, Tty 3) = D(J, R, 3) and
(Onjgs Onfy53) >3 V3> 0.
Then, 3 O™ € J : B(Oni™, TOx™,3) = B(J,8,3), D(On", TOn",3) = D(J, R,3) V3 >
0. Implies that, T has a BPP D" € J.
(5) Furthermore, if,

B (O, TOnj,3) = B(J, K, 3),
B(m, Tm, 3) = B(J, K,3),

D (Onj, TOn1,3) = D(J, R.3),
D(m, Tm,3) =D(J, R,3),

gives, a(Onj,m,3) >3V 3 >0, then T has a unique BPP.

Proof. By condition (4) of the theorem above, it can be said that, 3 Oy, Ons, € Jo(3) :
%(anlazgnfoaﬁ) = %(37ﬁ75)7 Q(anlvzgnfoa3> = 9(37ﬁ73) and a(anNanl?é) > v 3> 0.
A]SO, ‘1(30(5)) g ﬁo(a)a S0 3 ang € 30(5) :

%<anzysgnflvé) = %(Svﬁaﬁ)vg(gnfzag}gnflaé) = 9(37ﬁ73> v 3> 0.

Since T is also a a-P4 mapping, a(Oys,, Onj,,3) > 3-
Implies that,

%(anyrzgnflvﬁ) = %(37ﬁ73)7©(9nf27{§9nf175) = 9(37‘@73) and O[(anlvonfzaﬁ) >3 v 3> 0.
Again, since T(Jo(3)) € Ro(3), I Onjy € Jo(3) :
B(Onjy> TOnt,13) = B, R,3), D(Onfy, TOn,53) = DI, R,3) V3> 0.

Implies that, V 3 > 0,
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B(Onj,, TOnj,,3) = B, R,3),
%(any‘zonfzaé) =B(J, K,3),
D (Onj,, TOus,,3) = D3, R,3),
D(Onfy, TOnj,,3) = DI, R,3),

Vv
W

a(anlaangvé)

Since ¥ is also a a-P4 mapping, &(Oujy, Onfs,3) > 3. Therefore,

B(Onj; TOnf,53) = B(I, R, 3), D(Onfy, TOh1,,3) = D(J, &, 3), and (Onfy, Ongy,3) = 2 V5 >
0.
Continuing in this way, it is procured that,V 3 >0 and n € W,

%(annJrl,Tannaﬁ) - %(37ﬁa5)7©(gnfn+lvsonfn73) = @(3,.@,5) and Oé(ann,ann+1,3> >z
(3)

Now puttingu =m = Oy ,0 = 9O and Oy = Opy,_, in equation (3.2), it is procured that,

"ty

1
—-1<
%(D“fn’ D"fn+1’ 5)

¢(BT(Dﬂfn_lv D"fn’ ann’ D“fn+1’ 5) - IT(ann_la ann’ ann’ D”fn—i—l’ 5))

1
—-1<
Q(anny ann—i—l’ 3)

w(Dg(ann_lv anl‘l’ annv ann+l7 3) - Hg(ann_l7 anl‘l’ annv ann+l7 5))
(4)

vV 3> 0 and n € N where,

B‘I(Dl‘lfn_la ann) anna ann+la 3)

1 1 1 1
= max , = + ;
{%(ann_l7gnfn73) 2 [%<ann—179“fn73) %(annvgnfn+175)]

1 1 1
_ + —1
2 [%(ann—l’gnfn—kl’é) %(ann79nfn75) ] }

1 1 1 1
= max , = + ’
{%(ann_lagnfwﬁ) 2 [%(ann_lygnfnvﬁ) %(annvgnfn+175)]

1
2% <D“fn—1’ D"fn—i—l’ 3) }

1 1 1 1

< max ' 5 + )

{%(ann_lvgnfwﬁ) 2 [%(ann_ygnfn)j) %(annvi)nflﬂ_lvz)]
L ! 1+ ! -1

1
— — + —
2 [%(ann_l7gnfn)3) %(ann79nfn+la5) 2}
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1 1 1 1
S max [P + )
{%(ann_l7gnfn73) 2 [%<ann_l7gnfn73) %(annvgnfn+l75)]

1 Lo 1
2 %(ann_lvgnfn73) %(annagnfn+175) 2

1 1 1 1
= max = +
{%(ann_lvgnfwa) 2 [%(ann_yonfn’é) %(annagnfn+173)] }

1 1
< max , .
B {%(ann_l7gnfn75) %(D“fn’gnfn+173) }

This indicates that,

5Oty Drf Onfy Ony1:3) < { SR TR e } 0
Similarly,
DT(ann_y’ann»anwannﬂvz)SmaX{g(D ! 5 ; . } (6)
tfn_1s Onfr3) D (Onfy Onfgyy3)
Also,

Fz(onfn—l’ D“fn’ D“fw ann—i—ﬁ 3)

%(ann’ D“fn+1’3)%(gnfnfl’ D“fn’3>
1 +£B(D“fnfl’9“fn+1’5) ’

%(D“fn—l’ D“fn’z’)’ %(D“fn—l’ D“fn—Q—l’Z’)’ %(D”fn’gnfn’z’)}

%(ann’ D”fn—f—l’ 5)%(Dﬂfn_l> Dﬂfm 3)
1 +%(D“f\1—1’gnfn+1’5) ’

= max {%(anny anna 5)7 %(anm D"fn+1’ 5)7

= max {%(anu—y Onfnr3): B(Onty Onfy153)

%(D“fn—l’ ann+175)7 1}
=1

Thus,

F* (Onjys Onfs Oy Onf3) = 1. (7)
Similarly,

H* (Dnjy_ys O Oy O y,03) = 1. (8)

Therefore, from equations
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1
%(anna Dl‘lfn+la 3)

~1 < (B (Ofo .y Ovfs O v 03)

fi(g“fnfl’ D“fn’ D“fn’ D“fn+1’ 3))

1 1
<Y | max , —11.
( {%(annl7gnfn’5) %(ann7gnfn+l’5) } )

Similarly,

1
@(ann, D“fn+1’ 3)

-1< QIZ) (DT(ann_l,ann,annagnfn_,_laé)*

Hi(g"fnfl’ D“fn’ D“fn’ D“fnJrl’ 3))

1 1
<Y | max , —11.
( {Q(Dﬂfnlﬂgﬂf;ﬁa) D(Dﬂfn’onfn+l73)} )

: 1 1 _ 1
NOW lf max { %(annilﬁ:)ufnaa) ’ %(anuag“ka‘rlwi) } o %(D“fn’onfn+l’3) ’
and max {Q(annﬂﬁgnfnﬁé)’ SO Onerd) | — DO Ouersd)’ then it is obtained that,
1 1
—1<7 -1
%(anu7gnfn+la5) %(D“fn’gnfn—i—l?z’)
1
< —1

%(anna ann+173)

And similarly,
1 1

—-1< —1
Q(Dufnagnfwrlaﬁ) Q(annagnfn+173)

which results in a contradiction. Thus, V n € N and 3 € (0, ),

1
B (Oyj,, O

1
1< 1],
ey (%(onfnl,oufn,z,) >

1 1
— 1< —1].
Q(D”fn’gnfn+1’5) <©(D“fn1’onfn’5) )

g1 3

From here, it can be established that, V n € N and 3 € (0, c0),

1 1
- 1 S ¢n < ) 9
%(anmonfn—i-l?é) sB<§3"fo7}3“f1’3) -1

1 1
— 1<yt .
DAOm O =Y <©(ao,91,a> - 1>
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Now setting e >0, 3 P € N:

20" < Qo,Qll,a) - 1>

n>pP

20 < Qo,Qll,a) - 1>

n>pP

Suppose t,n € N where t > n > P. Then by using triangular inequality it can be said that,

1
%(anﬂ’ antv

|: D“fo’gnfl’ )_1:|

Z
T r) -
N a>P “fo’D“fl’z) —1 7

and similarly,

1
DOy Ours)
As a result,
lim ! —1| =0, and lim ! —-1| =0.
=00 | B(Oufys Oufpr 3) ’ tn—00 | D (Ohnjy,, Onjy» 3)
That is,

lim %(annvonftvﬁ) =1, and lim Q(annygnftvﬁ) =L

t,n—00 t,n—00
Hence {ann} is a Cauchy sequence. Now since (&,8,D,§, 9, x, ¢) is a complete neutrosophic
fuzzy metric space, 3 Oy" € & : Opj, — Oy as n — 00.

Now since, ¥ is t-unif. cont., by Remark and Remark it can be concluded that,

%<an*7 {Zgnf*v 5) = nlggo %(ann—i-l’ S’ann, 3) = %(37 ﬁv 5)7
Q(an*a ‘Ian*7 3) = nh—>n<30 Q(Dﬂfn_}_la ‘Zgnfn’ 5) = 9(35 ﬁy 5)
Implies that, O™ is a BPP of T.
Now it remains to prove the uniqueness of the best proximity point hence obtained.

Let to the contrary, 3 30 > 0 : 0 < B(Opn",10,30) < 1 and w # Oy* be another BPP of T.
Which means, V 3 > 0,

B(Dui™, TOw™,3) = B(J, &, 3),
B (1, Tw, ;) = B(J, K/,3),
D(On™, TOw",3) = D(J, R,3),
D(1, %, 3) = D(J, K, 3)
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Now given that condition (5) is satisfied, using Equation [2] it can be procured that,
1

%(an*v 10, 30)
1

@(an*, o, 30)

—-1< l/J(B‘I(an*,m,an*,m,jo) - ]:‘I(Duf*amvoﬂf*vmﬁ()))

-1 S w(DT(an*)m7an*7m730) - HT(Dﬂf*7m7an*7m730))
Where,

BT(an*,m,an*,mjéo)
{ 1 1 [ 1 + 1 :|
= Imax , = = * ,
%(an*7m750) 2 %(Dﬂf >Dm‘ 730) %(m7m750)
1 [ 1 1 }}
- . + 1
2 %(an 7m730) %(magnf 750)

1 1 1
= max , 1 " - =
{%(an*vmaﬁo) %(an am’ﬁo) 2}
v
%(an*7 mvéO) '

fT(an*v m; an*a m730)

%(ma maéo)%(gnf*a an*,éo)
1+ B(Ons", m,30)

%(an*7 maéO)? %(an*a m730)7 %(magnf*azo)}
= 1.

— max {*B(an*’gnf*730), %(1‘0, m,50)7

Similarly,

1

DT(an*,mvgnf*7m,30) = m7
ny » )

and, HT(an*;mygnf*7m730) = 1

As a result,

1 1 1

Y (S O
%(an*am)ﬁo) _lp <%(an*)m730) > %(an*7m>30)

and,
1 1 1

e o 1S s ) <z — 1
Q(Dﬂf 7m’50) QIZ) <©(Dﬂf 7ma50) ) Q(Dﬂf ,l’U,jo)

Which is a contradiction. Therefore, B(Oy",10,30) = 1 and D(Oyn*,10,3) =1V 3 > 0. That
gives, On" = 1.
Hence, ¥ has a unique BPP.

Theorem 3.8. Suppose J # ¢, R # ¢ C (6,B,9,F,9,*,0) which is a complete triangular
neutrosophic fuzzy metric space, such that Jo(3) # ¢ V3 > 0. And T : J — K be a mapping
where J # K :
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(1) T is an a-P4 mapping and T(Jo(3)) € Ro(3) V 3 > 0.

(2) ¥ is an a-yp-Poy mapping of Ciric type.

(3) If a sequence my € Ry(3) and Oy € J satisfies B(Oypj, My, 3) — B(J, R,3) as n — 400,
then Oy € Jo(3) ¥V 3 > 0.

(4) 3 Oujgs Onjy € Jo(3) + B(Oujys TOnjy,3) = B(J, 8, 3), D(Onj, s TOhjyr3) = D(J, K, 3) and
(Onjgs Onfy53) 23 V3> 0.

(5) For any sequence Oy € & (O, Onjyy153) 23 V3 > 0 and n with Oy; — Oy as
n — 00, then a(Oyj,, Onj,3) >3 V 3 > 0 and n.
And also, 3 On" € J : B(On", TOn",3) = B(J, R,3) V3 > 0. ie, T has a BPP
O™ € 3.

(6) Furthermore, if,

B(Onf, TOnj,3) = B(J, R,3),

%(m7sm73) = %(37ﬁa5>;
Q(Dl‘lﬁgot‘lfaﬁ) = 9(3>§a3)7
g(m7zm73) 29(3,.@,3),

gives, a(Onj,m,3) >3V 3 >0, then T has a unique BPP.

Proof. Following the aforementioned lines in the proof of Theorem a sequence {ann} €
Jo(3) can be constucted such that, ¥ n € N|

%(ann+l?‘zonfn75) :%(:‘,ﬁ,ﬁ),@(gufnJrl,‘Iann,ﬁ) = 9(37Ra3)>

(9)
a(D“fn’ann+1’3) > 3-
And {ann} — Oy as n — 00, i.e, limy oo B(Oys,, Ong™53) = 1, ¥V 3 > 0. Over and above
that,

B(J,8,3) = B(Onfp > TOnfys3)
> B(Onfyyr> Onj'53) * B(Oni™, TOhyy3)
> B(Onj s Oni™53) * B(Oni™s Onfyy 11 3) * B(Onjyyys TOnfys 3)
= B(Oufy s Onf+3) * B(Oni™s Onfpy153) * B(J, K, 3)-

Implies that,

an*a Z)) * %(an*, ‘Ignfn, 3)

= [UNEE)

> %(D"frH»l’ an*a 5) * %(an*v D“fn+l’ 5) * %(3? ﬁv 5)
Considering the limit as n — oo in the above inequality, it is procured that,

B(J,R,3) >1x h_)m B(Oni™, TOhj,r3) = Lx1xB(J, R, 3),
n o0
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which means,

lim %(an*azgnfwﬁ) = %(37-§75)

n—oo

Similarly,

lim @(an*,ﬂ)nfn,g) = @(3,ﬁ,3).

n—oo

And therefore, by condition (3), On" € Jo(3). Now since T(Jo(3)) € Ro(3), I p € Jo(3) :
B(p, T, 3) = B(J,R,3) and D(p, TO.",3) = D(J, R, 3). Also using condition (4) it can be
obtained that, a(On,, On™,3) >3 Ve W.

Let 3 30 > 0 : B(On",p,30) < 1 and D(Oys",p,30) < 1. Then using equation (3.2), by

taking Oy = Oy, m = Oy, u = O and v = p it is obtained that,

N4

1

%(ann+l’ pa?)(])
1

Q(ann+l’ pa?)(])

-1< ¢(BT(annaan*vgnfn+lvp330) - J—..T(Dﬂfn?an*7gnfn+lapa50))
(10)

-1< w(DT(anna an*a D“fn+1’ p, 30) - HS(anna an*a D“fn+1’ p, 30))

Moreover, it is known that,

lim BT(ann, an*; ann+l7 p7 30)

n—oo

1 1 1 1
= lim | max - = + - ,
“—>°°< {%(annagnf 130) 2 [%(Dﬂfnvonfn+la30) B(Oyy ,P,ﬁo)]

1 1 1
= + - —1
2 [%(annvpvao) %(an ’ann+l’30) ] })
e { 1 1{ 1 N 1 }
= X ' 5 * * * I
%(an*agnf*yﬁo) 2 %(an 7an 730) %(an 7pa30)
1 [ 1 1 ]}
P + * * -1
2 %(Dﬂfmp’ﬁo) %(an aan 730)

2 EB(: n *7| 750) 2 %(C” *7| 730)
1

1
(IR —
2 |: %(an 7p730):|

and,
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lim .FT(ann, an*7 ann+l’ p, 30)

n—oo

%(an*7 13730)%(53@“’ D“fn+l’ 30)
1+ %(ann’ paéO)

%(annyonf*730)7 %(ann) p>30)7 %(D"f*79"fu+1’30)}

%(an*apvao)
1+ %(an*apaéo)

= lim max {%(annygnfn+la30)7 %(an*7p730)7

n—oo

:maX{la%(an*vpvao)a )17%(an*ap550))1}
=1.

Similarly,

* 1 1
D* (Oufs Onf™s Onfrs 15 30) = 3 {1 + D(Ou"po30)

Now considering the limit as n — oo in Equation [§], it is procured that,

:| y and %T(ann7an*agnfn_i_l?p?jo) = 1

1 1 1 ] 17 1 1

B(Oni™, 1, 30) v (2 L B(Onf", 9, 30) > 2 B(On"p,30) ]
And,

1 1 1 ] 1 1 i

@(an ap730) w (2 L Q(an apaﬁO)_ ) 2 L Q(oﬂf ,p730)_

. 1 1 1 1 . *
Imphes that, m < bR and, m < 5. That 18, %(an ,p,jo) > 1, and,
D (O™, p,30) > 1. Which gives a contradiction.
Hence B(Oy",p,3) = 1, and, D(Oy",p,3) =1V 3> 0. As a result, Oy* = p. Therefore,
% has a point of best proximity.

Example 3.9. Suppose & = (—00,00) be endowed with 7(Oy;, m) = [On; — m|, which repre-
sents the usual distance metric.
Now V Opj,m € & and 3 > 0, take,
2 6
3 3 7(Onj, m)
B(O ,m, :—599 y m, = 6 /S _ g’ O y m, = T e N
(O 08) = o (@ DO ™) = 5 e SO ) = s )

and,
T(Dmc, m)3

H(Onj,m,3) = W

Also, define the CTN x and CTCN o as,
axb=min{0,a +b},a0b=max{l,ab} Va,be .

Then it can be noticed that,
(1) %(Dﬂfamvz) € [0’ 1]7
(2) As 7(Onj,m) = 7(m, Oyy), it is evident that, B(Onj,m,3) = B(m, Oyy, 3),
(3) B(On,m,3) =1 when Opp =m,
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2
(4) limy_so0 M’W — 1V Oy ,meS and ;> 0,
ny»

(5) B(Onj,m,3) *B(m,p,a) < B(Ous,p,3+a) V Opp,m,p €S andza>0.
In a similar way, all the conditions for ®,§ and $ can be checked. Hence, the 7-tuple
(6,8,9,5F,9,¢0) is a NFMS.
Now let, J, R C & be given as J = (—oo, —1] and K = [1,00). And the mapping T : J — K be
defined as,

3904”4 10, if Opj € (—o00, —18),
TOy = 26, if Oy € [—18, —10),
(O +5) (O —2)],  if Oy € [-10,-2),
= if Oy € [-2,-1].

Also, let the mappings a : &2 x (0,00) — [0,00) and 1 : RU {0} — R U {0} be defined as,

123, if Opg,m € [-2, —1],
O‘(an)m)j) = !
, elsewhere .

Ol

And,
3
v() = 15 ¥3>0.

Then undoubtedly,
2

58(375&3) = Sup{%(gnf7m73) :Dl’lf € 3am € R} = 523_1_4’
and,
36
Q(ﬁa-ﬁ73) = Sup{©<9“f’m’5) : D“f € 3,1’11 € ﬁ} = 36 + 64
Hence,
2
308) = {90y €35 B m ) = B R3) =
32 +4
6
and D(Opj,m,3) = D(J, R, 3) = 3 i ol for some m € R}
= (-1}
and,
32
faly) = {m e 8B ms) = B8 = 1y
6
and ©(Onj,m,3) = D(J, R, 3) = 3 i ol for some Oy € 3}

= {1}
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It is then obvious that, T(Jo(3)) € Ro(3) V 3 > 0, also B(—1,%(-1),3) = BJ,R,3),

@(—1,3(—1),3) = 9(37R73) andv Oé(—l, _173) Z 3

Now suppose,

o (aym,3) > 3,
B (u, ‘EanaZ?) =B(J,R,3),

Then,
Opjym € [-2, —1],

B(u, TOu1,3) = B(J, £, 3),
B(v,Tm, ;) = B(J, R, 3),
D(u,TOn;,3) = D3, K,3),
D(b,Tm,3) = D(J, R, 3).
)

Therefore, u =0 = —1 i.e., a(u,v,3) > 3. Hence, ¥ is an a-P4 mapping.

Furthermore,

1

w5 1=0< T _ 7T
B(0.3) 1=0<¢(B*(Onp, m,u,0,3) — F (Opj, m,u, 0, 3)),

Paog 10 P(D¥ (g, m,11,0,3) — H¥ (O, m, 11,0, 3)).
Hence ¥ is also an a-9-Poy mapping of Ciric type.

Also if {ann} D (Onfpyy Onfyyy:3) 23V n € W5 € (0,00), where Oy — Oyj as n — o0,
then {ann} C [-2,—1]. Hence Oy € [-2,—1]. As a result, a(Oyj,,Onj,3) >3V ne W3¢
(0, 00).

— All the constraints of Theorem are fulfilled and, p = —1 is the unique BPP, for ¥.

4. Applications to fixed point theory

As it is known that, for a self mapping BPP becomes a fixed point, in this section, some
new ideologies and fixed point results have been discussed for a complete NFMS, where the

equality of the two sets associated with the mapping, has already been assumed.

Definition 4.1. Suppose (&,8,9,F,9,x,0) is a NFMS, T is a self mapping on &, and,
a:6? xRt - RTU{0}. Then T is an o adm mapping if,

a(Onp,m,3) >3 = a(TOn, Tm,3) >3

V 3> 0, where Oy, m € 6.
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Suppose (6,98,9,F,9,x,¢) is a NFMS, and T:6 — &. Now stipulate Bz(an,m,g),
DT(an7m73)7 IT(Dnbm)ﬁ)v and HT(Dufvmvﬁ) as:

1 1 1 1
%(anam33)7§ [%(Dﬂfazgnfaﬁ) * %(mv‘zmaﬁ)] ’

BT(an,m,g,) = max{

1 1 1
5 |:SB(ana‘an§) + %(m7 Tgnfaé) - 1:|}

1 1 1 1
T _ —
D™ (Onj,m,3) = max{@(onf7m,a)’ 2 [”D(an,‘i‘an,z) " dm, Tmaé)] ’

1 1 1

B(m, Tm, 3)B(Onj, TOny, 3)
L+ B(Oyj, Tm, 3) ’

%(ana maé)? %(anv ‘Imuj)a %(m7 SDHf)j)}

Q(ma im,j)C‘D(an, Sgnfa 5)
1"‘@(9“%{:‘0’1,5) ’

@(an7m75)7 Q(ana(zm73)7©(m7 Sanu’))}

]:S(an, m,3) = max {%(Duf, T4, 3), B(m, Tm, 3),

HS(an, m,3) = max {@(an, Ty, 3), D(m, Tm, 3),

Definition 4.2. Suppose (&,8,D,3,$,*,0) is a NFMS, and T: & — &. Also, let o : &2 x
R* — RTU{0}. Then, T is an a-¢-Cy mapping of Ciric type if, for Oy, m € &, a(Onj, m, 3) > 3
implies,
1
B(TOy5, Tm, 3)
1
D(TOnj, Tm, 3)
YV 3 > 0, where ¢ € U.

—1 < w(Bi(an,m,a) - }—T(anamvﬁ))

-1 S QZJ(DT(an,m,ﬁ) - HT(anvmva))

Theorem 4.3. Suppose (&,8,9,F,9,*,¢) is a complete triangular NFMS, and ¥ : & — &
s a t-unif. cont. self mapping:
(1) ¥ is an a adm mapping,
(2) ¥ is an a-y-Cy mapping of Ciric type,
(3) 3 Oujy € & : a(Onsg, TOxfyr3) > 3-
Then T has a fixed point in S.
(4) Furthermore, if On; and m are two fived points of T: a(On;,m,3) > 3, then Opy = m,

i.e, T has a unique fixed point.
Theorem 4.4. Suppose (&,8,9,F,9,*,¢) is a complete triangular NFMS, and T : & — &
s a self mapping:

(1) T is an a adm mapping,
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(2) T is an a-p-Cy mapping of Ciric type,

(3) 3 Ouiy € & 1 a(DOusg, TOn5y»3) > 3,

(4) For any sequence {ann} € & : a(Onjys Onfypyr3) =3 V3> 0 and n with Oy — Ops
as n— oo, then a(Onj,, Onj;3) >3V 3 >0 andn € N.
Then ¥ has a fized point in &.

(5) Furthermore, if On; and m are two fived points of T: a(Ons,m,3) > 3, then Opy = m

i.e, T has a unique fixed point.

5. Applications to climate forecasting

Suppose & = (—00,00) be endowed with 7(Onj, m) = |On; — m|, which represents the usual
distance metric.
Now V Opj,m € & and 3 > 0, take,

32 3° (O, m)

B (O, m, 3) = mv@w“f’m’z’) - m,g(gﬁ,m,g "~ 5+ 7(Dg,m)

and,
T(anvm)3
P+ T(anam)g .
As given in Definition 7 in [19], the function B(Oy;, m,3) represents the certainity that the

5(anam73) =

distance between O,; and m is less than 3, it can also be compared to the fuzzy membership
grade as well. Whereas the functions D (O, m, 3), §(Onj, m,3) and $H(Onj, m, 3) represents the
degree of nearness, neutralness and non-nearness between O,; and m with respect to 3, re-
spectively. Now following the logic of neutrosophic fuzzy sets as given in [17], one can also
compare the above described functions to truth, indeterminacy and falsity membership grades

respectively, as well.

Also, define the CTN x and CTCN o as,
axb=min{0,a +b},a0b=max{l,ab} Va,be 6.

Then it can be noticed that,
(1) %(anvmvz) € [07 1]7

) As 7(Opj,m) = 7(m, Oyy), it is evident that, B(Onj,m,3) = B(m, Oyy, 3),

) B(Oyn,m,3) = 1 when Oy =

3

52+T<Dnvm)
) B(Onj,m, 3) *B(m,p,a) <B(Opj,p,3+a) VOn,mpe&andjza>0.

4) limy_,o0

(2
(3
( —1Van,m€6and3>0,
(5

In a similar way, all the conditions for ©,F and $ can be checked. Hence, the 7-tuple

(6,8,9,5F,9,¢0) is a NFMS.
Now let, J = R = [0,255] C &, where J represents the set of wind speeds (in km/hr) of
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a particular time period, for a particular place and £ represents the set of rainfall (in mm)
of that particular place, and for the same particular time period . And the relation between

them is given by the mapping ¥ : J — K which is defined as,
TOuj = Onj — log(1 + Opj) V Oyj € J.

Here the upper bound of the sets J and R are strictly considered to be 255, because following
the Beaufort and Saffir-Simpson scales which classifies the strength of the winds and the
conditions observed on land or sea, according to the wind speeds recorded, it can be inferred
that, storms with wind speeds > 252 km /hr are already category 5 hurricanes or cyclones, but
such storms are very rare in this world. So to the best of our knowledge, there are not much
storms till now which has exceeded the speed limit of 255 km/hr. But there are certainly some
of them, such as Cyclone Amphan that hit Kolkata in 2020. Wind speeds during that time
were recorded as high as 260 km/hr. Now if one considers the data of wind speeds in Kolkata
for the year 2020, then the upper bound of the sets J and K can also be extended to 260.

Also, let the mappings « : &2 x (0,00) — [0,00) and 1 : RU {0} — R U {0} be defined as,

123, if Oy, m € [0,2],
a(anamaé) = nf

2 elsewhere .

and,
ES

v() = ¢

Vi3>0.

Then undoubtedly,

B(J, R,3) =sup {B(Onj,m, 3) : Onj € J,m € R} =1,

which is achievable only when Oy = m.
and,

D(J,8,3) =sup {D(Onj,m,3) : Onj € J,m € R} = 1.

which is achievable only when Oy = m.

Hence,
J0(3) = {Onj €T : B(Onj,m,3) =B(J,K,3) =1
and ©(Onj,m,3) = D(J, R,3) = 1 for some m € & : m = Oy}

=J
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and,

Ro(3) ={m e R:B(Ons,m,3) =B(J, R,3) =1
and ©(Onj,m,3) = D(J, R,3) = 1 for some Op; € J: Oy = m}
=R
Tt is then obvious that, T(Jo(3)) C ( )V 3> 0.
Also, if Onjp, Ons; € [0,2] 1 Oy T(Onfy)s 3 Onjgs Ony € J0(3) © B(Onjy> T(Ong)r3) =
B(J,R,3), D(Onfy, T(Onfg):3) = (d R,3) and, a(Onjy, Onjy,3) = 3

Now suppose,

Oé(an, mvz) > 3

Then,
Opj,m € [0,2],

B(u, T, 3) = B(J, K, 3),

B(v,Tm,3) = B(J, K,3),

D(u,TOn1,3) = D(J, R, 3),

D(v,%Tm,3) =D(J, R, 3).

Therefore, u = TOpn;, 0 = Tm and u,v € [0,2) C [0,2]. That is, a(u,,3) > 3.

Hence ¥ is an a-P4 mapping.

Furthermore,
1
B(u,0,3)
1
D(u,v,3)

Hence ¥ is also an a-9-Poy mapping of Ciric type.

—-1=0< @Z}(BT(an,m,u, 073) - fT(an,m,u,n,g)),

-1=0 < w(DT(anama u, Uvz) - Hz(gﬂﬁmﬂi? U:é))‘

Also if {ann} D (Onfys Onfpgyr3) =3 Vn € W,z € (0,00), where Ops — Opj as 1 — o0,
then {4, } C [0,2].

Now from the function T, it s also clear that Oy; — 0 as n — oo.
2Oy = 0 € [0,2]; which gives, a(Oys,, Onf3) >3 Vne W, 3 € (0,00).

= All the constraints of Theorem 3.2 are fulfilled and, p = 0 is the unique BPP, for ¥.

But since, ¥ is a self mapping, p = 0 gets converted to fixed point w.r.t all the conditions
satisfied.

. It can be said that, T(0) = 0 is a solution of our rainfall-windspeed function if all the
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conditions of Theorem 3.2 are to be satisfied.
Hence the rainfall and windspeed on a particular day given by the funtion ¥ satisfying all the
conditions of Theorem 3.2 is 0.

Or, neither there is any chance of wind/storm, nor any chance of rainfall on that particular

day.

6. Conclusion

The BPP results are discussed under the the purview of NFMS for a new type of rational
contraction. The triangular property for NFMS is used to establish the results for the first
time. As well as, the concept of t-uniformly continuous mapping has also been used in The-
orem 3.1. Also o — P4 mapping and o — @ proximal contractive mappings of Ciric type has
been used.

To find the applications, the BPP results are converted to fixed point contraction. For the
said purpose, some new concepts such as a-admissible and o — 1 contractive mappings has
been defined under the realm of NFMS.

In future, the deduced results can be generalized by using the concepts of soft sets and
rough sets as neutrosophic soft fuzzy metric space and neutrosophic rough metric space. The
established results are useful to solve initial value and boudary value problems, as well as in
real life, the reckoned results may be used in decision making problems.

As in this research, the climate forecasting is done for rainfall, wind, storm or cyclone using
this phenomena. In future, more generalized real life examples and applications can be estab-

lished for decision making problems.
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