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Abstract. This paper introduces a novel class of generalized open sets, namely Pythagorean neutrosophic
nano d-open sets and their variants (J-pre, J-semi, da, and 63), within Pythagorean neutrosophic nano topo-
logical spaces, extending classical topological concepts to handle uncertainty, indeterminacy, and vagueness
simultaneously. The fundamental properties of these generalized open and closed sets are rigorously analyzed,
and corresponding closure and interior operators are defined to provide essential tools for topological analysis
under uncertainty. Furthermore, the hierarchical interrelations among these sets are established, demonstrating
that d-open = da-open = §S-open / §P-open = §B-open, with counterexamples confirming that converses
do not hold. Finally, a machine learning application is presented to demonstrate the practical utility of con-
structing Pythagorean neutrosophic nano topological spaces from real-world datasets for classification and

decision-making under incomplete information.

Keywords: Pythagorean neutrosophic nano open set, Pythagorean neutrosophic nano § open set,

Pythagorean neutrosophic nano § interior, Pythagorean neutrosophic nano § closure.

1. Introduction

Zadeh [21] first introduced the concept of fuzzy sets in 1965, marking a significant general-
ization of classical (crisp) set theory. In a fuzzy set, each element is assigned a membership
degree in the interval [0, 1], thereby allowing partial belongingness to a set. This pioneering
idea laid the foundation for numerous extensions and applications in uncertain and imprecise
environments.

Building on this, Atanassov [3] proposed the notion of intuitionistic fuzzy sets in 1983 as a

further generalization of Zadeh’s fuzzy sets. In this framework, each element is characterized
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by both a membership degree and a non-membership degree, whose sum does not exceed one,
thus providing a more refined structure for modeling uncertainty and hesitation.

The development of fuzzy topology began in 1968, when Chang [4] introduced the concept
of fuzzy topological spaces, along with the fundamental notions of fuzzy open sets, fuzzy closed
sets, and fuzzy continuity. Subsequently, Lowen [§] presented an alternative formulation of
fuzzy topological spaces, enriching the theoretical foundations of the field. Later, Coker [b]
extended this study by defining intuitionistic fuzzy topological spaces and establishing several
of their key properties.

To enhance the representational capacity of fuzzy sets, Yager [1820] introduced
Pythagorean fuzzy sets, a distinct class of fuzzy subsets in which the sum of the squares
of the membership and non-membership degrees is at most one. This approach offers greater
flexibility than intuitionistic fuzzy sets in handling uncertainty. Inspired by this, Olgun [§]
developed the framework of Pythagorean fuzzy topological spaces, following the foundational
structure established by Chang in fuzzy topology.

Parallel to these developments, Lellis Thivagar [6] introduced a novel topological framework
known as nano topology in 2013, inspired by Pawlak’s rough set theory. In this framework,
nano topological spaces are constructed using the lower and upper approximations and bound-
ary regions of subsets of a universe, determined via an equivalence relation. The open elements
in such spaces are called nano open sets, and their complements are nano closed sets. The term
“nano” signifies the study of very small or fine structures, so nano topology can be viewed
as the topology of minute or granular spaces. The key notions underlying this theory are
approximation and indiscernibility relations.

Further advancements in this area include the study of nano J-open sets in nano topo-
logical spaces by Pankajam and Kavitha [10]. Recently, Lellis Thivagar et al. [7] extended
the framework by proposing the concept of neutrosophic nano topology, which integrates
the indeterminacy aspect of neutrosophic logic into nano topological structures. Addition-
ally, Shiventhiradevi Sathaananthan et al. [13,[14] introduced and examined the properties
of Z-closed sets in double fuzzy topological spaces in 2020. Vadivel et al. [16,[17] introduced
new operators using Pythagorean fuzzy open sets, continuous maps, and irresolute maps in
Pythagorean fuzzy topological spaces.

In the same vein, Padma et al. [9] investigated M-open sets in nano topological spaces, while
Pankajam and Kavitha [10] explored d-open sets within the same framework. Furthermore,
the notion of neutrosophic nano topological spaces was later formalized and studied in detail
by several researchers [[15], thereby bridging the concepts of neutrosophy and nano topology

to handle imprecise, indeterminate, and inconsistent information in a unified setting.
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Research Gap: To the best of our knowledge, no comprehensive investigation has been
conducted on the stronger and weaker forms of Pythagorean fuzzy nano open sets—such as
Pythagorean fuzzy nano §-open, d-semi open, d-pre open, da-open, and §3-open sets—within
the framework of Pythagorean fuzzy nano topological spaces. These classes of sets remain
unexplored in the existing Pythagorean fuzzy literature.

Contribution: The introduction of Pythagorean neutrosophic nano §-open sets and
their variants (d-pre, d-semi, dcr, and 03) represents a significant advancement in general-
ized topology that bridges multiple mathematical frameworks—classical topology, fuzzy sets,
neutrosophic sets, rough sets, and nano topology—into a unified structure capable of han-
dling complex real-world uncertainties. This research is theoretically significant because the
Pythagorean constraint (u? + A? < 1) offers greater flexibility than intuitionistic fuzzy sets
in modeling membership and non-membership degrees, while the neutrosophic component ex-
plicitly captures indeterminacy, which is prevalent in practical scenarios where information is
incomplete, vague, or conflicting. The systematic study of the hierarchy among these general-
ized open sets (6 — da — 6S/0P — §3), along with their corresponding closure and interior
operators, provides researchers with a refined toolkit for analyzing topological structures at
multiple levels of granularity, enabling more nuanced approximations than standard open sets
allow.

Importance of Neutrosophic in the Work : From a practical standpoint, this frame-
work has profound implications for machine learning, data mining, medical diagnosis, im-
age processing, decision-making systems, and pattern recognition, where uncertainty quan-
tification is critical. The nano topological structure based on equivalence relations naturally
connects to granular computing and rough set theory, allowing the identification of certain
knowledge (lower approximation), possible knowledge (upper approximation), and uncertain
regions (boundary). The J-variants provide intermediate levels of approximation that enable
soft boundaries, hierarchical clustering, and three-way decisions. The application to machine
learning demonstrated in the paper illustrates how Pythagorean neutrosophic nano topolog-
ical spaces can be constructed from real datasets to perform feature selection, classification
with confidence scores, and uncertainty-aware predictions, thereby showcasing the practical
utility of these theoretical developments and opening numerous future research directions in
artificial intelligence, soft computing, information systems, and interdisciplinary applications

where modeling uncertainty with mathematical rigor is essential.

2. Preliminaries

Definition 2.1. [1820] Let U be a universal set. Then, a Pythagorean fuzzy set ©, which
is a set of ordered pairs over U, is defined by the following: © = {< ¢, ue (1), As(t) > |t € U}
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or o = {<M> o € U}, where the functions ug(t) : U — [0,1] and A\5(¢) : U — [0, 1]
define the degree of membership and the degree of nonmembership, respectively, of the element
1 € U to ©, which is a subset of U, and for every « € U, 0 < (us(t))?+ (Aa(1))? < 1. Supposing
(1e(1))? + (Ao(1))? < 1, then there is a degree of indeterminacy of « € U to © defined by

1) = V1= [(pe(1))? + (As(1))?] and e (1) € [0,1]. In what follows, (o (1)* + (Aa(1))* +
(m5(1))? = 1. Otherwise, m () = 0 whenever (us(1))? + (As(1))? = 1. We denote the set of
all PFS’s over U by pfs(X).

Definition 2.2. [20] Let © and Q be pfs’s of the forms & = {< a, ps(a), As(a) > |a € U}
and Q = {< a, ug(a), \q(a) > |a € U}. Then
(i) © € Q if and only if ug(a) < pa(a) and Ag(a) > Aq(a) for all a € U.
(i) ©=9Qifand only if 5 C Q and Q C ©.
(i) & = {< a, o (0), po(@) > a € U,
(iv) ©NQ ={< a,po(a) A ug(a), \e(a) V Aq(a) > |a € U}.
(v) ©UD = {< 4, 1o(a) V (@), Ao(a) A Aala) > Ja € U},
(vi) Op ={<a,0,1 >ja€ U} and 1p ={<a,1,0 > |a € U}.
)

(Vii 1_p = OP and 0_p = 1p.

Definition 2.3. [1,2] Let U be a non-empty set and R be an equivalence relation on U. Let
© be a Pythagorean fuzzy set in U with the membership function pg(t) and non membership
function Ag(¢), ¥ ¢ € U. The Pythagorean fuzzy nano lower, Pythagorean fuzzy nano upper
approximation and Pythagorean fuzzy nano boundary approximation of & in (U, R) denoted

by PFN(S), PFN(©) and Bprn(©) are respectively defined as follows:
(©) =
(F) =

N(e
(i) PEN(E) = { (1 ey (1), Aoy (0) /3 € [, € U}
{

(i) PFRE) = { {1, i (s Aoy () € [ € U}
(iii) Bpro(F) = PFR(F ) PEN(F)

where pigc)(t) = Nyep, He(y)
Are)(t) = Nyepr Ao (),
1) () = Ve, Ho (),
Moy () = Ve A ()

Definition 2.4. [Ll,2] Let U be an universe of discourse, R be an equivalence re-
lation on U and © be a Pythagorean fuzzy set in U and if the collection 7g(©) =
{073, lp, PFN(S), PFN(O), Bp;m(@)} forms a topology then it is said to be a Pythagorean
fuzzy nano topology. We call (U, 7z (©)) (or simply U) as the Pythagorean fuzzy nano topo-
logical space. The elements of 7z (©) are called Pythagorean fuzzy nano open (briefly, PF90)

sets.
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Remark 2.5. [I,2] [7r(©)]¢ is called the dual Pythagorean fuzzy nano topology of 7z ().
Elements of [Tz (©)]¢ are called Pythagorean fuzzy nano closed (briefly, PFNc) sets. Thus,
we note that a Pythagorean fuzzy set G of U is Pythagorean fuzzy nano closed in 7 (©) if

and only if 1p — G is Pythagorean fuzzy nano open in 75 (9).

Definition 2.6. [12] Let X be a universe of discourse with a generic element in U denoted by z,
the neutrosophic set is an object having the form & = {(¢, ue(¢),05(¢),A5(t)) : ¢ € U}, where
the functions p : U — [0, 1] denote the degree of membership function, o : U — [0, 1] denote
the degree of indeterminacy function and A : U — [0, 1] denote the degree of non-membership
function respectively of each element ¢ € U to the set S and 0 < ug(¢) +0o5(t) +As(e) < 3 for
each c € U.

Definition 2.7. [11] Let U be a non-empty set (Universe) A Pythagorean neutrosophic set
(briefly, PNS) T and F' as dependent neutrosophic components & on U is an object of the
form & = {{1, 4o (1), o6 (1), Ae (D) e € U},

where p16(1), 0o(t), Ao(¢) are the truth, indeterminacy and false respectively such that p, o, A €
[0,1]. Here when g and A are dependent components, then for all z in U; (i) 0 < p? + A% < 1,
(ii) 0 < p? + 02+ N2 < 2.

Definition 2.8. [l1] Let U be a nonempty set and the Pythagorean neutrosophic sets © and
9 in the form 6 = {(z : ps(t),05(t),Aa(r)), ¢ € UL, Q = {(z : pa(t),oa(t), Aa(t)),t € U}.
Then the following statements hold:

(i) Oy =4(¢,0,0,1) : t € U} and 1y = {(¢,1,1,0) : € U}.

(ii) © CQiff pe() < pa(t),oe(t) < oq(l), As(t) > Aa(e) for all « € U}.
(i) e=QiffeCQand Q C o

(iv) &°={{t, Ae(t), 1 =0e(1), ne() s L € U}

(v) enQ={x,ue(t) Aua(t),os(t) Noal(t), Ae(t) V Aq(e) for all v € U}.

) ( A

(vi) oUT ={z,pus(t) Vua(t),oe(t) Voa(l), As(t) A Aq(e) for all . € U}.

3. Pythagorean neutrosophic nano ¢ (resp. 0 pre, § semi, da and §/3)-open sets

Definition 3.1. Let U be a non-empty set and R be an equivalence relation on U. Let
A be a Pythagorean neutrosophic set in U with the membership function p4, the indeter-
minacy function o4 and the non-membership function A4. The Pythagorean neutrosophic
nano lower, Pythagorean neutrosophic nano upper approximation and Pythagorean neutro-
sophic nano boundary approximation of A in (U, R) denoted by PyNeud(A), PyNeuN(A)
and Bpyneun(A) are respectively defined as follows:

(i) PuNeud(4) = { (1 ki (0)s o) (0 Ay (D) € s € U
(1) PyNeuTi(4) = { (1 gy (1), o0 (0 Mgy (D) v € s € U
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(111) BPyNeum(A) = Py./\/'eu‘ﬁ(A) — PyNeu‘JI(A)

where pig(a)(t) = Ayepp #4W); 0r) () = Ayeprn 7AW)s Ar(a)(0) = Ve, Aa®)-
ME(A)(L) = VyE[L]R MA(?J)JE(A)(L) = VyE[L]R oa(y), )\E(A)(L) = /\ye[b]R Aa(y).

Definition 3.2. Let U be an universe, R be an equivalence relation on U and &
be a neutrosophic set in U and if the collection TgyNeu(A) = {0y, 1y, PyNeuN(A),
PyNeuN(A), Bpyaeum(A)} forms a topology then it is said to be a Pythagorean neutrosophic
nano topology. We call (U, TgyNeu(AD as the Pythagorean neutrosophic nano topological
space (briefly, PyNeudlts). The elements of TgyNeu(A) are called Pythagorean neutrosophic

nano open (briefly, PyNeudlo) sets.

Remark 3.3. [TgyNw(A)]C is called the dual Pythagorean neutrosophic nano topology of

TgyNeu(A). Elements of [TgyNeu(A)]c are called Pythagorean neutrosophic nano closed
(briefly, PyNeudec) sets. Thus, we note that a Pythagorean neutrosophic set N(G) of U
is Pythagorean neutrosophic nano closed in TgyNeu(A) if and only if U — N(G) is Pythagorean

neutrosophic nano open in TgyNeu(A).

Definition 3.4. Let (U, TgyNeu(A)) be a PyNeudlts with respect to A where A is a neutro-
sophic subset of U. Let S be a neutrosophic subset of U. Then neutrosophic nano
(i) interior of S (briefly, PyNeudint(S)) is defined by PyNeuNint(S) = J{I : I C
S & I is a PyNeudo set in U},
(ii) closure of S (briefly, PyNeudicl(S)) is defined by PyNeuNcl(S) = ({A : S C
A & Aisa PyNeude set in U}.

Definition 3.5. Let (U, TgyNeu(A)) be a PyNeudits with respect to A where A is a neu-
trosophic subset of U. Then a neutrosophic subset S in U is said to be neutrosophic nano
regular open (briefly, PyNeudro) set if S = PyNeudlint(PyNeuNcl(S)) and neutrosophic
nano regular closed (briefly, PyNeure) set if S = PyNeuNcl(PyN euNint(S)).

Definition 3.6. Let (U, 7ar(A)) be a PyNeudlts with respect to A where A is a PNS of U.
Let S be a PNS of U. Then
(i) Pythagorean neutrosophic nano § interior of S (briefly, PyNeuddint(S)) is defined by
PyNeuNdint(S) =U{I : I C S & I is a PyNeuDro set in U},
(ii) Pythagorean neutrosophic nano ¢ closure of S (briefly, PyNeuNdcl(S)) is defined by
PyNeuNocl(S) =nN{A: S C A& AisaPyNeudre setin U}.

Definition 3.7. Let (U, 7ar(A)) be a PyNeudlts with respect to A where A is a PNS of U.
Then a PNS S in U is said to be Pythagorean:

(i) neutrosophic nano d-open set (briefly, PyNeudos) if S = PyNeuNdint(S),
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(ii) neutrosophic nano dP-open set (briefly, PyNeuNdPos) if
S C PyNeudint(PyNeuNdcl(S)),
(iii) neutrosophic nano 0S-open set (briefly, PyNeuddSos) if

S C PyNeuNcl(PyNeuNdint(S)),

(iv) neutrosophic nano da or a-open set (briefly, PyNeuDdaos or PyNeuNaos) if S C
PyNeuNint(PyN euNcl (PyN euNdint(S))),

(v) neutrosophic nano 68 or e* -open set (briefly, PyNeuddfos or PyNeuNe*os) if S C
PyNeuNcl(PyN euint(PyN eudcl(S))).

The complement of a PyNeuDdos (resp. PyNeuNdPos, PyNeuNdSos, PyNeudMdaos
& PyNeuddfos) is called a Pythagorean neutrosophic nano § (resp. 6P, S, da and §3)
closed set (briefly, PyNeuddes (resp. PyNeuNdPcs, PyNeuNdScs, PyNeuNdacs and
PyNeuddfSes)) in U.

The family of all PyNeudtdos (resp. PyNeudNdcs, PyNeuNdPos, PyNeuNdiPcs,
PyNeudNdSos, PyNeuNdScs, PyNeuNdaos, PyNeuNdacs, PyNeuNdBos and PyNeu
MBes) of U is denoted by PyNeuNdOS(U), (resp. PyNeuNsCS(U), PyNeuNdPOS(U),
PyNeuNoPCS(U), PyNeuNdsSOS(U), PyNeuNdSCS(U), PyNeuNoaOS(U), PyNeu
NoaCS(U), PyNeuNnsBOS(U) and PyNeuNsSCS(U)).

Definition 3.8. Let (U, 7pr(A)) be a PyNeudts with respect to A where A is a PNS of U.
Let S bea PNS of U. Then Pythagorean neutrosophic nano
(i) & pre (resp. d semi, da and 0f8) interior of S (briefly, PyNeuNdPint(S)
(resp. PyNeuNdSint(S), PyNeuNdaint(S) and PyNeuNdBint(S))) is defined by
PyN euNoPint(S)
(resp.  PyNeuNdSint(S), PyNeuNdaint(S) and PyNeuNdBint(S)) = U{I : I C
S & Iis a PyNeuNdPo (resp. PyNeudNdSo, PyNeuNdao & PyNeuNdfo) set in U},
(ii) 6 pre (resp. 0 semi, da and 6B3) closure of S (briefly, PyNeuddPcl(S)
(resp.  PyNeundScl(S), PyNeuNdacl(S) and PyNeuddSel(S))) is defined by
PyNeuNdPcl(S) (resp. PyNeuNdScl(S), PyNeuNdacl(S) and PyNeuNdfel(S)) =
N{A:S C A& AisaPyNeuNdPc (resp. PyNeuNdSc, PyNeuNdac & PyN euNdfe)
set in U}.

Theorem 3.9. Let (U, 7ar(A)) be a PyNeudits. Then,

(i) Every PyNeuido (resp. PyNeuNdc) set is PyNeudlo (resp. PyNeudic) set,

(ii) Every PyNeuNdo (resp. PyNeuNdc) set is PyNeuNdPo (resp. PyNeuNiPc) set,
(iii) Every PyNeuddo (resp. PyNeuNdc) set is PyNeuNdSo (resp. PyNeuNdSc) set,
(iv) Every PyNeuMdSo (resp. PyNeuNdSc) set is PyNeuddSo (resp. PyNeudNdfSe) set,
(v) Every PyNeudtdPo (resp. PyNeudNdPc) set is PyNeuNdsfo (resp. PyNeuddfSe) set,
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(vi) Every PyNeuNdao (resp. PyNeuNdac) set is PyNeuNdPo (resp. PyNeuNdPc) set,
(vii) Every PyNeuNdao (resp. PyNeuNdac) set is PyNeuNdSo (resp. PyNeuNdSc) set.

Proof.

(i) If S is a PyNeuNdos in U, then S = PyNeuNdint(S) C PyNeudlint(S). Therefore, S
is a PyNeuNos.

(i) If S is a PyNeuMdos in U, then S is PyNeudos by (i). So, S C PyNeuNint(S) C
PyNeuNcl(PyNeuNdint(S)). Therefore, S is a PyN euddSos.

(iii) If S is a PyNeuNdos in U, then S is PyNeuos by (i). So, S C PyNeudint(S) C
PyNeuNint(PyNeuNdocl(S)). Therefore, S is a PyNeuNdiPos.

(iv) If S is a PyNeuNdSos in U, then

S C PyNeuNcl(PyNeuNdint(S)) C PyNeuNcl(PyNeudint(PyNeuNdcl(S))).
Therefore, S is a PyN eudBos.
(v) If S is a PyNeuddPos in U, then
S C PyNeuNint(PyNeuNocl(S)) C PyNeuNcl(PyNeudint(PyNeuNdcl(S))).
Therefore, S is a PyN eudBos.

(vi) If S is a PyNeuddaos in U, then S C PyNeudlint(PyNeuNcl(PyNeuNdint(S))).
So S C PyNeuNint(PyNeuNcl(PyNeuNdint(S))) € PyNeuNcl(PyNeuNdint(S)).
Therefore, S is a PyNeuddSos.

(vii) If S is a PyNeudNdaos in U, then S C PyNeudint(PyNeuNcl(PyN eudNdint(S))).
So, S C PyNeudlint(PyN euNcl(PyNeuNdint(S))) C PyNeuNint(PyN euNdcl(S)).
Therefore S is a PyNeuNdPos. It is also true for their respective PyNeu closed sets.

Remark 3.10. The diagram shows PyNeuMdos’s in PyNeults.

PyNeuNdos

— T

Py/\/’eu‘ﬁ(i&)s‘ —_— ‘77;/,'\5'(71/91(5;5()5‘ — ‘P;I/Neu‘)wpos

\ /

’ PyN euNdaos ‘

The converse of the Theorem @ need not to be true. The following examples show it.
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Example 3.11. Assume U = {s1, s2, 53, sS4} be the universe set and the equivalence relation is

U/R = {{s1,54},{s2}, {s3}}. Let © = {<O.6,5.1E§,O.4> ) <0.4,08.26,0.8> ) <0.5,0§:73,0.75> ) <0.7,0§3,0.55>}

be a Pythagorean neutrosophic set of U.

S1, 84 52 53
D1 =
Pyl eui(©) {<0.6, 0.8, 0.55> ’ <0-4, 0-6,0-8> ’ <0.5, 0.7, 0~75>} |
— S1, S4 52 53
N =
PyNeul(©) {<0.7, 0.9, 0.4> ’ <0.4,0.6, 0.8> ’ <0.5, 0.7,0-75>} ’
51,84 82 53
B eu = ) ’ '
PuNeun(©) {<0.55,0.2,0.6> <0.4,0.4,0.8> <0.5,0.3,0.75>}

Thus TgyNe“(@) = {0p, 1p, PyNeuN(8), PyNeuN(S), Bpyneun(S)}. Then
(i) {<0.7$,(1Jf§?0.4> ) <OA4,5.26,0.8> ) <0.5,0?$,0.75 >} is a PyNeudlo (resp. PyN euNéPo,
PyNeudfo and PyN euNdPo ) set but not PyNeudo (resp. PyNeuNdo, PyNeuddSo
and PyNeuMdao) set.
(ii) {<0.5§,16.824,0.6> , <0.87§.2470.4> , <0.75’%§3,0.5 >} is a PyNeuNMdSo set but not PyNeudNdo (resp.
PyNeuddPo) set.
(iii) {<0_55‘9’6j§"‘0.65> , <0_55705_2470_75> , <0.6,(§.1,0.5 >} is a PyNeuddBo set but not PyNeuddPo

set.

Theorem 3.12. Let (U, TgyNe“(A)) be an PyNeuts and {Sy|a € I} be a family of
PyNeuddfo (resp. PyNeuNdfe) sets in (U, TgyNeu(A)). Then (J{Sa|a € I} (resp.
{Sa|a € I}) is a PyNeuNdBos (resp. PyNeuNdBes).

Proof. Let {Syla € I} ba a family of PyNeuddfo sets in (U, Tgy/vw(/l)). Then
for each a, S, C PyNeuNcl(PyNeuNint(PyNeuNdcl(Sy))).  Since S, < U Sa,
PyNeuNcl (PyN eudint(PyN euNdcl(Sy))) € PyNeuNcl(PyNeuNint(PyN euNocl(|J Sa)))
and also S, C  PyNeuNcl(PyNeuNint (PyNeuNdcl(|JSa)))- Hence |JS, C
PyNeuNcl (PyN eudint(PyN euNdcl(|J So))) which shows that |JS, is an PyNeuddSos.

The other case is similar.

Remark 3.13. The Theorem is also true for PyNeuMdSos, PyNeuNdPos and
PyN euNdao.

Remark 3.14. The intersection of two PyNeuMdBos’s need not be PyN euNd[os.

Example 3.15. In Example , let A= {<0.4s(1)ji40.6> , <0.5 o4 0.6> , <0'6 ox 0.4>} and
B = {<0.5s,(1)§?0.7> ’ <0.5,OS.26,0.6> ’ <0.7,§.35,0.5>} are. PyNeuddfo sets but A N B =
{<ol4€:(1)filo.7> v <0.5,5.24,0‘7> v <0.6,§.?é,0.5>} is not PyNeudtdfo set.

Theorem 3.16. Let K be a PyNeudidfe set in (U, TgyNeu(A)) then PyNeuNdfcl(K) — K
does not contain any non-empty PyN euMc set in (U, TgyNeu(A)).
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Proof. Let K be a PyNeudifSc set in (U, T;gyNeu(A)) and S be a PyNeule subset of
PyNeuNofel(K) — K. That is, S C PyNeuNoScl(K) — K implies S C PyNeudNdScl(K) A
(1p — K). That is S C PyNeuNdBcl(K) and S C (1p — K) which implies K C (1p — S) where
1p — S is a PyNeuNo set. Since K is PyNeuNdBes, PyNeuNdfel(K) C (1p — S). That is
S C (1p — PyNeuNdfel(K)). Thus S € PyNeuNdBel(K) A (1p — PyNeuNdfel(K)) = Op.
Hence S = 0p. Therefore PyNeudtdScl(K) — K does not contain any non-empty PyN eule
set in (U, 75V (A)).

Remark 3.17. The converse of the Theorem need not be true as seen from the following

example.

Example 3.18. In Example v let K = {<0.7€5f§?0.4> ; <0.4,(§.26,0A8> 4 <0.5,0€$,0.75>} be any
subset of U then PyNeuMNdfcl(K)— K = 1p — K which is a non-empty PyNeues in U, but

K is not a PyNeuNdBes in U.

Theorem 3.19. Let K be a PyNeut subset in (U, TgyNeu(.A)) then K is PyNeuddfes if
and only if PyNeuNofcl(K) — K is a PyNeuMNe set in (U, TgyNeu(A)).

Proof. Let K be a PyNeu subset in (U, TEyNeu(A)). Assume that K is PyNeuddScs
then we have PyNeudNopcl(K) = K, PyNeuNdfcl(K) — K = 0p which is PyN euMcs.

Conversely, assume that PyNeuNdfcl(K) — K be PyNeudcs and K is a PyNeuddSc set
in U. Now PyNeuNdBel(K) — K is a PyNeuic subset of itself. Therefore by Theorem ,
PyNeuNdfcl(K) — K = 0p. That is PyNeuNdfcl(K) = K, implies K is PyNeudNdBes.

Theorem 3.20. If K is PyNeuddSc set in (U, TgyNeu(.A)) and K C L C PyNeuNdpBcl(K),
then L is also PyNeuddScs in (U, TgyNw(A)).

Proof. Let K be a PyNeuddfe set in U and K C L C PyNeuNiBcl(K). Let L C O
where O be PyNeudc set in U. Since K C L, implies K C O and K is PyNeutdBcs, implies
PyNeuNdScl(K) € O. By hypothesis L C PyNeuNdBcl(K), implies PyNeuNdBel(L) C
PyNeuNofel (PyNeuNndfel(K)) = PyNeuNdfel(K) C O, which implies PyNeuddSel(L) C
O. Therefore L is PyNeuNdBes in U.

Theorem 3.21. If a subset K of U is PyNeuddfSc set, then PyNeudel({z,}) N K # 0p for
each z, € PyNeuNdpcl(K).

Proof. Suppose K is a PyNeuddfc set and z, € PyNeuNdScl(K). If possible
PyNeuNcl({z,}) N K = 0p. Then K C 1p — PyNeuNcl({z,}) and 1p — PyNeuNcl({z,}) is
a PyNeuNo set containing K. Since K is PyNeuddfc set, implies PyNeuNdSBcl(K) C
lp — PyNeuNecl({x,}) which is a contradiction to =, € PyNeuNdBcl(K). Therefore,
PyNeuNcl({z,}) N K # Op.
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Theorem 3.22. If PyNeuNépO(U, A) = PyNeuNoSC (U, A), then PyNeuNspC(U, A) =
P(U) is the power set of U.

Proof. Suppose K C O, where O is PyNeuddos in U. Since every PyNeuddo
set is PyNeuNdBos, O is PyNeuddBos. By hypothesis, O is PyNeudtdBcs. Hence,
PyNeuNdpel(K) C O. Therefore, K is a PyNeuddfc set. Since, K is arbitrary, by Theorem
, every subset of U is PyNeuNdBcs. Thus PyNeuNspC (U, A) = P(U).

Remark 3.23. The Theorems B.lj, B.ld, B.19|, b.2d, l32]J and are also true for
PyNeuNtdPos(U), PyNeuddSos(U) and PyNeuNdao(U).

Proposition 3.24. If S is a PyNeudMdos and T is a PyNeuNdBos, then SN T is a
PyN euNdBos.

Proof. SNT C Sn PyNeuNcl(PyNeuNint(PyNeuNdcl(T))) € PyNeudNel(S N
PyNeuNtint(PyNeuNocl(T))) C PyNeuNel(PyNeuNint(PyNeuNdcl(S N'T))). Therefore
SNT is a PyNeuNdPos.

Remark 3.25. The Proposition is also true if T is a PyNeuNdPos, PyNeuNdSos and
PyN euNdaos.

Proposition 3.26. If S is a PyNeuNdPos and T is a PyNeuNdaos. Then SNT is a
PyN euNdPos.

Proof. SNT C PyNeuNint(PyNeuNocl(S))) N PyNeuNint(PyN euNcl(PyN euNdint
(T)) <€ PyNeudtint(PyNeudlint(PyNeuNdcl(S))) N PyNeudcl (PyNeuNdint(T)) C
PyN eudNint(PyNeudel (PyNeuNocl(S))) NPyNeuNcl(PyNeuNndint(T)) C PyNeudint
(PyNeuNel (PyNeudcl(SNT))) = PyNeu int(PyNeuNocl(S NT)). Therefore, SNT is
a PyNeuNdPos.

Corollary 3.27. If S is a PyNeuNdPcs and T is a PyNeuNdacs. Then SUT is a
PyNeuNdPcs.

Proposition 3.28. If S is a PyNeus of U and T is a PyN euddPos of U such that T C S C
PyN euNel (PyNeuNdint(T)). Then S is a PyNeuNdPos.

Proof. Since T is a PyNeuNdPos, T C PyNeudint(PyNeuNdscl(T)). Now
S C PyNeuNcl(PyNeuN dint(T)) C PyNeuNc(PyNeuNdint(PyNeud int(PyNeu
Nocl(T)))) = PyNeuNcl(PyNeuNint(PyNeuddcl(S))). Hence S C PyNeuNcl(PyNeu
Nint(PyNeuNdcl(S))). Therefore S is a PyNeuddSos.

Proposition 3.29. If each T is a PyNeuMdBos which is a PyNeuNdScs is also a
PyN euNdSos.
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Proof. Let T be a PyNeuNdBos and PyNeuNdScs. Then, T C PyN euNcl(PyN euint
(PyNeuNocl(T))) and PyNeudNint(PyNeuNdcl(T)) C T. Therefore, PyN euNint(PyN eu
Nocl(T)) € T and so, PyNeuNcl(PyNeuint(PyNeuNdcl(T))) C PyNeuNcl(PyNeu
MNdint(T)).

Hence, T' C PyN euMcl(PyNeuint(PyNeuNdcl(T))) C PyNeuNel (PyNeuNndint(T))).
Therefore, T is a PyN eudtdSos.

Proposition 3.30. If T is a PyNeuMdScs and PyNeuNdSos. Then T is a PyNeuNdcs.

Proof. Since T is a PyNeuNdfes and PyNeudNdSos. Then, 1p — T is a PyNeuNdPos
and PyNeuMdScs and so by Proposition , 1— P —Tis a PyNeuMdSos. Therefore T is
a PyNeuNdcs.

Proposition 3.31. If each T is a PyNeudldBos which is a PyNeuMdacs is a PyNeuddcs.

Proof. Let T be a PyNeuNdfos and PyNeuNdacs. Then,
T C PyNeuNcl(PyNeudint(PyNeuNdcl(T))) and PyNeuNcl(PyNeudint(PyNeuNd
c(T))) € T. Therefore, PyNeuNcl(PyNeuint(PyNeuNocl(T)) € T C PyNeuNcl(Py
NeuNint(PyNeuNdscl(T))). So, T = PyNeuNcl(PyN euNint (PyNeuNdcl(T))). Therefore,
T is a PyNeuNdcs.

Corollary 3.32. If each S is a PyNeuddBes, which is PyN euMdaos, is also a PyNeuNdos.

Theorem 3.33. Let (U, 7r(P)) be a PyNeudits, S be a PyNeuNdSos and T be a PNS
such that T'C S C PyNeuddScl(T). Then T is also an PyN euNdSos.

Proof. S C PyNeuNdScl(T), implies that PyNeuNdScl(S) C PyNeuNdScl(T)
and so S C PyNeuNcl(PyNeuNdint(S)) € PyNeuNcl (PyNeuNdint(T)) and so T C
PyNeuNcl(PyNeuNdint(T)). Therefore T is a PyN euNdSos.

Remark 3.34. Theorem is also true for PyNeuNdPos, PyNeuNdaos and
PyN euNdBos.

Theorem 3.35. Let (U,7r(P)) be an PyNeudlts and let S and T be PNS’s. Then the
following hold.
(i) PyNeuNdBint(0p) = 0p and PyNeuNdBint(lp) = 1p.
(ii) S is a PyNeuNdBos iff S = PyNeuNdBint(S).
(iii) PyNeuddBint(S) is the greatest PyN euNdfos containing S.
(iv) PyNeundBint(PyNeuNdBint(S)) = PyNeuNdBint(S).
(v) S C T implies that PyNeuddSint(S) C PyNeuNdBint(T).
(vi) PyNeuNndfint(S NT) = PyNeuNdBint(S) N PyNeuddBint(T).
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(vil) PyNeuNofint(SUT) 2 PyNeuNdfint(S) U PyNeuNdSint(T).
(viii) PyNeuNdBint(S) C S.

(ix) (1p — PyNeuddipint(S)) = PyNeuNdBecl(lp — S).

(x) PyNeuddBint(S) is the greatest PyNeudtdfos contained in S.

Proof.

(i) The proofs are directly from Definition @

(ii) Suppose S is any PyNeuddBos of U. Then, the greatest PyNeudldfos containing in S
is itself. Therefore PyNeuMdfint(S) = S.

(iii) If G is any PyNeuddfos contained in S, then S C PyNeuNdfint(S). Hence,
PyNeuddSint(S) is the greatest PyNeuddSos containing S.

(iv) By (iii) the greatest PyNeuddBos containing PyNeuNdBint(S) is itself. Hence,
PyNeud fint(PyN euddfint(S)) = PyNeuNdBint(S).

(v) PyNeuddsint(T) =
U{G|G is an PyNeuNros and G C T} O U{G|G is an PyNeudiros and G C S} =
PyNeuNdfint(S). Then PyNeuNdBint(S) C PyNeundBint(T).

(vi) PyNeunspint(S N T) = U{C|C isan PyNeuNros and C C S N T} =
(U{C1C is a PyNeuNros and C C S}) N (U{C|C is a PyNeudros and C C T}) =
PyNeuNopint(S) N PyNeuNoBint(T).

(vii) S € SUT or T C SUT. Hence PyNeuddfint(S) C PyNeudNdfint(S U T)
or PyNeuNdpint(T) C PyNeuNdfint(S U T). Therefore, PyNeuNdfint(S UT) D
PyNeuNofint(S) U PyNeudBint(T).

(viil) PyNeuddBint(S) = U{G|G is an PyNeudiros and G C S}. Thus, PyNeuNdBint(S) C
S.

(ix) PyNeuNdBint(S) is the greatest PyNeudMdBos containing S. The complement is the
smallest PyNeuddfBes contained in 1p — S. Therefore, 1p — PyNeudofint(S) =
PyNeuNdfel(lp — S).

Theorem 3.36. Let (U,7r(P)) be an PyNeudlts and let S and T be PNS’s. Then the
following hold.

(i) PyNeuNdBcl(0p) = 0p and PyNeuNdSBel(lp) = 1p.
(ii) S is an PyNeudNdfes iff S = PyNeudNdscl(S).

(iii) PyNeuddSel(S) is the smallest PyNeuddSes contained in S.
) PyNeuNoBel(PyNeuNndBel(S)) = PyNeuNdBel(S).

(v) S C T implies that PyNeudoScl(S) C PyNeuNdsel(T).

(vi) PyNeuNdBel(S NT) C PyNeuNdBcl(S) N PyNeuNdBel(T).

(vil) PyNeuNofel(SUT) = PyNeuNdpel(S) U PyNeuNdBel(T).
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(viii) S C PyNeuNdScl(S).
(ix) (1p — PyNeudipcl(S)) = PyNeuNdBint(1p — S).
(x) ¢ € PyNeuNdpel(S) iff SNT # 0p for every PyNeuNdPBos T containing x.

Proof. (x) Suppose 1 € PyNeuNdBcl(S). Let T be a PyNeuNd[os containing x. If SNT =
Op, then 1p —T is a PyNeuNdBes containing S and so x ¢ PyNeuddScl(S), a contradiction.
Therefore, SNT # 0p. If & ¢ PyNeudNdSel(S), then there exists a PyNeuddSBes C containing
S such that x ¢ C. Then D = 1p — C' is a PyNeuNdBos containing = such that SN D = 0p,
a contradiction. Therefore, 1 € PyNeudMdBcl(S). The other cases are follows from Theorem

3.3,
Theorem 3.37. Let (U, 7r(P)) be an PyNeudts and S be a PNS. Then the following hold.
(i) PyNeuNdPint(S) C S NPyNeudint(PyNeudNdcl(S)).

(i) PyNeuNoPcl(S) 2 S U PyNeuNcl(PyN euNdint(S)).

(ili) PyNeuddSint(S) C SN PyNeuNcl(PyNeuNdint(S)).

(iv) PyNeuNdScl(S) 2 S U PyNeudMint(PyNeudNdcl(S)).

(v) PyNeuNdaint(S) C S N PyNeuNint(PyN euNcl(PyNeuNdint(S))).

(vi) PyNeuNdacl(S) 2 S U PyNeuNecl(PyN eudlint(PyNeuddcl(S))).
(vil) PyNeuNsfint(S) C S N PyNeuNcl(PyNeudtint(PyN eudNdcl(S))
(viii) PyNeuNdBel(S) 2 S U PyNeudint(PyNeuNcl(PyN euNdint(S))

S
S

)
)

Proof. (ii) Since PyNeuNoPcl(S) is PyNeuNdPcs, we have PyNeuNcl(PyNeunt
dint(S)) C PyNeuNcl(PyNeuNdint(PyNeuNdPcl(S))) C PyNeuddPcl(S)). Thus S U
PyNeuNcl(PyN euNdint(S)) C PyNeuddPcl(S). The other cases are similar.

(5)))-
(5)))-

Theorem 3.38. Let (U, 7r(P)) be a PyNeuts and let S be a PNS. Then the following are

equivalent.

(i) S is PyNeudds dense.
(il) PyNeuNdBcl(S) = 1p.
(iii) If T is any PyNeuddBes such that S C T, then T' = 1p.
(iv) Every non-empty PyNeuddBos has a non-empty intersection with S.
(v) PyNeundpint(lp —S) = 0p.

Proof. (i) = (ii): Suppose z ¢ PyNeuNdScl(S). Then there exists an PyNeuddLos
G containing z such that GN S # 0p. Since G is a non-empty PyNeudldSos, there is a
non-empty PyNeuNos H such that H C G and so H NS = 0p, a contradiction. Therefore,
PyNeudocl(S) = U.

(ii) = (iii): If T is any PyNeuNdBcs such that S C T, then 1p = PyNeuNdBel(S) C
PyNeuNdSel(T) = T which implies that T = U.
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(iii) = (iv): If G is a non-empty PyNeudtdfos such that GNS = Op, then S C 1p — G
and 1p — G is PyNeuNdfSes. By (iii), it follows that G = 0p, a contradiction.

(iv) = (v): Suppose that PyNeuNdfint(1p — S) # Op. Then PyNeuNofint(lp — S) is
a non-empty PyNeuDdos such that PyNeuNdint(1p — S) NS # Op, a contradiction to the
hypothesis.

(v) = (i): PyNeudNopint(lp — S) # Op implies that 1p — PyNeudNofint(lp — S) = 1p.
Thus PyNeuddSel(S) = 1p. Hence PyNeuNdSel(S) = 1p which shows that S is PyN eudd5-

dense.

Remark 3.39. The Theorems , and are also true for PyNeuMdos,
PyNeuNdPos, PyNeudNdSos and PyN euNdaos of their respective interior and closure op-

erators.

4. Application

The process of teaching a machine learning algorithm to identify patterns, anticipate out-
comes, or carry out particular tasks by providing it with data is known as Al model training.
To guarantee the model operates efficiently and dependably, this procedure includes a number
of crucial actions, resources, and factors.

AT Model Training

Step:1 Clearly state the problem your model must address, such as sentiment analysis or
image classification.

Step:2 Get relevant, high-quality data. Make sure to properly classify the data for supervised
learning. To enhance model performance, preprocess the data by cleaning, standardizing, and
enriching it.

Step:3 To guarantee an objective assessment, separate the data set into training, validation,
and test sets.

Step:4 Model is changing its architecture by enhancing design procedures, automating tasks,
and boosting sustainability and efficiency.

Step:5 Evaluation and optimization happen together, improving the model by adjusting
based on performance checks during training.

Step:6 Fine-tuning adjusts a model for better performance by tweaking hyper parameters
and often using pre-trained models for specific tasks.

Step:7 The learned model is implemented in actual operational environments and its per-
formance is continually monitored to address issues such as model drift, thereby ensuring
sustained efficacy and accuracy.

Suppose we have a Al model which is to be trained for real life problems. Actually the

data set was classified into three groups namely D1,Ds and D3. Hundred datas in each groups
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are used to train the model every day. The number of data used for training, fine tuned the
model and no modification in the model by the grouped data is denoted by the membership
value, indeterminacy value and the non membership value of the Pythagorean neutrosophic
set respectively.Now their upper, the lower and boundary approximations are given below.
Let A = {Di, Dy, D3} be the universe of discourse. Let A/R = {{D1, D2},{D3}} be an
equivalence relation R on A and Pythagorean neutrosophic set on A is denoted as follows

o= {<0.67é)_§)70.5> , <0.77£§70.3> ) <0_6’€§70.5 >} , be a Pythagorean neutrosophic set on A then

. D17D2 D3
PyN eu(P) = {<o,6, 0.5, 0.5> ’ <0.6,0-6, 0-5>} ’
- . D17D2 D3
PyNeud(P) = {<O.6, 0.5, 0.5> ’ <0.6,0.6, 0-5>} ’

Dy, Dy D3
B eu = ) .
Pueun(P) {<0.5, 0.5, 0.6> <0.5, 04, 0.6>}

<060605>

PyNeun(P),

D1,Dq
0.7,0.5,0.3

D1,Dy
0.6,0.5,0.5

PyNeuN(P) U PyNeudt(P) = >
PyNeuN(P) U Bpyneun(P >
PyNeuN(P) U Bpyrreun(P 0. %’51)(2) 3 >
P) )
P) )

i

i

i
PyNeu(P) 1 PyNewi(P) = { (2424

1

=

)= 060605> PyNeun(P)
)= )

060605>

}_
(osbi0s)} =
(osbims)} =
<060605>} PyNeun(P),
(osttms)} =

}_

PyNeu(P ﬁBPyNeu‘ﬂ(P) O?éBD(Q)G 050406>

PyNeud(P) N Bpyveun(P s 6> < 050405 Bpynveun(P

0p UPyNeuN(P) = PyNeuN(P), 0p UPyNeuN(P) = PyNeuR(P), 0p U Bpynreun(P) =
Bpyneun(P),

1p UPyNeuN(P) = 1p, 1p U PyNeuR(P) = 1p, 1p U Bpyneun(P) = 1p,

1p N PyNeuN(P) = PyNeu(P), 1p N PyNeuN(P) = PyNeuN(P), 1p N Bpyneum(P) =
Bpyveun(P),

0p N PyNeuR(P) = 0p, 0p N PyNeuN(P) = 0p, 0p N Bpyneun(P) = Op.

Therefore, TgyNeu(P) = {0p, 1p, PyNeuN(P), PyNeuN(P), Bpyneun(P)} forms a topol-
ogy.

BPy./\/ eu (7))’
(P)

)

5. Conclusions

In this paper, we introduce and investigate several new types of strongly and weakly
open (respectively closed) sets, namely PyNeuNdo, PyNeuNdc, PyNeuNdSo, PyNeudNiSc,
PyNeuNndPo, PyNeuNndPc, PyNeuNdao, PyNeuNdac, PyNeuNdBo, and PyN euddSc
sets, along with their corresponding interior and closure operators. Furthermore, we explore
several fundamental properties of these sets within PyANeudts. The study is further extended
to define PyN euNd-continuous, PyN eudd-open, and PyNeudd-closed mappings, including
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their stronger and weaker variants in PyANeuts. Finally, we provide an application illus-

trating how a Pythagorean neutrosophic nano topological space can be utilized in a machine

learning framework.
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