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Abstract: In this paper, we introduce a method for determining the generalized inverse (g-inverse)
and the Moore-Penrose inverse of Neutrosophic Hyper Soft Rough Fuzzy Matrices (NHSRFMs),
along with the necessary conditions. Furthermore, no algorithm currently exists to find the g-inverse
of an NHSRFM. In this study, we present an algorithm to evaluate the g-inverse of an NHSRFM.
Several properties and results related to the g-inverse of NHSRFMs are explored. This paper
concludes with an application of the g-inverse, supported by numerical examples that illustrate the

theorems, algorithm, and application.

Keywords: NHSRFM, generalized inverse (g-inverse), Moore-Penrose inverse, minus ordering.

1. Introduction

The generalized inverse (g-inverse) extends the concept of a matrix inverse to singular or non-
square matrices. Similar to the traditional matrix inverse, the g-inverse plays a crucial role in various
fields, including control systems, robotics, signal processing, and associative memories. The
foundation of fuzzy set theory was laid by Zadeh [1], who introduced the concept of fuzzy sets,
paving the way for handling uncertainty in mathematical frameworks. Building on this, Atanassov
[2] proposed intuitionistic fuzzy sets, an extension that incorporates both membership and non-
membership values. Later, Smarandache [3] generalized these ideas by introducing neutrosophic

sets, which consider three components: truth, indeterminacy, and falsity.

The study of fuzzy matrices began with investigations into generalized inverses by Cen [4,5],
followed by research on matrix partial orders through generalized inverses by Mitra [8]. Khan and
Pal [6] introduced intuitionistic fuzzy tautological matrices, while Shyamal and Pal [14] explored new
operators on fuzzy matrices. Advances in interval-valued intuitionistic fuzzy matrices were made by
Shyamal and Pal [22,23], while Bhowmik and Pal [26,28] contributed significantly to the

generalization of interval-valued intuitionistic fuzzy matrices and their properties.
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In recent years, neutrosophic fuzzy matrices have gained prominence. Anandhkumar et al.
introduced pseudo similarity measures for neutrosophic fuzzy matrices [9], explored various types
of inverses [10], and developed concepts like reverse sharp and left-T right-T partial ordering [11].
Further advancements include k-idempotent neutrosophic fuzzy matrices [19], secondary k-range
symmetric matrices [20,31,32], and generalized symmetric Fermatean neutrosophic fuzzy matrices
[33]. These studies demonstrate the flexibility and applicability of neutrosophic fuzzy matrices in
handling indeterminate and inconsistent information. Other notable contributions include the
introduction of the minus partial order in fuzzy matrices by Meenakhi and Inbam [7], distance
measures for intuitionistic fuzzy matrices by Shyamal and Pal [22,23], and work on controllable fuzzy

matrices by Xin [12].

Al-Quran et al. [42] proposed a novel approach by combining neutrosophic sets with soft rough
sets under uncertainty. Their framework provided a powerful mechanism for dealing with both
indeterminacy and approximation, offering more flexible tools for information processing. This
advancement was further expanded by Das et al. [43], who explored the integration of neutrosophic
soft sets with rough set theory. Their contribution established foundational insights into how these
theories could be effectively merged to address multi-faceted uncertainties in real-world

applications.

Additionally, Kamac1 [44] introduced hybrid structures involving hypersoft sets and rough sets,
enhancing the structural granularity and extending the applicability of soft set theory. This
development aligns with Smarandache’s [45] pioneering work on extending soft sets to hypersoft sets
and subsequently to plithogenic hypersoft sets, where attributes, values, and parameters themselves
possess degrees of truth, indeterminacy, and falsity. These extended models facilitate a richer and

more nuanced understanding of complex decision-making scenarios.

The fusion of soft set theory with fuzzy, rough, and neutrosophic concepts has led to the
development of powerful decision-making tools. Cagman and Enginoglu [36] and Borah et al. [41]
introduced the concept of fuzzy soft matrix theory and demonstrated its application in decision-
making. Muthukumar and Krishnan [34] extended this by developing generalized fuzzy soft rough
matrices with practical applications. Al-Quran et al. [40] proposed a neutrosophic soft rough set
model to manage uncertainty more effectively. Das et al. [37] presented an approach that integrates
neutrosophic soft sets with rough set theory. Jafar and Saeed [38] contributed a matrix-based
framework for neutrosophic hypersoft sets and applied it to multi-attributive and multi-criteria
decision-making problems. Martina and Deepa [35] explored the algebraic structures of rough
neutrosophic matrices and highlighted their decision-making relevance. Jayasudha and Raghavi [39]
further enriched this domain by introducing operations on neutrosophic hypersoft matrices with

validated applications.

G.Punithavalli, K. Ramany, Moore - Penrose Inverses in Neutrosophic Hyper Soft Rough Fuzzy

Matrices



Neutrosophic Sets and Systems, Vol. 99, 2026 302

The authors of [4, 5] introduced the concept of the generalized inverse for fuzzy matrices and
derived numerous theoretical results based on these definitions. However, to the best of our
knowledge, there are no existing algorithms specifically designed for determining the generalized
inverse of a fuzzy matrix. In this study, we extend this concept to Neutrosophic Fuzzy Matrices
(HSRFMs) and propose a straightforward algorithm to compute their generalized inverse.
Additionally, we demonstrate the application of this method by solving a rectangular system of

Neutrosophic fuzzy relational equations using the g-inverse of HSRFMs.

In recent years, extensive research has been carried out on neutrosophic fuzzy matrices (NFMs)
and their various extensions, addressing both theoretical developments and applications.
Harikrishnan et al. [46] introduced novel compositions of NFMs using Min(Max)-Min(Max)—
Max(Min)(*) operators, demonstrating their utility in medical diagnosis problems. Shyamala et al.
[47] focused on the decomposition of NFMs using a-cuts, enriching the structural analysis of these
matrices. Anandhkumar et al. [48] developed the determinant theory of quadri-partitioned NFMs
(QPNFMs) and applied it to multi-criteria decision-making (MCDM), while Radhika et al. [49]
explored the Schur complement in k-kernel symmetric block QPNFMs, extending matrix theory in

the neutrosophic framework.

Further, Radhika et al. [50] investigated interval-valued secondary k-range symmetric QPNFMs
and highlighted their decision-making applications. Punithavalli and Anandhkumar [51, 52] studied
partial orderings, kernel, and k-kernel symmetric structures in intuitionistic fuzzy matrices (IFMs),
bridging intuitionistic and neutrosophic frameworks. Expanding on these, Anandhkumar et al. [53]
examined transitive and strongly transitive NFMs, providing fundamental properties for theoretical
advancements. Murugadas et al. [54] extended the study to interval-valued kernel symmetric, k-
kernel symmetric, range symmetric, and column symmetric NFMs, showing their versatility.
Additionally, Prathab et al. [55] analyzed interval-valued secondary k-range symmetric fuzzy
matrices with generalized inverses, emphasizing the role of inverse operations in fuzzy and

neutrosophic contexts.

1.1 Abbreviations

FM:Fuzzy Matrices

IFM: Intuitionistic Fuzzy Matrices

IFSs: Intuitionistic Fuzzy Sets

NFSs: Neutrosophic fuzzy Sets

NFM: Neutrosophic fuzzy matrices.

NHSRFM = HSRFM = Neutrosophic Hyper Soft Rough Fuzzy Matrices
HSRFPM = Neutrosophic Hyper Soft Rough Fuzzy Permutation Matrices

2. Contribution of Our Work:
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() Novel Algorithm: We propose a straightforward and efficient algorithm for computing the
generalized inverse (g-inverse) of Neutrosophic Fuzzy Matrices (HSRFMs), filling the gap in

existing literature that lacks such computational methods.

(i) Extension to Moore-Penrose Inverse: The study extends the concept of the g-inverse to
include the Moore-Penrose inverse for HSRFMs, providing a comprehensive approach to

matrix inverses in neutrosophic fuzzy environments.

(iii) Exploration of Properties: We examine and establish several theoretical results regarding the

g-inverse of HSRFMs, contributing to the foundational understanding of this concept.

(iv) Application to Relational Equations: An application of the g-inverse is demonstrated by
solving a rectangular system of neutrosophic fuzzy relational equations, showcasing its

practical utility.

(v) Numerical Validation: The theorems, algorithm, and application are supported by detailed
numerical examples, ensuring clarity and practical relevance for researchers and

practitioners.
3. Literature Review

Fuzzy matrix theory has evolved significantly since the inception of fuzzy set theory by Zadeh
[1], which introduced a mathematical framework for handling uncertainty. The subsequent
development of intuitionistic fuzzy sets by Atanassov [2] added an additional layer of complexity by
incorporating both membership and non-membership values. Further extending these concepts,
Smarandache [3] introduced neutrosophic sets, which include truth, indeterminacy, and falsity
components, offering greater flexibility for modeling uncertain and inconsistent data. The
foundational work on fuzzy matrices includes the exploration of their generalized inverses by Cen
[4,5] and matrix partial orders through generalized inverses by Mitra [8]. Shyamal and Pal [14]
expanded this domain by introducing new operators on fuzzy matrices, while Meenakhi and Inbam
[7] proposed the minus partial order for fuzzy matrices. Additionally, the convergence properties of

controllable fuzzy matrices were examined by Xin [12].

Intuitionistic fuzzy matrices have also been a focus of research. Khan and Pal [6] studied
tautological matrices, and Pal [17] introduced intuitionistic fuzzy determinants. Shyamal and Pal
[22,23] developed distance measures for intuitionistic fuzzy matrices, providing tools for comparing
these mathematical structures. Bhowmik and Pal [26,28] further extended this field by exploring
generalized and interval-valued intuitionistic fuzzy matrices, highlighting their potential
applications in uncertainty modeling. Neutrosophic fuzzy matrices, as a generalization of
intuitionistic fuzzy matrices, have become a crucial area of study. Recent contributions by
Anandhkumar and colleagues include pseudo similarity measures for neutrosophic fuzzy matrices

[9], the development of various types of inverses [10], and partial ordering on such matrices [11].
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They also introduced k-idempotent neutrosophic fuzzy matrices [19], secondary k-range symmetric
neutrosophic fuzzy matrices [20,31,32], and generalized symmetric Fermatean neutrosophic fuzzy
matrices [33]. These advancements have expanded the theoretical underpinnings and applications of

neutrosophic fuzzy matrices.

Other notable works include Shyamal and Pal’s [13] research on interval-valued fuzzy matrices
and their operators, and Khan and Pal’s [29] study on the generalized inverse of intuitionistic fuzzy
matrices. The exploration of intuitionistic fuzzy relations by Panigrahi and Nanda [16] and the
semiring properties of intuitionistic fuzzy matrices by Sriram and Murugadas [24] have further
enriched the field. This literature highlights the progressive development of fuzzy, intuitionistic
fuzzy, and neutrosophic fuzzy matrices, showcasing their versatility and applicability across various
domains. The present study builds on these contributions, addressing gaps in the literature and
introducing new compositions and properties of neutrosophic fuzzy matrices. This work aims to

extend the theoretical foundation and practical applications of these mathematical constructs.

4. Comparative of HSRFM model with the existing soft models

Generalized Inverse (g-inverse)
A generalized inverse of a matrix A is any matrix G (not necessarily unique) that satisfies: AGA=A
That’s the only condition required.

Many matrices can satisfy this property, so the generalized inverse is not unique.
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It is often used when solving inconsistent or underdetermined systems of linear equations.
Moore-Penrose Inverse (MP-inverse or pseudoinverse)
The Moore-Penrose inverse A*is a special case of a generalized inverse.
It is the unique matrix that satisfies the following four Penrose conditions:
AXA = A, XAX=X, (AX)™= AX, (XA)T=XA

5. Novelty

The novelty of the references lies in their significant contributions to the development and
advancement of fuzzy, intuitionistic fuzzy, and neutrosophic fuzzy matrices. Zadeh [1] laid the
foundational work with fuzzy sets, introducing the concept of imprecision in mathematical systems,
while Atanassov [2] extended this framework with intuitionistic fuzzy sets, incorporating the idea of
non-membership to better handle uncertainty. Smarandache [3] further advanced this by introducing
neutrosophic sets, adding an additional dimension of indeterminacy, which later led to the creation
of neutrosophic fuzzy matrices (HSRFMs). Cen [4, 5] expanded on the structure of fuzzy matrices,
exploring partial ordering and generalized inverses, key for computational matrix applications. Khan
and Pal [6] contributed to the theory of intuitionistic fuzzy tautological matrices, offering new
insights into their logical properties. Shyamal and Pal [13, 22, 23, 26, 27] introduced interval-valued
fuzzy matrices and developed distance metrics and operators, enriching fuzzy system manipulations.
Mitra [8] unified partial ordering through generalized inverses, providing a robust framework for
linear algebra operations. Dehghan et al. [15] addressed the challenges of inverting fuzzy matrices
with fuzzy numbers, offering new computational methods. Finally, the works of Anandhkumar et al.
[9-11, 19, 20, 21, 31, 32, 33] significantly expanded the field by introducing pseudo-similarity, new
inverse structures, and advanced partial ordering techniques for neutrosophic fuzzy matrices. Their
contributions, including secondary k-range symmetry, generalized symmetric matrices, and
advanced ordering concepts, have paved the way for the introduction of novel methods for handling
uncertainty and improving matrix theory through new compositional operators and symmetry

conditions.

6. Preliminaries

Neutrosophic Hyper Soft Rough Matrix (NHSRM)

In this section, the definition, basic operations and various properties of NHSRM are presented.

Definition 6.1 (NHSRM) Let U = {ul Uy, ...,un} be an non-empty universe set and
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PU) be the power set of U. Let E be the set of parameters

E={4,A,..,A} where ANA =D fori+].
Let S, c4,,] e{l,Z,...,n} then szle gH_’}ZlAf.

The pair ((p,Hj,:le): P(U), where @ is a mapping defined by (p:H;leSj].‘ — P(U) s called
neutrosophic hyper soft rough set. Each element # € U is associated with the values determined by

the hyper soft set, where each parameter can take multiple values. For each element u € U related

with a parameter 4 ;1s represented by the triplet (7; v ; ,F ; ) Whel”eTl_j is the truth membership

I/

function, / is the indeterminacy membership function and F' is the falsity membership function,
[/ g

/

T.I.F [0.1].

If Ff_:y(ul.,Avk), where i=1,2,3,....m , j=1,23,.,n and k=gq,,q,,q;,....,q, then a

NHSRM is defined as
_<}_)“;}_)11> <1—)12;1_)12> <}_) ”;}_)1,1>_
<£21;F21> <£22;Fzz> <£2";an>

<£ml;ﬁml> <£m2;ﬁm2> <£mn;ﬁmn>

IN
I~

P, P P
Lower Approximation matrix is denoted by P , :(Z ; ,L./. aEU ),O

P —

Upper Approximation matrix is denoted by 7’{_/_ = (]_"Upj, F ) ,0< 7_"

[/ i

Thus, we can represent any neutrosophic Hyper Soft Rough Set in term of neutrosophic Fuzzy Hyper
Soft Rough Matrix.

Definition 6.2 (Addition) Let P = [P”] and Q= [QU] be two NHSRMs of same order, where

(2 ]=|(r, 1 B (T 1 Y Jena [0][(z00,%E K000 F)

we define the addition in NHSRM as follows:
: e
max (7", ?),max (1,1, %) min (£, ", F ©);max(T,".T.°)
) u ) y i y

P+Q= ) R/_Q)

[/

—_ P —_ Q . —_—
max(]é/. I, ),mln(F
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Definition 13 (Multiplication) Let P = [F;,] and Q= I:Q'/:I be two NHSRM s of same order,

here [P,J Z[(Z P’L/P’EUP);(fgpjyppff)} and

i

i oty

-9 70 50
I:Qu] = [(Z”Q’ l”Q , E,-,Q ) : (TU A, F )} we define the multiplication in NHSRM as follows:

P.Q:[min([ﬁ,?_"f),min([ i Q),max(EUP,E”Q);min(f,P,Y_"”Q),min(iuP,Z,Q),max(i,P,F,Qﬂ

Definition 14 (Transpose) The transpose of a square NHSRM of order n x n is obtained by switching
its rows and columns, similar to the transpose operation in standard matrices.This operation allows

us to examine relationships from a different perspective, effectively interchanging the roles of

elements and hierarchical parameters.

p1 =|(r "1 " F )T, 1, F,
7] LLE,

Definition 15 (idempotent)

Let A=[aij] be a Hexa Symmetric Neutrosophic Fuzzy Matrix (HSNFM) of order n, where each entry
aij=(Tij lij, Fijj)represents the truth-membership, indeterminacy-membership, and falsity-membership

degrees, with Tij,lij Fij€[0,1],0<Tij+lij+Fij<3. The matrix A is said to be idempotent if AcA=A

Definition16 (Diagonal NHSRM) A square NHSRM of order nxn is said to be a diagonal NHSRM,
if all of its non-diagonal elements are (0, 0, 1) and the main diagonal elements are considered as non-

Zero.

Definition 17 (Scalar Multiplication) Let P:[Pij] be the NHSRFM of order mxn, where

i 2=y 2= VA A

— P =P —=r
I:PIJ :[(Z Pl P’F__P);(T__ I F ):| and E[O,l]is the scalar then scalar multiplication
of NHSRFM P is given by aP:[af;j] :[(a]_’yp,alyp,aﬂf);(al_"ifp,ajﬁp,al?upﬂ

Definition 18 (Complement) Let PZ[PU:I be the NHSRFM of order m x n, where

7. Generalized Inverse:
In this section, the generalized inverse of an NHSRFM is investigated.

Definition 7.1 (Generalized inverse For a NHSRFM)
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r 1 EF\[-T—1-F
Let [PU]: (Z,, U ),(uj JU, U, ) e(HSRFM)mnissaidtoberegularor 1- inverse if

=, ij nm

. T 1 F\ (=T -1 —F
there exists anotherHSRFM,[(g & -8 );(g .8 .8 )}E(HSRFM)

Such-that

r 1 F\ [T —-I1—-F r 1 _F\[(ZT—-I—F r 1 F\ [T —-I1-—-F
Ii.‘ 92 72,‘ 5 u,/ 7ug 7”1‘/ g 7g 7g 5 g )g. 7g.. g >Z = 5 u,/ 7”[/ 7”,‘/
v v y =i =i —i i ij ij ij ij ij
T I F\.[~ T —1 — F
= Zv ,1/_[[/ 52[/. ’ ui, 51",;,- ,u,j

In this case, |:(g T,g [,g F);(g..rag..[ag,,F):l is called a generalized inverse (g-inverse) of

i

ro1 F\ (- T =1 —F o r 1 F\ (T —1—=F\]|
u, suosu o fluy uyuy and it is denoted by (u U ,u ); u, ,u, ,u, .
i i i ! =i =i P 7

The g-inverse of an HSRFM is not unique that is a HSRFM has many g-inverses. The set of all such

I

y

T I F - T —1—F
[ e

-7 —1-F
Definition 7.2. For a HSRFM [(11 T,yul,u’jF);(u u, ,u, )}E(NHSRFM) and another

_ r 1 F\[(—-T—1-—F
g-inverses of (g LU U ); u, ,u, ,u, are denoted by
ij ij Y Y /

mn

NHSRFM, [(gur,g”[ g ”F);(g .8 .8 ”F ):l € (HSRFM )nm is said to be outer inverse or 2-

. T I F\ [T -1 —F .
inverse of (g” U U ), u, ,u, ,u, ,if

10Q
= ~
10Q
<
~
N —
—_
09 |
~
= ~
09 |
S
~
N —
|
.
»
w»
oV}
2.
Q.
-+
o
o
)
—_
—_
n
e
=
<
[¢]
[
7]
[¢’]
=]
1
»
[¢°]
2.
e
=
<
]
[
»
[¢°]
o
=

I

T 7 F\.[~ r — 1 — F
ZU =y 72’], s u,-, :uy ’uij
T 7 F\.[~ r —1 — F
Zl./. 3211 721.1. s ui/' 7”@;‘ ’u(/
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T I F\ (T —1I —F T 7 F -7 — ] — F
and |:(g ’g“ ’g“ );(g’f ’g"/ ’gf/‘ ):H:(Zv ’ij ’liu );(MU U, ,u, ):l
T I F — T — 1 — F
(gu’ ’gf‘/ ’gi/ );(gi/ ’gi/ ’gu‘ )

-7 — 1 — -7 —1-F
=[(g,7,g”],g“ );(g._T,g.Al,g..Fﬂ is denoted by [(zi,T,z,,',z,,F);(uV ST )}{1,2}.

~

y

The HSRFM |:(g T,g I,g F);(é.raé.[agf):l is said to be {1,3} inverse or least square g-

T I F - T — 1 — F
inverse of ( , U, U, );(uu U, u, ) if,
T_]_F T I F — T — 1 — F T I F -7 — 1 — F
(g' ( i oWy U ) (‘g & -8 ;(gij 8,08, ) (gi/ U, U, ),(u” Uy, U,
) (— T —1 - F)jl

T
F — T — 1 — F T I F — T — I — F
i )’(uv Uy U, )j“:(‘g "g.. ’g )’(gz/ ’gn‘ ’gu‘ )j|j|

Q
=]

Q.
—
—
—_

J=
N
=
N ~
IR

r 1 F\ (T —-1I—-F
[(li’j Dlii/. SZ”. )9(”1] ’uij 9”,]' )j|{113}

— T — 1 — F
Again [(g T,g ! ,g d );(g g€ ,g )il is said to be {1,4} inverse or minimum norm g-inverse

i

T I F -7 —1—F
[(Zii/. 711‘./. Jzi/ )7(”1] 7”1']' 7”,‘] )j|{ll4}

No algorithm is available to find g-inverse of NHSRFM. Here we present a simple algorithm to

evaluate g-inverse of an NHSRFM.
7.1 Algorithm (To find the g-inverse of an HSRNFM )
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-7 —1—-F
Step 1: Check whether the non-zero rows of HSRFM [(g }T,u [,g”F);(u U, U, )} form a

i i

T I F -7 — 1 —F
standard basis or not for the row space of (gv U Su ); u, ,u, ,u, .
Step 2: If non-zero rows form a standard Dbasis then find some NFPM

(p__T,p__I,p__F);(z_v__T,E' 1_9 such that

b

(1 F (- T =1 = F F\ (—T —1 — F

Q“ ag‘. 5%.. s u;‘/ U if U > p P D

ij ij ij ,-j ij ij ij

r 1 F\ (T - I—-F r 1 F\ (T —-1I—-F
ZU. ,Z‘.f all,.j U, u, u, = Zli/. >Zii/. azi/ \u,; U, U, .

T I F -7 —-—1—F
Step 3: Choose an HSRFM (K,»,» YA );(r.. NN such that

y

r 1 F\ (T -1 -F r 1 F\ (T -1 —-F
K/./. ar[/. ’K[I s r,;,- ’rij 7rij zlj 32{/ 92[_/_ s u,, 9“,1 ’uij
T 1 F\ (T - I—-F
= le azi/_ ,%ij \u, »u,; ,u, .

—_ — — -7 —-—1—F
Step4: Then [(p T lp F),(p”T,p [,p F)} [(’_’yT»’_’,.,]»’—’yF);(F” T, )J is a g-inverse

i i
T 7 F -7 — 1 —F
of |[\u ,u ,u |\u, u,,u, .
ij ij i
. T I F _T_’_F F\ 7 T -1 = F . .
The matrix E ,B” ’E, 5 py ,pij ,Kij_ N ]"l./. ,}"ﬁ ,]"l./. 1S a g-mmverse
ij ij ij

T I F - T — 1 — F F - T — 1 — F
of (gy ,gg ,g” ); u, ,u, ,u, since ,-,- ); U, ,u, ,u,
i T 1 _F\ [T I —F T 1 F\ [T I—-F
p s ’p ; p 5p,, 7p.. (’: 7K.. 9’:.. ); r;j ari/ ,VU
—i i =i i i i i i i

IS

i r F'—T—I—F F‘—T—I—F
ro,r o ,r. 5 r(,’ ,, g . 9 ui/ 9”,, )uij
y y Ul l/
r F.—T—I—F — 7 — 1 —F
u ,u. aZ[j 5 ug,- s u i U 5p__ ap 5 pu 3pij ’prj

B T I F . -7 —1—F T I F . -7 —1—F
u ' uu s e, su, L u = e u u s e, u, u
i Ty T v v v i Ty T v v v

The following example demonstrates the above algorithm to compute g-inverse of

(1 1 R\ (T T 1 =F
ﬂ” 92” >Z;li/. ) u;/- 5uij ,uij .
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Example 7.1 Let us consider a NHSRFM

T 1 F\ (T - I—-F
ﬂij 7211 ,1/_![]_ s uij Bu[/ 9”1’/

<0.5,0.2,04>,<0.5,0.2,04> <0.7,0.2,0.2>,<0.7,0.2,02> <0.6,0.2,0.3>,<0.6,0.2,0.3 >
=|<0.5,0.2,0.3>,<0.5,0.2,0.3> <0.6,0.2,0.2>,<0.6,0.2,0.2> <0.8,0.2,0.2>,<0.8,0.2,0.2>
<04,0.2,04><04,0.2,04> <04,0.2,0.3><04,0.2,03> <0.8,0.2,0.1>,<0.8,0.2,0.1>

iY77 2

- T —1-F
The rows of [(QUT,QU[,QUF);(M. u, ,u. )} are independent and they form a standard basis.

Since,

row space of [(EU_T,ZU_I,ZI_]_F);(;ﬁr,lx_lﬁ[,;f):', [(Z;»Zijlaﬂf);(;Hr,;ﬁl,;y.pﬂE[O,l] and
)}[(L’ir,z,l,zf);(;,T,;[I,;,F)}=[(rir,zi',zf);(;[T,;ll,;,»p)},i:1,2,3.
<0,0,1>,<0,0,1> <1,,0><11,0> <0,0,1>,<0,0,1>

(pT,p__I,[_j_F),(_’”T_I_ }— <L1,0><LL0> <0,0,1>,<0,0,1> <0,0,1>,<0,0,1>
- <0,0,1>,<0,0,1> <0,0,1>,<0,0,1> <L1,0><11,0>,

(o F__T_I_F 7 F\ (—T — 1 — F
u ou u -\, aP P s\P, P P
L i = =y ij ij ij
N AW e e T 1 F\( T - 1I—-F
u ,u ,u_|\u, ,u, ,u, =\\u_ ,u ,u_ |\\u, u, . u, holds.
y y v ij i i E b
v r 1 F (=T -1 = F
Kl./. ’KU 7[].,, H rij 9rij ary

<0.8,0.2,0.2>,<0.8,0.2,0.2> <0.5,0.2,0.5>,<0.5,0.2,0.5> <0.5,0.2,0.3>,<0.5,0.2,0.3 >
=1<04,0.2,0.5>,<04,0.2,0.5> <0.8,0.2,0.1>,<0.8,0.2,0.1> <0.6,0.2,0.3>,<0.6,0.2,0.3>
<0.3,0.2,04>,<0.3,0.2,04> <0.4,0.2,04>,<04,0.2,04> <0.9,0.2,0.1>,<0.9,0.2,0.1>

r 1 F\ [T -1 -F r 1 F\ (T -1 —-F
i ’Ki/‘ ’th/ ’rij 7rij 7rij ZU, ,ZU, ,Z” 7“,,- 5“,, ’uij

r 1 F\ (T -1 —-F . T 1 F\ (T -1 —F
= (Z u_u. ); U, ,u, ,u, holds. So the g-inverse of (g__ u u ); u, ,u, ,u,
i i ij ij i i i j j

1
—_—
I~

G.Punithavalli, K. Ramany, Moore - Penrose Inverses in Neutrosophic Hyper Soft Rough Fuzzy

Matrices



Neutrosophic Sets and Systems, Vol. 99, 2026 312

(7 I F\ [T -1 F T 1 F\( (T - I-F
p b ,p 5 p/ apy 7p./. (Kj a’_/.f vK.j. ); ry, ,r; ,r; =
—j —i — i i i i i i

[<0.4,0.2,0.5>,<0.4,0.2,0.5> <0.8,0.2,0.1>,<0.8,0.2,0.1> <0.6,0.2,0.3>,<0.6,0.2,0.3 >
<0.8,0.2,0.2>,<0.8,0.2,0.2> <0.5,0.2,0.5>,<0.5,0.2,0.5> <0.5,0.2,0.3>,<0.5,0.2,0.3 >
1<0.3,0.2,0.4>,<0.3,0.2,04> <04,0.2,04>,<04,0.2,04> <0.9,0.2,0.1>,<0.9,0.2,0.1>

_ T I F._T_I_F
- ‘Ili ,EU ’)—Cij b x,/ a‘xij ,X‘.j.

- T —1—-F
(say) which satisfy the relation [ ;oY ),(u u, ,u, )}

T I F\.[C r —1—F F\.[~ r —1—F

Eij J)_Cl]. ’)_Cl] s 5 ij 5-x l] s u,j 5”,,- 5u,J -
r 1 F\ (T —-1I~—

ZU agij ;Z” H ,, U if 9”

T I _F - = F
If each row of an HSRFM [(\_}U ,\_/ij ,1_;1_/_ );(V“T’v. v, )} can be expressed as a linear

i

L r 1 F\ [T - 1—=F .
combination of the rows of HSRFM [(g U U );(uﬁ U, U, )} , then we write

i —y T

r 1 F\ .7 I ZF T 1  F\[-T—-I—-F
R[(‘_}U 5‘_}’] "—}ij ),(VU ’vi/' 9v,'/' )}QR[(EU 9%1:/. ’gzj )’(ui/' ’uii ’ui/ ‘
T 1 F\ (T I -F T 1  F\ [ T—-I-F
If R[(y” VY, );(V,, VY, )}QR[(E U SU )(u U, U, )} and
r 1 F\[([—-T—-1-F F T —1 —F
R (gﬁ 7111./. 7%[.]. )5 ,] U if 7“ ,V ,j sV ij ,V
F —T—]—F - T —-1-F
then we say that R ( ), u, ,u, ,u ;Y ); Vi sV, sV,
T —1 —F
Theorem 7.1 Let , ul, U, U ,
A
o ,(
ij ij
T
i [(z i
ij ij
. T I F\. r -1 —F T 7 F\.[-T -1 —F )
@ Rl:(yif ¥, Y, )’(vu Vi 5 Vy )}QR[(EU U, U, )’(uv LIRLY iff
(1 1 F\f. 71 F _ T 1 F\f.r T 1TF
‘_/l.]. 5‘_}’] ’Yg/ b V‘_j avlj :v,/ - ‘_;U. 5‘_)1.1. :‘_}lj b V‘_j av,] :v,/
F T I F A -7 —1—F
uoHuoLu o i\uy, su,Lu, for  each

IS

=1

V. oV o‘_’ F)} E(HSRFM) ., betwo HSRFM.

=
~
—
—_
=
~
:I
tl

F
p )} is regular then,
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.. r 1 F\(f.r I TF r 1 F\ [T - 1I—-F )
(ii) C[(y” VY ),(vly_ Vi sV, )}QC[@U UU )(u Uy U, iff
T I F -7 —1—F

(ij 9%{]. 9%[] )’ ulj Qull Qull

r—1~F
; v,-/- SV, sV, for each y.

! F\f.r 1 TF R T 1 F\ [T - 1I—-F
P 9‘_/'1.]. 5 Vl] Vi sV, - ZU 721.]. ’Zy \u, u,; ,u, ,then

T I F A A A W L
each row of[(\_/__ VL,V );(V“ V.,V )} is a linear combination of the rows of
u y y

y

<

Proof. (i) Let R [(yf,

y

;,,F):l,[(x T,xijl,)_cij_F);()_c T,)_C,/.I,)_C,/.F)} E(NHSRFM) . Hence

=

T 1 F\ [T I F)| T 1 _F\ (T I F T 1 F\. (- T — I
‘_/j* a‘_}l"‘ al}i* s vij avij ’Vij _Z )_CU =y ,Eﬁ s ‘xij ax,-j ’xij Zij* agij* agij* H uij* au,-,-* s

T 1 F\ .1 1 TF\|_ T 1 _F\ [T -1 ZF r 1 F\ [T - 1I—F
Yy "_}i/. 9‘_},]. ’v,'j 7V,;, :V,'j - EU ’-Eij 9)_CI./. s xl, 7x,',' 9-xg/ Zéu 521./. azij 9uij 9uij aug/

m

for some [(a_c T,z__l,xu_F);()_c..T,)_c.,],)_cﬁF)}e(HSRFM)

r 1 F\ (DT - 1=F r 1 F\ =T -1 =F\| r 1 F\ [T T - 1=F
%i/. 7%1./. 5%[7 ’ ui]‘ 7ui/' ’ui/' EU. szij ’zi/. ’ ui/' ’ui/ 9“1’/’ ZU 7%‘] ’Zi/' s ui/' 5”:‘/ ’ui/'
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_ r 1 F\( . 7= 1-F r 1 F\N.(=T =1 =F\| |(r 1 F\ (T -1 —F
- ‘_}” ’v,/ ’Vu s V’ :v,y 7vij u.,u.,u \u ,u ,u u.,u.,u \u u ,u
r I _F r -1 T F
then (v__ WV o,V ); )2 VG 1
—i T T i v v
T I F\ (—T —1—F r 1 F\ (T —I —F r 1 F\ (T —I —F\| r 1 F\ [T —I —F
= (J_CU. XX ); Xy 5 Xy 5 X (E u,u ); u.,u.,u (2 u,u ), u.,u.,u (7/_1 U U )? u.,u.,u
T 1 _F\ [T -IZF
Forsome [{x ,x ,x Jilx ,x ,x, G(HSRFM)
i =i = i i i m
or
(1 F\.f.r =1 7 FY|_ T 1 _F\ (T -1 _F r 1 F\. [T o —F
‘_;l] :v,/ 9vij ’ Vij 7vij ’vij - )_Cl.] 3x’.j 9xU ’ x,', 7x,j ax,j E 32 511 \u ,u ,u
Since
r 1 F\ (T —I —F r 1 F\ (T —1 —F r 1 F\ (T —1 —F\| ; F\ (-T —1 —F
(“,U:L_‘);Uauau :(Eaﬁﬂi);uauau (Ea%a%),usuau (Za%:k‘)auauau
. . T I _F r 1 - F r 1 F\ [T —I —F
This implies that R[(\_}_ Vo,V );(v” WV, 5V, )}gR[(g NTRNT} ),(u U U
ij ij ij ij

.. T 1 F T
(11) C|:(‘_) a‘_)v, a‘_)v, ),(V ’
i i i v

,y__F);(V..T,
T 1 F
for some [(J_/ Y ) )’(

T
or |:(‘_} 5
ij

-7 -
v, ,V,

i 27y

1 F\ . 1T 1!
‘_}.. aY.. ’ V“ >V
ij i y

)

Conversely, if [(‘_’ ) ! y

y

v

y i

-1 — F

v, )} c C[(zr,ul,f
[

-7 — 1 —

S

ij o2

)

F

- F

)

,V,

T

7 F -7 —I1 —F
u ,u.,u );u,u,u

| (653

N )} e (HSRFM)

-1 -F
,ﬁv

i 2 ij
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Then

<

! F\ (T —1—=F r 1 F\. (=T 1= F\| r 1 F\.
i ’léij )u,'j )u,'j 7u,‘j Z’/ ’_ij 7%17 7uij 7uij 3u,j ZU ’liij DQU. Du,‘j 9u,‘j 9u4,

. T I F\. r -1 - F T I F\. [~ T —1—F
That is C[(y VY )(v Vi sV, )}QC[@ U U )(u Uy U,

- T —1—-F
Theorem 7.2 Let [(Q'T,g I,QUF);(MV U, U, ):| E(HSRFM)W be a regular HSRFM and

q y

-7 -1 — - T —1-F
[(g “e'g F);(g,_r,g,,l,g__F)}beag-inverseof [(%i,TazifI,ng);(ug TS )]Then

(i)

(i)

(iii)

r 1 F\ ([T —-1I—F ! r 1 F\ [T - I—-F
(g g .8 ;(g__ g .8 ) € (@ u );(ug, Uy U ) {1}.
T I F — 7 — 1 — F T I F - T — 1 —F
If (Ei/ ’Ei/ ’Ei/ )’(pu ’p!‘/’ ’p!‘/’ ) and (gi/‘ ’gij ’gi/' )’(q'/ ’q!/’ ’qi/‘ ) are

NHFRPMs, then

T I F _T_[_F — T —1—F T I F _T_[_FT
T 1 F _T_I_F - T —-1-—F T 1 F - T —1—F
ez ); o { ( | (AR A |
_ijF);(_,/Ta_,jla_ F)j||:( 9gi/F)9(§i,T9§ 1,§ F):| and
T I F — 7 — 1 — F T I F — T — 1 —F
|:(g & -8 )’(gy ’gij ’gij )j“i(zu ’Ziu' ,Z”_ );(uif Uy Uy, ):|are

idempotent.

—
—_—
J=
N
=
= ~
<
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. r 1 _F\ (T — 1T —F .
Proof. (i) Let (g 8 -8 );(g“ .8 .8 ) be a g-inverse of

i

ro1 F\ [T -1 —F
u ,u ,u. ) ui/‘ ﬁuij 9u,j .
b b i ;
T 1 F\( (T -1 =F r 1 _F\(ZT -1 —F
Then |:(Zi/_ a%y. aZU. )a(ul/ ’uzj 91/11:] ):| |:(g g .8 5 gt./. 9gil. 7gl./.
S, 08, 08, ; j
T

T I F\ (- T -1 —F T I F\ (- T -1 —F
(gw U u ); u, ,u, u, = (gw N/ ); u, ,u, ,u, holds. Taking transpose on
i i i v v

=
=

T I F\ (—T —1 —F
This implies |{g ,g g ;(g__ g8, )
.. . T I F — 7T — 1 —F
(i) Since (;_a__ N )(p v,

nseeesss, |(p "o p " J(p, B, ) [ ([0 i) e

|: T F\ (—T —1 — F\| P P -7 —1—r\
invertible and (p ap” 9pv_ )3(17 PSP ) = (E ’B_. ’E__ )’(p apl.j > P ) ’
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This implies that

ro1 rm\(-T—=1-r\] T I F\[fZ-T -1 —F T I P\ (=7 —1—=r\]
(gu‘ ’gi/‘ ,gij )’(q” ’q‘j ,q” ) (gu ’gij ’gi/’ ),(g’/ ’g‘y ’gif ) (Bu ’Biz‘ ,Eii ),(p’/ ,pi/ ,p” )

T I F — T — 1 — F T I F -7 —1—F T I F - T —1—F
€ (EU 52[] 72[] );(py Dpij ’pij ) |:(2y ’gij 711‘! );(u,/ au[,' )ug,‘ ):l (gu ’gi/‘ ’gij )9(6]” aq” ’qij

(iii)Again
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T 1 _F\ =T -1 —F r 1 F\ [T —-I~—-F
(g ’g.. ’gn )D(g, 9g[j 9gu ) (ZU ogij 9%1,], )a(u,/ 7”;/ )ui/' )
T I F\[(Z-T -1 —F T I F\ [>T - 1—F T I F\ (=T -1 —F
= (g/ ,gy ,gj );(gy 8, -8, ) |:(ZJ u Hu, );(u,j U, U, ):| (gl ,(g” "g, );(gy 8, -8, )
F\ (—T — 1 —F
oY, ),(”, SU,; Uy ):l
T 1 _F\ ([T -1 —F r 1 F\ (7T —-1—F
- (g,,. ’g,,. ’g,.,. );(g;/ -8, -8, ) |:(Zr/ U, HH, )’(u” My Uy ):l’

1
—_
B
~
I
= ~

-7 —1—F — T — 1 — F
Thus [(z,_T,u,,’,z,_F);(u,, RTINS )}[(g“T,g',gF);(gr & .8 )}md

T I F\ (=T —-1—F r 1 F\ (7T - 1—-F .
g -.g -8 |:|g, -&, -8, (g/ U U ); u, ,u, u, are idempotent.
=i =i —q ~ ~ ~

r 1 F\[~-T-—-1-F
Theorem 7.3 Let (gj ,u ,gu ),(u u. ,u be an HSRFM,

T I F\ (7T -1 F T 1 F\ [T -1 —-F T I F\. [T -1 —F
X,y ’)_;y ")_/y Y, oY, oY, ’ (gi/ 2,52, )’ Zy 52y 52y € (gff u, LU, )’ u, »u,u, {1}

r 1 _F\ (T I ZF r 1  F\ (- T - 1—-F
Then (Elj 9&.. ’Ei/' ); xy ’xij ’x,’j € (Z 92.. :Zi/. ); u,j ,Z/lij 9”,’1'

. r . . r 1 F\[-T—-1-F
thatis | (X ,X ,X i is a semi-inverse of | (¥ ~,u ,u  |;\u, ,u, ,u, .
v Y i i i

\
N
N —
ar
= |
-
= |
~
= |
-
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Proof. Since

T 1 F\ (T -1 F T 1 _F\ [T -1 ZF r 1  F\ (T —-1I—F
_)_;” 9,)_/” ’Z,‘/ s yﬁ :yﬁ 9yt_j > (gy 9%1]. :gij )9 ij )Zij 9Zij € (Iir/ :Zij 9114/. )9 u{, 7”[] ﬁu[j
T 1 F\ (T —-I~—-F T I F\ (T -1 —F r 1 F\ [T —-I—F
= Zl,./. 52’1 711’] > ui/' ’uij 7“;‘;‘ Z )X_ 5Z__ > yi/. 7y” 7y” g‘.f ’g” 72” > ui/' 7uif ’ui/'
’ i i i ! b b

T 1 F\ (- T—-I1I-F T 1 _F\ [T I ZF r 1  F\ (- T—-I1-F
Eﬁ ’gi/‘ 9211 b u,j ’uij 5uij Ei/ ,.Xll ’zij > x,j 9x,'j in/' ulj 521,], 92ii 5 u;j ’ui/' 9“1']'

I

_ ro1 F\ (- T—-I=-F r 1 F\[TT I ZF r 1 F\ [T —-I-F T 1 _F\(ZTZIZF
- % ’g.. 2 ) l/l’./. ,ulj ,M,./. y ,J’ 7y ) y ay. ?y li ali.. 71’_1.. ) uij ,u”. 7”;,- Z ’Z ’Z ) Zu‘
ij if ij — = =y i ij ij ij if ij if if if

QU, 7%./ 7%11, > uiJ 7u4/‘ 7“0
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r 1 _ F\(TT-IF T 1 F\(TT-I-F T 1 _F\(ZT-I-F ro1  F\ [ T-I—F
= Z” ,le ,le 5y”. 7y[/ 7y[/ (ﬂ’f ’%r/ 9@1, )7 u,-j 5“,-/ 7“,/' (ZU 7%0 7211. )7 ij aZ,’/ 7ij (%U al'_t‘/ 71’_l’f )7 u[j ’uxj 7”,-/

X}j ’er ’Xr/ ) }’”, J,,/ 7)’“ (%v 72] 7@11 ): u[j 9“,-] 5”,/ (ZU 72!.,, 5le )5 Z[j 725/ 7Zij

i 0
Y mx

- T — 1 —F T ] F - T — 1 —F
X, X, X, ||€ (gv U ), u, ,u, ,u, {1} then
T bi F -7 — 1 —F .
ellu "u"u’ lu, ,u, ,u, {2}1ff

=i =i =i ij ij i
T I F\. (- T -1 —-F T I F\. [T
Rij(u u ,u )\u, ,u,,u, X L,x L,x o )lx,

—i i T v Y v —y i T v

- P\ (—T —1—F
Theorem 7.4 Let (ylj uu ),(u RTNTS ) E(HSNFM) . be HSRFM and

/
—_— ] —_—
Xy 5 Xy
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Conversely, let

Rl \u ,u ,u )\u, ,u,,u, X LxL,x o )ilx, Lx, X, =R[(x ,x ,x )i|lx, ,x, ,Xx,
-y —y — 7 i i —y i —i

, then for a pair of matrices

r 1 F\ (T —-I—-F r 1 _F\ (T Z-IZF
(Z ﬁzv 9Zv ); u,j 5ulj ’uij and ()_C 9‘)_(:' 9Iv ); x,/ 5x,j 5x,j lf the prOdUCt
i ij ij i ij
T I F -7 — 1 — F F -7 — 1 — F . .
u o uou o slu, x ,)_C” X, .x, X is defined so,
i ij i v
F r 1 F\[—-T—1-—F r 1 F\[—-T—1-—F
X LX X X, Lx, X, CR|(x ,x ,x  )|x, ,x,,x, ||
ij ij ij ij ij ij

IR

- r 1 F\f T - 1—-F T 1 _F\ [T T -1 ZF
ST | i H 7l | [ ERPE S H P

—T—[—

Y, Y, )}e(HSRFM)m

-

o

=

92]

o

3

[¢’]
1 :
—_—

‘<

Q

So,
T b F - T —1—F F - T —1—F T I F -7 —1—F
(EI/ ’Eij ’Ei/' )) x[,‘ ’x,/ J ( i ’_.. ij )) uy 9uij Juij (E‘/ "Eij ’)_C‘.j )) xl/ ’xij Jxl/
T I F -7 — 1 — F F - T —1—F T I F - T —1—F
= Xi/ ’J—;ij ’Zij > ylj ’ylj ’zij )J u,j )ug,' 7”[,‘ ()_C,/ 9)_61./, ’)—Cij )J 'x,j ’xij ,x,j

T I F —-T—=1—F T I F -T—-1-F T 1 F -T-1-F T I F -T-1-F
= }—}y al}” 9)_)’_] ,)’[/ aylj ,yg (g’l 5%11 ’%’.j ) u,] au,, >u ()_C’j a)_cij ))_C,.j ) XU axU ,X (1’_{,/ 71’_11]. 5%? )’ uij auU au
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- T —1-F
Theorem 7.5 If [(Z.T,g.]’uf);(u' U, U, )} E(HSRFM)W” be a symmetric and idempotent

ij ij v

ij i

T 1 F - T - I - F
HSRFM then (—ij ,u ,ui/_ ),(u ,u ) itself a least square g-inverse.

A T I F -7 =1 — F .
Proof. Since |\u ,u ,u_ ); u. ,u is symmetric,
ij ij ij ’

T 1 F\ (- T - 1—-F ! r 1 F\ (T -1 —F
u ,u ,u JSu., u, ,u. =(\u .u ,u Ju, ,u. ,u,
=i T Ty v y v -y =i T y v v

r 1 F\[(-T—=1-=F\]
and (g' U u ); u, ,u, ,u, idempotent,
ij ij

- 7T — 1 —F - 7T — 1 —F
ThatlS, [ ..F);(ui,‘ Jui,‘ 5ul, )}e[(ZTaZ[aZF)a(U,, 9uij 7ui,‘ )}{1}
u, g Uy HU, L1 ’
Now [( , U,

r 1 _F\ [T -1 _F r 1 F\ [T - 1I—-F
(Taklng (-Ei/. 9-&1./. "Zij )9 xl, ,le 5'xij = (ZU 721.]. 9%0. )9 uij 9u,j ,Z/l!./. as
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_ T 1 F\ [T -1 —F r 1 F\[(-T - I—-F
- EU ’Zl_j 9%ij > u!',' 9“{,' 9“{,' Zii Jli,j Jl’_l,j. > ui,' Jug,' Jug,'
_ T 1 F\ [T -1 —F r 1 _F\ [T I ZF
- Zij =y 72’.], ] u,] 7”,7 au,y 'I‘., 9-I‘.j 9-Iij ’ x,‘/ ﬁx[j ﬁx[j
.. . T 1 F\ (T —-I1—-F r 1 F\(-T—1-—-F
This implies, (gy_ U ); u, u, u, |l (gu SRS ); u, u, u, ||{L3}

Theorem 7.6 If [(g T,u I,MVF);(;.T,;”I,;”F)} E(HSRFM)

I

be a symmetric and

= = ij

if ij mxn

T ] F - T — 1 —F
idempotent HSRFM then [(g LU LU ),(u U, L u ):| itself a minimum norm g-inverse.
ij ij ij

ij i

=5 2= i i

T 1 F‘—T—I—FT (1 1 P\ (T - I1—F
u ,uu o )\lu, u, u. =\\u "u ,u  )lu, ,u ,u,
it/ A} Y v v it/ At v v v

r 1 r\[(-T-—1-F\]
and (g__ U u ); u, ,u, ,u, idempotent,
A y '

. T 1 F\[(-T - 1= F\| .
Proof. Since (y u u ); u, ,u, u, is symmetric,
y y

B T 7 F\ (—T —1—F 2 T 7 F\ (- T —1—F
(uv uu ), u, ,u, u, = (uv U u ), u, ,u, ,u,
Now
B T 7 F\ (—T —1—F T 7 F\ (—T — 1 —F T 7 F\ (—T — 1 —F
Eij ,Eu aBU > pU :pU 5py (Zu ,Z/l” ,ZI_/_ ), u, ,u, ,u, = (Zz/ ,MU ,MU ), u, ,u, ,u,
B r / P\ (—T —1 —F
p .p .p |i\p, .p P =1,
i i i v v v
Then
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. r 1 _F\ [T -1 _ZF r 1 F\ [T - 1I—-F
(Taklng (EI./. 9‘&[./. 7‘&‘” )J 'xlj J'xlj 5'x1j = (Z” 7%1./. 92” ); u,, )uij Juij as

T 1 F\[(-T—-1- F

(e, o, " )i, e, o, ) | itselt a geinverse)
ij ij
- Z a%.. az.. > u,, au,' 1/[ u.. 5 u‘, 7
i i i ij
T I F . -7 =1 —F r — 1 — F
= 'l:ij > i 7'1"” > xg 7x,’j 7x,’j Zii 9 uv 5 ij 9
. . . T I F -7 — 1 — F F -7 — 1 — F
This implies, [(g U ,u );(uy U, U }E[ ,11 ),(uy NS {1,4}
ij ij ij v

-7 =1 - F
Theorem 7.7 If [(g,,Tallgl,livF);( u, ,u, :le HSRFM) ., beasymmetricand idempotent

1=

HSRFM then

[(ZUT,u I,ul_/_F);(;UT,;UI,;UF)}+[(@ T,ﬁ Iaﬁg.,F);(;lysz/,%gF)} : for all HSRFM

[(EJT”!,/[”!UF);(Z;UT,L_L,],L_!UF)H(g’ T’gy]’gi_F)Q(;jtéygé;)} > |:(EUT’11,/1’11,/F);(;,,T,’;,-,I,I;‘-/F):l[(h[}rahi/l’h”}?);(%;,T,E-jl,ilij}:):l

T I F - T —1—F
is the set of all {1,3} inverses of ( ,u ’Zy ),(u u, ,u, ) ,dominating

3
-
Q
o
=
w
—
=]
(@)
[¢)
1
—_——
1=
~
<
~
I
o
S~

- T —1-F
,(u u, ,u, ):| is symmetric and idempotent HSRFM,

T I F - T — 1 — F T I F -7 — 1 —F .
(z_. U ); w, u, u, ||itself (z.. NN ); w, u, u, ||{1,3}inverse.
ij ij ij y y g

1

—F
; ,,Bﬁ )} denote the

[(u T,g,[,uUAF);(;,,T ;,,[ ;‘4F)}+[(h_T,@_],@f);(ﬁ ’ h [,ZVF)}:forallHSRFM

such that
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T 1 F\( (T - 1I—-F T I F\(-T -1 —F r 1 F\(—-T—1-—F
|:(sz u, LU, );(uif U, U, )}I:(g 8 -8 );(g,-,- 8, -8, ):|Z|:(liy u_u, );(u(/ U, U, ):|
[(hﬁrjhﬁl,@”F);(ZI/T’ZUI’Z F)}

-Suppose[(g,T,g__l,g_F),(éﬁTé g, F)}6[(zf,z/,t_tf);(ﬁfﬁylﬁfﬂ{lﬁ}

— 7T — 1 — F - T —1—F
Then |:(gT’g1’gF)9(g 5g.. >g.. ):|2|:<ZT911172F ;(ui/' ’ui/' 7uu’ ):|

Let [(ggg)(éééﬂ—[(%zzwiﬁﬁ)}

r 1 F\ (- T—-1—-F T F\ (=T —-1—F r 1 F\ (- T —-1—-F
(z., U U, ); Uy Uy U, g .g -8 |\g, &, -8, |2 (z. U U ); Uy U, U,
ij ij ij =y =y =y ij ij if if if if
T 1 F\[-T-I—-F T, 1, F\(f7T7!7F
oot a7
i ij i i i i
> r 1 F\ [T - 1—-F L AW o 1 BN r 1 F\ [T - 1—-F
= (ZU 9%[] azij )7 Ul] 9u,, 9” (Z ’Zij :Zy )9 uij 9u,, ,Uﬁ = (E‘j 729. 52” )9 u,] ,I/l,./. ’uij .
r 1 F —T—[—F ;! F\ [T —-1-F
Now [(g, g -8, ),(gﬁ 8, )}E[ u o,u ),(uv Ju, u, )}{1,3} and
T I F -7 =1 - F F - T —1—F .
[(gw U u );(uu. Uy, U, }uself [ , o, ),(uu JU, U, ):|{1,3} inverse so, as the
ij ij ij /

- T —1 —F
set|:( T,zul’li F);(u.. U U )}{1,3} consists of all solutions for

I

g2

T F -7 —1—F
(as (Z.. ,E.. U ); u, ,u, ,u, ||isidempotent).
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This gives

T 1 F\[-T—-I—-F T 1  F\ (- T—-I1-F T, 14, F\f7 T 717 F
l:(zl U, U, )’(u” oy oy )}2[(% U, U, )’(u” My Uy (hz ’hu ’@zj )’ hy Sk hy

Now, by (1)3[(2.. ,___1,2__F);(5,, u,

~
|
~
S
~
~——
| I—
1
_
109
~
1%
s
10
~
0
~
09|
= ~
0
~
S——
| E—
v

_(ZUT,Z F),(ITI T,_y],_ F }|: h h h ) (ZUT,}_ZU],;ZUF)}
Hence

_[(EUT’EI/I’QUF),(;UT’—UI’— F }4_[ h 0 oh,.j.F);(}_li,T,;l,,»I,;l,-,F)ﬂ
] — 7T —1—=F

e(éﬁr,évl’éﬁF) (IH” ﬂ’f ’B’f )
Thus, for each (g7 g "Ji(e, 2, ) () e ) )

i

there exists a unique element in ( LB F) ,(E ,
—y T v

Conversely, for any

T I F — 7 — I — F
(gy .8 -8 );(g[/, &, -8, )
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i

T I F -7 — 1 —F
Theorem 7.8 If (g” U SU ),(u u, ,u, ) E(NHSRFM)n be a symmetric and
idempotent NHSRFM then

[(g”T,u I,ulip);(ﬁ ! u ' u F)}L[(lg[jr,lgvl,lgf);(l;f,l;ijl,l;fﬂ:forallHSRFM

i 2%ty oMy

. T I F - T — 1 — F
is the set of all {1,4} inverses of (g LU u ); u, ,u, u, dominating
J i i

-7 —-1—F
Proof. Since [(g T,g,[ i;F ),(u u, ,u, ):| is symmetric and idempotent HSRFM,

i 2

o1 F\[T -1 = F)\. AW :
(u U U ); u, ,u, ,u, ||itself (y U U ); u, ,u, u, {1,4}1nverse.
ii ij if

=

b

Let [(ﬁ T,,gi/_l,/ﬁf);(ﬂ.. aﬁﬁl,ﬁﬁpﬂ denote the set

[(zf,zy[,zf);(ﬁ,r u, ;fﬂ{(k T,lg:,l,lgf);(/_CUT,IEU],IEVF)}:forallHSRFM

10Q

Suppose [(

— 7 — I — F -7 — 1 — F
Then [(g}T,g_l,gF);(gi, & .8, )}Z[(zi?,z,.',zf);(ug NTRRTS )}
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Let

1/’”’

u,u,u)
U

+
—_—

=

:'»
\_/
—_—
»I
»I
»‘I

— T — I — F - 77 — I — F
Now [(g "g'.g F) (g__ g )}e[ _',z_F);(uf, U, U, )J{H} and
=i = i 4 u Y
r 1 F —T—I—F F\ (- T —1—F
|:(y U U ),(uu U, U )}uself [( ;U )’(”v U, U, )}{1,4}inverseso, as the
ij ij ij
T I F - 7T — 1 —F
set[( , U SU ),(u/ Uy SU, )}{1, }cons1sts of all solutions for
-7 -1 —-F
i 9 .X s X i s X of
T F _T_I_F T I F - T — 1 — F T I F - T — 1 — F
(EU 9‘&' 9 x 1/ 9 (Ziz/ 72{/ 921./. )3 uz] Duij 9ug/ = (gy 72].]. 921./. )9 ugf 7ul/ 9“,’,’

P\ (—T —1—F
(as [(g ,gv U ),(uv Uy U, ):|isidempotent).

1
—_
I
I
~
I
’“r]

ij ij ij
Thus
([ 7 -7 — 1 —F r 7 pF\ [T —1—F r 7 E\ [T —1—F
g -.g& -& )&, -8, -8 (Ziu U U, ), u, ,u, ,u, = (UU U u ), u, ,u, ,u,
i i ij
This gives
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That, is

[l W ol Ha AR )5

— 7T — I — F - 7T — 1 — F
Thus for each [(g,,rag,,lag,,F);(g,. g .8 )}6[(27,2 ],L_t.,F);(ug RTINS )}{1»4}there

~

T pI g F
exists a unique element in [(,B B ) ,]jl_j )
k

a0 a4 |
)

e e ) e }[< it
[(zf,z,,l,zf);(ﬁf,_,,[,_ F)] [( T );(@T,&y',&fﬂ
| P | PR H g [

8. Moore-Penrose Inverse

|~

~
/\'\

1
~

1
S

1
S —
| I—

Definition 8.1 (Moore-Penrose inverse)
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T ] F - T - ] - F
For a NHSRFM (g” U )(u u. u ) €(HSRFM) ~ and another HSREM

= = i 27 2T mn

(o 1 R\ (T T o F . . .
g .8 -8 );(g” .8, -8, ) E(HSNRFM) is said to be a Moore-Penrose inverse of

nm

is denoted by

<
~
<
~
=
~y
N—
/\'—\
< |
=
~
=
S
=
~
I

The Moore-Penrose inverse of [(_

r 1 F\ (T —1=F\]
u oHu u - \u, u, . u, .

Definition 8.2 (Minus ordering)

T I F\ (- T -1 —F T I F r -1 = F
Let | (e, " sl ) | and | (v, (v, 7w, v, )| e two HSREMS of
) 7 7 7 y y y

. . T I F -7 —1—F
order mxn . The minus ordering between [(g LU LU ),(u u. ,u ):| and
ij

i i

/]

(1 1 R\ ([T oI F - T I _F r I F
(z,., U SU )(u Uy U, )}S [(y,., VY, )(v sVy 5V, | |- Then for some

B T 7 F\. -7 — 1 — F B T 7 F\. -7 — 1 — F
u u g uy g, )|l (u e T sy, uy, || |{1) we say
7y i U i i 9y

T I F - I - F
(‘_’.. V.,V );(V__T,V V. ):| is denoted by
y y i

IS
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(o F\ (- T -1~ F _ r 1 F\ . r ! =F _
7 S I N R P 7 B - B LS S U N S e iff
U uy i ij ij ij ij
T I F . -7 —1—F
u ,u ,u. ’ ui/‘ ﬁuij 9u,j
ij ij ij ’
r1 F\ (T -1—-F\] _ r 1 F\f 7= 1=F r 1 F\ (=T -1 F\[|
lé[j Sli[j 72[/ > u,‘j 7”,] 7”[,‘ - ‘_}‘./. 3‘_}1/. 9‘_}1,/ b Vi/‘ )v,’j )Vg,‘ Z/./ ’Zf/ 9%‘./. b u[,‘ Dug,‘ buU

T I F -7 —1—F
Theorem 8.1 Let (g‘_ U u- ); u, ,u. u ,
ij ij

=i

r 1 F\f.r 1 TF ro1 F\ (=T =1=F\T
I:(YU 5‘_}‘./. "_}I-/- )’(VU- ’Vl/ ’V"j ):|E(HSRFM)mxn and |:(z,/ 3%[/ 921./. )7 u:ﬁf ’uij ’uu'

exists, then the following are equivalent.

) (1 F\ [>T -1 —F < T 1 F\f. 7T !1TF
@) Ziy ’QU ’QU s\Uy LU, U, = YV s‘_},.j "_/,.j > V[_/_ Vi 5V, .

i (T I F\.[-T -1 —F +
(i) u ,u. ,Zi]_ \u, ,u, ,u,

Proof: (i) implies (ii)

G.Punithavalli, K. Ramany, Moore - Penrose Inverses in Neutrosophic Hyper Soft Rough Fuzzy

Matrices



Neutrosophic Sets and Systems, Vol. 99, 2026 332

moli T I F\. (- T -1~ T I F\. (- T -1 = F\|
lmp 1€s Zij az’.j ’Z’./. b u,] 7”,‘; 7u,‘/‘ ng 721./. 721./. b u,j Dui/‘ 7”1‘/‘

T 1 F r 1 - F r 1 F\ (T —1—F\[|
={v ,v ,v Ii{v ,v. ,v. u u u )\u, u, ,u and
ij /At ij ¥ v —i /] ¥ v ¥
T I F . - T — I — F B T I F . -7 — 1 — F
u” :z// Jui/. ] u,, 5”,, ’uij uu 511" 511’.,. s u,-j >uu s Ui
B for some
T I F - T —=-1=-F T I F r -1 - F
=\lu ,u ,u’ );\lu, ,u ,u v v v Iilv Ly Ly
i i v v Y —i i T ij v v

T F\ (— T — 1 — F F\ (- T — 1 — F
i Ty T Y U 4/ ii ii i
r 1 o\ [(~T-1-F\T —T—I—F r 1 o\ [(~T-1-F\T r I F r
- (% LIRL ); LELIRLY ( ) Wy Sl U (z U ); THRTINTS (yy VL ); v,
+
_ r 1 F\ (- T - 1—-F r 1 F\ [, 71 F
- gi,. 7211 7211 ) ui/' 7”;-/- 7”;‘/ ‘_)l.,. a‘_}i,. 7‘_’1./. > vij 5v,j 5vi/‘ .
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. r 1 F\ [T -1 —F
This, gives (u Uu U ); u, ,u, ,u,
9y - )

T 7 F\ (—T —1—F T 7 A (—17—1—F\]"
Also, from (u U U ); u, U, U, (u U o ,u ); u, U, U,
=y =i i v v y =y =i T y v y

(iii) Implies (i)

T I F -7 —1—F
Let (x X L,X ); X, X, ,X,
—i T T Y Y v

r 7 F_—T—/—F+ r 1 P\ [T - 1—F r I F.—T—I—F+
=\lu ,u ,u \u, u, ,u, u - ,u U Au, u, ,u u ,u ,u - lu, ,u, u,
=y =i T K Y 5 =i =i Ty v v y i =i T v v y

1=

T I F . -T—-1-F T I F . -T—-1-F T 1 F . -T—-1-—-F T I F -T—=-1-F
u ,u u Ju. u. u X ,X X . X X u ,u u Ju., u. u =y u u Jgu. u.u
=i 2= ’=j [ =i 0= 0= U B =i 7= ’=i U B =i 2=y 2=y P\ T

T oI F.‘T‘I‘F+ r 1 F\ (- T-I1—-F T F_‘T‘I‘F+ r 1 F\(-T-I-F
uou o e i u o e u o e u o e
=i 2= 7= g Ty =i ’=i 7= U =i 2= ’=j U =i Ty 2=y P\ T
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=
=

T 1 F_‘T‘I‘F+ T o1 F\[T-I-F T 1 F.‘T‘I‘F+ r o1 F\[T-I-F
=(u u o e, u u o u e uu uuu e uu u s\ u, ,u
LI L L i i i L R S i i i L R S i j oY%y 20808 P\t o%i 0%
+
I F\[TT-I1-F r 1 F\[ r-1-F
2 ’QU. S| U 7MU ’uy ‘_),/ a‘_),/ a‘_)” ’ Vv ViV,

1
—_—
=
TN
=

2]
=
5,
)
=
=
[
—
=
~
I=
T~
I=
~
~——
—_
=
!
=
=
=
o
N —
L 1
1
—_
I
~
I=
~
1=
b
S~
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T 1 F\ (T -1 —F _ T I F r -1 - F
Theorem 8.2 If I:(Zi u ,u )a(u,/ au;/- ’uij )}S |:(‘_’Y V. L,V )7(V 7vij ,V,.j and
u i ij ij ij i

r 1 F\.[f,7 1 TF .. r 1 F\.[. r-1=F\]|.
VoL,v oL,y v oLy, Ly, is idempotent then I S 2 R U is a g-
if i if if ! i i

(‘_’v. sV
ij i ij
. r 1 F\ (T -1 —F . T
inverse of [(u U ,u )’(”/ U, ,u, )} Also, if l:(u ,u
y i i

Y
s\ (—T—1—F\]" .
; U, ); u, ,u, u, exists

+
r 1 £, r oI F . . T 1 F -7 —1—F
then |:(\_/ VL,V ),(v__ sV, sV, )} will be a g-inverse of [(u U o ,u ); u, ,u, u,
7 y b i —i —i i

. r 1 F\ [ T I TF . .
Proof. Since LS N VN 1 P N U is idempotent then
ij ij ij if
r 1 F\f . r T !{TF ) T 1 F\.f.r 1 TF\|. .
‘_}.. aY.. al).. S|V ’vij ,vij 15 l‘eglﬂal‘ and ‘_} a‘_}.. 9‘_).. S|V 7vij ’vij itself is a 2
ij ij ij ij ij ij ij ij
. r I _F r -1 - F
inverse of [(\_/ VL,V );(V SV, 5V, )} . Here
ij ij ij ij ’

T 1 F\[f. .71 TF ro1 F\[,Tr 1T F
v,y i,y iy v, v ellv ,v ,v |ilv ,v, v, {1}
/2 A ) ij v Y /2 ij v v
T I F\ (- T -1 —F _ T F r -1 - F
Now, l:(ﬂ u ,u. )a(u,j u, ,u, )j|S |:(‘_} V. L,V )7(V sV 5V,
) ) 7 7 y y y

. T I F\ (- T —1I
Implles zlj ’g ’zlj 2 u;j 9uij b ij

=
o
N —
1
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T 1 F -1 - F\| T I F -1 - F
Foreach |(v ",v ",v " )ilv v, v, ellv v,y )ilv v, v {l}
It/ /A ij v Y et/ A g 2o
. . T I _F r -1 - F T F\ (- T -1 —F
This implies |:(V VO,V );(v RV )}{l}g[(u U u ),(u U, U, {l}
It/ /A ij v v /2t } v v Y
YA S S U B A Y ) T 1 F\ (- T - 1I—F
Hence ||V ,v ,v  |ilv ,v, ,v. isa g-inverseof |(u ,u ,u Ju, u. u,
It/ /At ij v v —i Ty T v v v

. T I F -7 —1=rF\T" |
NOWlf (2 ’2.. SU ); ui/ su uij exists then/
ij [/

<
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+
T 1 F\((.r 1T ZF)| . r 1 F\(—T—1—F
Hence [(\_/” VoY, )’(V,-,- Vi sV, )}Bag—mverseof [(g/ U U ), u, ,u, ,u, .

. T I _F L= F . . .
Remark 8.1 The condition on [(\_f ,V ,v]_ );(V T,Vif ,V, )} to be idempotent is essential for
i ij K

i T v

T .1 F\ .71 F r 1 F\ [T - 1-F
v o,y .,V S|V LV, LY, el\uv. u ,u Au., ,u,. ,u. {1} .
It/ A} ij v v /e A v v Y

Theorem 8.3

r 1 F\[(-T-—-1-F
Let (y' U o ,u );(uy. RTINS E(HSRFM) be a regular HSRFM with
ij mxn
T I F - T -1 —-F . .. .
(Z Y Y ),( Yy LY L,V ) be its minimum norm g-inverse and
T 1 _F\ (- T—-I—-F
(Z,, 2, 5Z, )Q(Z,, s Zy 5Z, ) be its least square g-inverse. Then
T oI F\ (T I F r 1 F\ [T —-1—-F
,Xi/_ 7Zt_j ’ZU a(y‘/ 9y!./. 9y!,/, ) (ﬂ” 92” 92” )9 ug,- :uy ,Ll’.j

o F\. (- T -1 —-F r 1 r\[([-T-—-1-"F\]
Z./. 927 :z.{. |25 525 525 = u ,u ,u \u, u; ,u, where
Y E Y —i i T !

N
} is the Moore-Penrose inverse of

T I F - T — 1 — F
Proof. Let ()_C” X ,X ); X, 5X; X,
) L) U

T 1 F\ (7T -1 F r 1  F\ (T - 1—-F T 1 _F\[(ZTZ-IZ-F
= )_/[/ 7Z[j 9)_}[/ H yé./. :yij 3y4./. (ZU 92[./. 9gij )7 u{, 9u,j :u,j (ZU 7%].]. 7%[7 )3 Zij QZij s <

T 1 F\ (T -1 —F r 1 _F\ (T -1—-F T F\.
X,‘/ ’Zi/' 9)_/” b yu 9yg_/_ )yu, gg 9%[1 ﬁgij b Zij QZij 921]' € Z'/ 5%4./ 921,/, b ug/‘ 9”,’/ > ij
T 1 _F\ T I F T 1 F\ [T - I—-F )
So, (’_‘, XX, ); X, X, ,X, ||€ (li,, o ); w, ou, u, ||{L2} that s

T 1 _F\[TT I FY)|. .. r 1 F\ [T —-1I—-F
X L,X ,X ); X, X, X, is the semi-inverse of (g U U ); u, ,u, ,u, .
ij ij ij ij ij ij
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T I F\. -—T —1—-F T I F\. - T —1—F
u ouu )\u, uu X ,x ,x ilx o,x ,x
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9. An Application
We can use the g-inverse of NHSRFMs to find the solution of NHSRFMs relational equations. Let us

consider the system of equations
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denotes the set of all solutions.

An HSRFM may have multiple g-inverses. Here we consider one of the generalized inverse of the
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is one of the solutions of the above system of equations.

10. Conclusion

In this study, we introduced a novel method for determining the generalized inverse (g-inverse)
and Moore-Penrose inverse of Neutrosophic Fuzzy Matrices (HSRFMs). A dedicated algorithm was
developed to compute the g-inverse of HSRFMs, addressing the existing gap in computational
techniques for these matrices. Several theoretical results and properties of the g-inverse were
explored and validated through numerical examples. Additionally, the practical applicability of the
g-inverse was demonstrated by solving a rectangular system of neutrosophic fuzzy relational

equations.
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The findings of this work provide significant contributions to the field of neutrosophic fuzzy
matrix theory by combining theoretical advancements with practical algorithms. This research not
only enhances the foundational understanding of matrix inverses in neutrosophic fuzzy settings but
also offers a reliable tool for solving real-world problems in control systems, robotics, and decision-
making processes. Future studies can build upon this work to explore further applications and

extensions of the proposed methods.

11. Future work

n this paper, we introduce a framework for determining the generalized inverse (g-inverse) and the
Moore-Penrose inverse of Neutrosophic Hyper Soft Rough Fuzzy Matrices (NHSRFMs), along with
the necessary conditions under which these inverses exist. To the best of our knowledge, no algorithm
has been proposed to compute the g-inverse of an NHSRFM; hence, we present a novel algorithm for
its evaluation. Several fundamental properties and results associated with the g-inverse of NHSRFMs
are established to strengthen the theoretical foundation. The study further demonstrates the practical
relevance of the proposed method through a real-world application, supported by numerical
examples that illustrate the theorems, validate the algorithm, and highlight the utility of the g-inverse

in decision-making contexts.
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