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Abstract. The classical Lyapunov matrix equation (LME) is important for checking system stability, but
it assumes we know exact numbers. It cannot handle unclear, conflicting, or missing information. Most of
real-world application of control systems have uncertainty and unpredictability that makes it hard to analyze
the stability precisely using conventional mathematical models. The classical Lyapunov matrix equation is
important in determining the system stability but it fails to accommodate vague, inconsistent, or incomplete
information. Therefore, this study introduces a solution for the Fully Fuzzy Neutrosophic Lyapunov Matrix
Equation (FFNLME) to address the limitation. The proposed model extends the classical model of LME into
the neutrosophic fuzzy domain by incorporating three independent membership components which are Truth
(T'), Indeterminacy (I), and Falsity (F'). Left right-triangular neutrosophic fuzzy numbers (LR-TriNFN) is
utilized to represent uncertain system parameters. Associated linear systems (ALS) and score function method
are employed for deneutrosophication, allowing for computational analysis while preserving the embedded un-
certainty. The study demonstrates that the FFNLME framework provides a more comprehensive and flexible
representation of uncertain systems, enhancing the robustness of stability analysis compared to classical or
fuzzy Lyapunov equations. This formulation can be applied to both linear and nonlinear systems in control en-
gineering, offering an effective means to evaluate stability under ambiguous or incomplete information. Future
research may focus on developing optimized numerical algorithms and extending this approach to large-scale

and time-varying systems.

Keywords: left right-triangular fuzzy numbers; fully fuzzy neutrosophic numbers; Lyapunov; matrix equa-

tions; neutrosophic.
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1. Introduction

A matrix equation represents the mathematical relationships between variables and con-
stants in matrix form. These equations are widely used in various fields, such as physics,
engineering, computer science and control systems to model and solve problems. Matrix
addition, multiplication or inversion are the common operations involved in solving matrix
equations [1]. In addition, the matrix equations provide a compact and efficient way to repre-
sent and compute systems of linear equations, transformation and other operations involving
numerical arrays [2].

There are a few types of matrix equations that are widely applied in various mathemat-
ical formulations such as the Lyapunov matrix equation and they are ranging from linear
to nonlinear forms [3]. Lyapunov equation is crucial in analyzing the stability of control
systems, especially for verifying the stability of linear time-invariant (LTT) systems. The solu-
tions are obtained through different numerical method such as direct and iterative methods.
Bartels—Stewart is the example direct methods that provide an exact numerical solution by
transforming the system into a simpler equivalent form [4]. Besides, the iterative methods
such as the Krylov subspace approach are often employed for large-scale systems and offering
efficient approximations with reduced computational complexity [5].

Many real-world problems involve uncertainty, vagueness and incomplete information, which
makes it difficult to obtain precise solutions using classical numerical methods. To address
these limitations, Zadeh et al. [6] introduced the concept of fuzzy sets, providing a mathemati-
cal framework to handle problems that cannot be effectively solved by conventional techniques.

Fuzzy sets allow the measurement of the membership of an element within a set that rely
on interval from 0 to 1 instead of saying true or false. This approach had been applied in
many areas where the information is imprecise or incomplete. Various forms of fuzzy numbers
have been developed to represent uncertainty in a structrured way. Following that, interval-
valued fuzzy sets (IVFS) were proposed as an extension, offering a broader representation of
uncertainty [7]. Subsequently, Jun et al. [§] combined fuzzy sets and IVFS to create a more
flexible and robust framework for modeling vagueness and indeterminacy. This development
further evolved into concepts such as cubic sets [8], soft sets [9] and cubic soft sets [10]. Overall,
fuzzy numbers provide a mechanism to express partial truth and probabilistic reasoning which
are effectively in capturing the inherent ambiguity and complexity of real-world systems.

Nevertheless, fuzzy numbers do not fully deal with the indeterminate or contradictory in-
formation that often arises in complex real-world systems. In order to overcome this limita-
tion, Smarandache et al. [11] introduced the concept of neutrosophic sets as an extension of
both fuzzy sets to handle incomplete, inconsistent and indeterminate information in practi-

cal applications. In neutrosophic theory, each element is characterized by three independent
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membership functions which are Truth (7"), Indeterminacy (I) and Falsity (F'). This structure
enables a more flexible representation of uncertainty, allowing simultaneous consideration of
what is true, indeterminate and false. Neutrosophic sets have been successfully applied in var-
ious fields where uncertain, inconsistent or contradictory data must be modeled and analyzed
such as decision making, image processing and pattern recognition. Similar to fuzzy numbers,
neutrosophic numbers can take different forms, including triangular and trapezoidal neutro-
sophic numbers, among others developed by subsequent researchers. From a paper reviewed
by Asmizal et al. [12], it stated each role of fuzzy, intuitionistic and neutrosophic numbers
in solving matrix equations and the uncertain matrix equations can be handled better in the
neutrosophic environment. Overall, the neutrosophic framework provides a more comprehen-
sive approach to representing real-life uncertainty and imprecision compared to classical fuzzy
models.

Hence, this study aims to solve the solution of fully fuzzy neutrosophic Lyapunov matrix
equation (FFNLME),

ATX 4+ XA=C (1)
and can be defined in matrix form of
~ ~ ~ T ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
a1l ail -..Aaim 11 11 -.- Tln 11 11 -.- Tln a1l ail -..Aaim C11 €11 ... Cln
_|_ =
Am1 Gm?2 - - - Gmm Zm1ZTm2---Amn Zm1Zm2---Amn Gm1 m2 - - - Gmm Cm1Cm2 - --Cmn

where A = (aij), 1 <i, 5 <mand C = (cij), 1 <i<m, 1< j < n are the neutrosophic fuzzy
matrices. While the solution X = (xi5), 1 <1 <m, 1 < j <nis the unknown matrix. The
coefficients are in the form of left right-triangular neutrosophic fuzzy numbers (LR-TriNFN)
of (m,a,5;T,1,F).

The remaining part of this paper is structured as follows. Section 2 presents some prelimi-
naries that discuss the foundational concepts of fuzzy numbers and neutrosophic numbers with
their mathematical properties. Section 3 presents the theoretical formulation of the FFNLME
meanwhile section 4 discusses the solution algorithm for FFNLME. Next, section 5 provides
illustrative examples followed by its verification of the solution in Section 6. Lastly, section 7

concludes the study with recommendations for future research.

2. Preliminaries

This section recalls some fundamental concepts including definitions and theorems related

to this study.
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2.1. Theory of Fuzzy Numbers

The definitions of fuzzy numbers are given as follows.

Definition 2.1. [6] Let X be a nonempty set, the fuzzy set A in X is characterized by its
membership function,

pi:X —10,1] (2)
and y ;(x) represents the degree of membership of the element z in fuzzy numbers A for each
reX.

Definition 2.2. [6] The fuzzy set A is represented by a set of ordered pairs of element 2 and

grade p ; which can be written as
A= {(a,p3(0))e € X}. (3)

Definition 2.3. [6] A fuzzy set A in X has the following properties as described belows,

(1) pj is upper semicontinuous.

(2) pi =0 is outside of some interval [c, d].

(3) There are real numbers of a and b, such that ¢ < a < b <d and
(a) w7 is monotonic increasing on [c, a],
(b) 4 is monotonic decreasing on [b, d,

() pz=1,fora <z <b.

Various types of fuzzy numbers appear frequently in literature, especially triangular fuzzy
numbers (TriFN) being the most commonly used and there is a form of TriFN called LR-TriFN.
For clarity and easy reference, the definition of LR-TriFN is provided below.

Definition 2.4. [13] The LR-TriFN M = (m, a, 3) has the membership function as follows,

1—7”07“ m—-—a<z<m
() = 1—23% m<z<m+p (4)
0 otherwise

where m is the mean value while a and 3 are the spreads on the left and right sides, respectively.

Meanwhile, in this study, the multiplication operator proposed by Babbar et. al [14] is
adopted, as it is more comprehensive and suitable for use with all types of fuzzy numbers.

The definition for the Babbar’s multiplication operator is given below.
Definition 2.5. [14] The product of two fuzzy numbers A = (m,«, ) and B = (n,,9) is
defined as

A0 B ={(mn.fi,f2) (m,a.8)>0 (5)
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where
fi=mn — Min((m — a)(n —7),(m+ B)(n - 7)),

(6)
fo = Maz((m — a)(n+46).(m+ B)(n—3)) —mn.

Nevertheless, this method overlooks non-membership degrees and the hesitation that often
occurs in real-life scenarios plus remain limited in handling incomplete or inconsistent data
effectively. To address these challenges, neutrosophic fuzzy numbers (NFN) were developed
as an extension of both fuzzy numbers. Next subsection will discussed on the theory of

neutrosophic numbers.

2.2. Theory of Neutrosophic numbers

Neutrosophic fuzzy numbers (NFN) offered a more flexible framework than traditional fuzzy
and intuitionistic fuzzy numbers. They can manage not only incomplete and uncertain infor-
mation but also inconsistent and indeterminate data, making them particularly effective for
addressing complex real-world problems [15]. The definition of neutrosophic numbers is pro-

vided below:

Definition 2.6. [15] Let X be a universal set and let 2 € X. The neutrosophic set A in X is
characterized by a Truth (7'), Indeterminacy (I) and Falsity (F') membership functions, then

neutrosophic numbers is given as,
A={(z,T(x),I(z),F(z)) :z € X}. (7)
There is a restriction on the sum of T, I and F' which must be satisfied, which is
0t <T+I1+F<3" . (8)

In terms of philosophy, the neutrosophic set is derived from actual standard or non-standard
subsets of 07,17 [. However, for technical applications the interval [0, 1] is more appropriate
rather than J0~, 11[ [16]. Same goes to fuzzy numbers, neutrosophic fuzzy numbers also classify
into Triangular neutrosophic fuzzy numbers (TriNFN). For instance, a TriNFN is defined by
three parameters representing the lower, middle, and upper values, each associated with truth
membership, indeterminacy membership and falsity membership degrees. This classification
helps in modeling uncertainty more effectively by capturing the nuances of indeterminate and
inconsistent information within a triangular framework. The detailed definition and operations
of TriNFN are described as follows.
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Definition 2.7. [17] Let N = (a,b,¢;T,I,F) is single-valued TriNFN, consist of truth,

indeterminacy and falsity membership function which defined as,

%T, a<x<b
T, r=0
T(z) = .
— I, b<z<c
0, otherwise,
H—g%g_a), a<xz<b
s 1, r=0
() = xfbti(bcfx)’ b<z<ec
1, otherwise,
bortFla=a) <y <
Flz) = F, r=2>b
71_17?11()6_‘%), b<zxr<c
1, otherwise.

Definition 2.8. ’18] Let X1 = (al,bl,Cl;Tl,Il,Fl) and
Xo = (ag, by, co;Tn, Iy, Fy) be TriNFN. The addition and multiplication operations are as

below:

X1+ Xo = (a1 +a2,by +ba,c1 + s Ty + T — Th T, 11 Iy, F1 FY) 9)

X1 x Xo = (a1a2,b1ba, crea; Ty + To, It + 1o — I 1o, Fy + Fy — F1 ) (10)

2.3. Kronecker products and Vec-operator

Kronecker products and Vec-operator are widely used in solving matrix equations and in
this study, these operators are used to convert the neutrosophic fuzzy matrix equations to a
simpler form of neutrosophic fuzzy linear equations. Basically, the symbol of the Kronecker

product is ®p, and the definition is given as follows.

Definition 2.9. [19] Let matrix A = [a;;] is m x n and B = [b;;] is p x ¢ then the Kronecker
product of A ®; B is given by,
anB e alnB
Amxn Rk Bp><q = (11)
amB ... amnB

which is a mp x ng matrix.
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On the other hand, the Vec-operator is an operator that the matrix will be transformed into

a column vector by stacking its column on top of each other, which can be defined as

Definition 2.10. [19] Let A is a m x n matrix then the vectorization of A is denoted by
Vec(A), which given as follows,

a1

am1

a12

Gmn

Theorem 2.11. [20] If A = (Gij)mxm i a fuzzy matric and U= (Qij)pxp 15 @ unitary fuzzy

matrix written as

(17 Y ( Y 70) * ( » )
3 (0,0, 1,0,0) ... (0,0,
U= : : - : (13)
(0,0,0) (0,0,0) (1,0,0)
then
(i) AU=UA=A
(i) UT =U.

The following definitions demonstrate how the fuzzy neutrosophic Kronecker product and

Vec-operator are utilized in the fuzzy environment.

Definition 2.12. [20] Let A, B and X be the fuzzy matrices, while U is a unitary fuzzy
matrix, then
(i) Vec|[AX] = [U @ A]Vec(X)
(ii) Vec|XB] = [BT @), U]Vec(X)
(iii) Vec[A + B] = Vec[A] + Vec[B]
The size of U in the Definition depends on the size of A and B.

Definition 2.13. [21] Let A= (@ij ) msxm, C = (€ij)mxn and X = (Zij)mxn, then using
fuzzy Kronecker product and fuzzy Vec-operator, the equation of Lyapunov matrix equation,
ATX + XA = C can be written as

[(Unxn Rk A%Xm) + (A;Fxn Rk Umxm)}vec()?mxn) = Vec(é)mxn (14)
where ﬁme and Unxn denote the fuzzy identity matrices with the order of m x m and n x n,

respectively.
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For the purpose of this study, the Kronecker product and Vec-operator are adapted and
referred to as the fuzzy neutrosophic Kronecker product and fuzzy neutrosophic Vec-operator

respectively.

2.4. Associated Linear System

Associated linear systems (ALS) are developed to form a crisp form of the matrix equation.

The definitions of ALS are given as follows,

Definition 2.14. Let S = (m a ,ﬁs) X (mX,aX,B ) and C = (m a ,,BC) Consider
a fully fuzzy linear systems (FFLS) in the form of

SX=C (15)
where S = (mS] afj,ﬂfj), for1<i<p 1<j<gq X = (mJX, JX,ﬁX) with 1 < j < ¢ and

C = (mlé, a?, Bz ) with 1 < ¢ < p, which is equivalent to

® L. - - =
( My, zgvﬁ ) ( jX’anMBJX) = (mzcaazcaﬁzc) (16)
j:17"'7q

Definition 2.15. [22] Let S = (mS oag,ﬁg) and C = (mé,aé,ﬁé) be positive, negative or

near-zero fuzzy matrices, and X = (mX aX , BX ) be the solution which is in a positive fuzzy

matrix. If S is positive, then the forms of ALS obtained, such that,

mmX =m

(@)

aSmX + (m® — ozg)ozX =af (17)
BImX + (m® + 5%)p% = p°

which also can be represented as

mS 0 0 mX mC
o (mg - ag) 0 oX | =]af|. (18)
B0 [m +p%) )\ B 8¢

Subsequently, a brief definition of the score function method is provided.

2.5. Score Funtion method

The score function method is a common approach used to transform neutrosophic fuzzy
numbers into crisp numerical values. This method assigns a single representative value to
each neutrosophic number, enabling straightforward comparison and ranking among multiple
alternatives. Because neutrosophic fuzzy numbers consist of truth, indeterminacy, and falsity
components, direct comparisons between them can be complex. The score function simplifies
this process by integrating these components into one distinct and interpretable value [23].

The formula of score function is given in the following definition,
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Definition 2.16. [24] Let M = (T,1, F) be the single-valued neutrosophic numbers, where
T,I,F € [0,1],0t < T+ 1+ F < 3". Then, the single-valued neutrosophic score function is
defined as,

r'+1-H)+(1-F) 24+4T-1I-F

s(M) = 3

(19)

where s : M — [0, 1].

2.6. Relative Residual Error

The accuracy of the solution for solving linear systems, Ax = b is commonly determined by
relative residual error |25]. The relative residual error is defined as the magnitude of residual
over the magnitude of original vector b and given by

14z —bl|

T (20)

However, in this study of FFNLME the relative residual error measures how well the calcu-

lated solution X satisfies the original equation [26].

Definition 2.17. [27] Given that X is an approximate solution of FFNLME, then the absolute

residual, ||R|| is given as follows,
IR|| = [|ATX + XA -, (21)

then, the relative residual, € is equal to
_ IRl[F
€ =
IClF
ATX + XA - Cl|p
ICl|F

(22)

||.||F denotes the Frobenius norm, which used to calculate the distance of each element from

neutrosophic zero [27].

3. Theoretical Development

In this section, there are several definitions and theorems are presented to support the
solution of FFNLME. They are presented as follows.
First, Theorem is established and proved by contradiction with aimed to show that the

fuzzy neutrosophic coefficients of FFNLME must always be square matrices.

Theorem 3.1. The fuzzy neutrosophic coefficients A and X of FFNLME ATX + XA = C

must be square matrices of the same order.
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Proof. Let fuzzy neutrosophic coefficients A be a square matrix while X be a non-square

matrix, such that zzlpxp and X'pxq, then

AL 2 Xpxq @ XpxgApxp. (23)

However, the product of prq and Apxp cannot be performed since the order of both matrices
do not fulfill the condition of matrix multiplication. While, if fuzzy neutrosophic A and X

both be the square matrices but in different order, such that flpxp while X'qxq, then

Agxpj(qxq ® quq;lpxp- (24)

The product of both flgx pf(qxq and f(pxqflpxp also cannot be computed since their dimensions
do not satisfy the requirement for matrix multiplication. Meanwhile, if fuzzy neutrosophic A

and X be the square matrix with the same order, such that flpxp and prp, then

A7 Xpo ©® prp;lpxp - (ATX)po D (XA)PXP' (25)

pPXp

flpxp can be multiplied by prp because their sizes match the rules for matrix multiplication
and they can also be added since both have the same size. Thus, in all cases, A and X in

FFNLME must be square matrices with the same order.

Next, the unitary fuzzy matrix of Theorem [3.2] are extended to include truth, indeterminacy,

and falsity components as in the following theorem.

Theorem 3.2. Let U be the fuzzy neutrosophic identity matriz which can be described as

below,
(1,0,0;1,0,0) (0,0,0;0,1,1) ... (0,0,0;0,1,1)
G (0,0,0;0,1,1) (1,0,0;1,0,0) ... (0,0,0;0,1,1)
(0,0,0;0,1,1) (0,0,0;0,1,1) ... (1,0,0;1,0,0)

U satisfies the condition of
(i) AU =UA = A
(i) UT =U
Proof. For condition consider
i- (mar, a1, Bin T, T, Fin) - (mag, cag, Bi2; Tz, i, Fio)
(ma1, a1, Bor; Tor, Ior, Fo1) (Mg, oz, Baz; Tog, Ioo, Faz) |

and

~ 1,0,0;1,0,0) (0,0,0;0,1,1
U<<,,,,,><,,,,,>>' (26)

~ \(0,0,0;0,1,1) (1,0,0;1,0,0)
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By applying the multiplication arithmetic operator of positive LR-TriNFN as defined in Defi-

nition [3.4]

At — ((mn,an,ﬁn;Tn,In,Fn) (m12,a12,512;T12,—712,F12)> ’
(ma1, o1, Ba1; To1, I21, Fo1) - (maz, aza, Baz; Taa, Ia2, Fo2)
meanwhile,
b <(m11,0411,ﬁ11;T11,111,F11) (m12,0612,512;T12,1127F12)> ’
(ma1, o1, Bo1; To1, Io1, Fo1)  (ma2, aza, Bag; To, 22, Foa)
therefore,

AU =UA = A.
On the other hand, for the condition by implementing method of matrix transpose, such
that

T (170>0a17070) (0>O>Oa 07111)
U —

(0,0,0;0,1,1) (1,0,0;1,0,0)
which is equivalent to Equation .Therefore,

T =U.

Theorem 3.3. Let A and X be the square matrices with the same order, such that A =
(@ij ) mxcm, X = (Zij)mxm and C = (Cij)mxm, the fully fuzzy neutrosophic linear systems
(FFNLS) of ATX + XA = C is equal to

DX =C (27)
where D = (Unxn Qp flﬁxm + fl%xm Qpk ﬁnxn), X = Vec(f()mnxl and C = Vec(é’)mnxl.

Proof. The FFNLME of Equation is reformulated into linear equation by vectorizing the

equation as follows,
Vec(A?nmemxm + XmeAme) = Vec(é’)mxm. (28)
Applying the properties of vectorization operator of Definition
Vec(ﬁfnmemxm) + Vec(f(mxmflmxm) = Vec(é’)mxm. (29)
Then, the following equation is obtained by adapting Definition and where
(Unsen @x AL+ AT @5 Upsen)Vee X ) mnx1 = Vee(C)mnxi (30)

and equivalent to

DX =C (31)

where D = (Unxn Ok AT + AT Rk Unxn), X = Vec(X)mnX1 and C = Vec(CN')mnxl. 0O

mxXm mxXm
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Previously, the multiplication operation of TriNFN is calculated based on the formula as in
Equation . In this study, since the LR-TriNFN is used as the coefficient of FFNLME which
in the form of (m,a, 3;T, I, F), then the multiplication operation of Equation is adapted
into the existing operator of Equation . Therefore, the new multiplication operator is

defined as follows.

Definition 3.4. Let X; = (my, a1, 01371, 11, F1) and Xo = (mg, ag, B2;Ts, I, F) be the
positive LR-TriNFN. The multiplication arithmetic operator is defined as belows.

X1 x Xo =(mima, mimg — Min[(m1 — a1)(m2 — a2), (m1 + B1)(m2 — az)],
Maz[(ma, a1)(mz + B2), (m1 + B1)(ma — B2)]; (32)
Ty, Iy + I — 1 Iz, F1 + Fo — 1 F).

Besides that, the additional operation of LR-TriNFN is executed according to the Equation
@, such that

X1+ Xo = (m1+mo, a1+ ag, f1 + Bo; 11 + T — Th 1o, I1 I, F1 F). (33)

4. Algorithm for solving FFNLME

Step 1: FFNLME is reduced to FFNLS

The FFNLME is reduced to FFNLS, DX = C by using the fuzzy neutrosophic Kronecker
product and neutrosophic fuzzy Vec-operator as defined in Definition

Step 2: FFNLS is deneutrosophicated to crisp form

The conversion of FFNLS to a crisp form is carried out by treating separately the component
of LR-TFN, (m, «, 5) and the neutrosophic components, (T, 1, F').

Consider FFNLS DX = C in the following form of

" (mBaf B TR 1D, FD) © (m¥ o 85T 15 FF) = (€ €, 0 TE LI FO) (3)
j=1,...q
fori=1,...,p, where D = (Dij)mnxmn, X = (Xj)mnxl and C = (C’i)mnxl. Subsequently, the
implementation is described as follows:
i. Component of LR-TriFN of (m, a, 3)
The conversion of the LR-TriFN is aimed to form an associated linear system as defined
in Definition Next, the following sub-matrices of (mD —aP), (mﬁ —aP)t,
(m]j —aP)~, as well as (mD +aP), (m’j +aP)*t and (m’j + aP)~ are defined. All
the sub-matrices are in the form of crisp matrices. Subsequently, all sub-matrices are

substituted into a general form of an associated linear system as given in the Equation

(18). Thereby a crisp form of linear system

D1 X, =0C (35)
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is established, which can be equivalent to

mbP1 0 0 mx1 m&t
D1 (m[}1 - aﬁl) 0 o1 | =] a% |. (36)
lgﬁl 0 (mﬁl + Bﬁl) B)Zl /Bél

ii. Component of neutrosophic numbers of (T, I, F)
On the other hand, the conversion of the neutrosophic component (7', I, F') is executed
by applying the score function method as stated in Equation . Generally, the

conversion of (TH, IH, F) to a crisp form is

TR+ -1+ (- Ff)

s(TH, I, FR) = 3 = Dqy (37)
Hence the following crisp form of linear system is obtained,
Dy Dyp ... Dip 11 €11 €12 ... Cip
Doy Day ... Doy T12 Co1 €22 ... Cop
= : (38)
Dypn Dpp ... Dpp Tnn Con Cnn ... Cnn
which can be represented as
Dy Xy = Cs. (39)
Step 3: Obtaining the solution X
Hence, based on Equation , the solution X; can obtained by
le mljl 0 0 - mdl
ot [ = | aPr | (mPr —alr) 0 o |, (40)
/6)51 /Bjjl 0 (mﬁl + /Bﬁ1) /361
or in fuzzy form,
X1 X1 pX X, X oX X, X oX
(mit', eq, Birt)  (miys oy, Bis') oo (myysaqy,, BL)
X, = : : : : (41)
X X1 oX X, X1 oX % ¢ ¢
(Mt oty Bnl)  (Mipss by Brs) - - (manna O‘%%ﬂ 67)7;11)

Meanwhile, for X9 which is the solution of the Equation , obtained by
-1

11 D1 Dy ... Diyp c11
12 D21 Doy ... Doy, c12
= . (42)

As the obtained solution X5 is a crisp matrix, conversion to a neutrosophic number is
required. However, to the best of our knowledge, there is currently no literature that provides

a formal approach for converting a crisp number into a neutrosophic representation. Therefore,
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for the sake of simplicity and illustrative purposes, this study considers the obtained value of X»
as the truth-membership value (T), while the indeterminacy (/) and falsity (F') components are
assigned based on reasonable assumptions or approximations. It is noted that, the assumption
and approximations value must ensure that the basic fundamental of neutrosophic number is
imposed, which allows numbers within [0,1], with 07 < T+ I + F < 3" as stated earlier in
the Equation .

Therefore, the solution X5 after represented in a neutrosophic form, can be generally written

as,
Xy 71X X Xo X X
(T112711127F112) s (T1n27 Iln27 F1n2)
Xp = : : : (43)
Xy 71X X ¢ ¢ ¢

Subsequently, the final solution, X therefore is obtained by assemble both answers obtained

in Equation and Equation to be in the following form,

X1 X1 aX.mXe X2 pXo X1 X1 o2Xi.mXo 71X pXo
(mat, ot Bin T I FL) o (may, aq s B T 1) i)
X = s z (44)
X1 X1 pXi.pXo X2 pXo X1 X1 pXi.7mXe 1X2 pX
(mmhaml’ ml’Tm17Im17Fm1) (mm}zvamlrm m?lem?HIm?%me?L)

5. Numerical Example

Example 5.1. Consider a FFNLME of ATX + XA = C,

T
(11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2) A
(7,2,1;0.8,0.2,0.4)  (8,6,9;0.6,0.4,0.3) Fo1 T
i1 d12) [(11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2)
Fo1 F22) \ (7,2,1;0.8,0.2,0.4) (8,6,9:0.6,0.4,0.3)

[ (157,89,223;0.7,0.13,0.2)  (140,84,415;0.83,0.13,0.22)
(235,143, 444; 0.87,0.14,0.08) (177,121, 539;0.89, 0.18,0.09)

Step 1
The FFNLME of ATX + XA = C is reduced into FFNLS, DX = C where D = (Upxn
/nglxm—hzlﬁxm Qp Unxn), X = Vec(f()mnxl and C = Vec(é’)mnxl as shown in Equation ([28]).

First, find Usz Rk AQTXQ. Here, the size of the fuzzy neutrosophic identity matrix of 2 x 2 is

chosen to match the order of A7 which also in the same order. The corresponding calculations
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are presented as follows.

(Uaxz @1 Al )

(11,4,3;0.3,0.5,0.1) (7,2,1;0.8,0.2,0.4)  (0,0,0;0,1,1) (0,0,0;0,1,1)
| (5,1,3;09,0.7,0.2)  (8,6,9;0.6,0.4,0.3)  (0,0,0;0,1,1) (0,0,0;0,1,1)
B (0,0,0;0,1,1) (0,0,0;0,1,1)  (11,4,3;0.3,0.5,0.1) (7,2,1;0.8,0.2,0.4)

(0,0,0;0,1,1) (0,0,0;0,1,1)  (5,1,3;0.9,0.7,0.2) (8,6,9;0.6,0.4,0.3)

Similarly for (A;FXQ R ngz),
A%;Q Rk sz2
(11,4,3;0.3,0.5,0.1)  (0,0,0;0,1,1)  (7,2,1;0.8,0.2,04)  (0,0,0;0,1,1)
(0,0,0;0,1,1)  (11,4,3;0.3,0.5,0.1)  (0,0,0:0,1,1)  (7,2,1;0.8,0.2,0.4)

(5,1,3;0.9,0.7,0.2) (0,0,0;0,1,1) (8,6,9;0.6,0.4,0.3)  (0,0,0;0,1,1)
(0,0,0;0,1,1) (5,1,3;0.9,0.7,0.2) (0,0,0;0,1,1)  (8,6,9;0.6,0.4,0.3)

Next, execute (U @y AT) @ (AT @, U) to obtain D. Hence, the FFNLS, DX = C is formed as

follows,

(22,8,6;0.51,0.25,0.01)  (7,2,1;0.8,0.2,0.4) (7,2,1;0.8,0.2,0.4) (0,0,0;0,1,1)
(5,1,3;0.9,0.7,0.2) (19,10,12;0.72,0.2,0.03) (0,0,0;0,1,1) (7,2,1;0.8,0.2,0.4)
(5,1,3;0.9,0.7,0.2) (0,0,0;0,1,1) (19,10,12;0.72,0.2,0.03)  (7,2,1;0.8,0.2,0.4)
(0,0,0;0,1,1) (5,1,3;0.9,0.7,0.2) (5,1,3;0.9,0.7,0.2)  (16,12,18;0.84,0.16,0.09)

Z11 (157,89, 223;0.7,0.13,0.2)

Fo1 | | (235,143,444;0.87,0.14,0.08)

F12 (140,84, 415;0.83,0.13,0.22)

oo (177,121, 539; 0.89, 0.18, 0.09)

Step 2:

Deneutrosophication of the FFNLS DX = C is carried out, starting with the LR-TriFN
(m,a, B). Based on Equation , all the coefficients are collected in the crisp matrices as

follows,
22 7 7 0 8 2 2 0 6 1 1 0
A 5 19 0 7 = 1 10 0 2 = 3 12 0 1
mD: 7aD: 7/BD: )
5 0 19 7 1 0 10 2 3 0 12 1
0 5 5 16 0 1 1 12 0 3 3 18
157 89 223
~ 235 = 143 s 444
mC: 7aC: 7ﬁC: 5
140 84 415
177 121 539
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and the sub-matrices are obtained as follows,

14 5 5 0 14 5 5 0 0000
(mP D) — 4 90 5 (P o)t 4 905 (P o) — 000 0]
4 09 5 0 09 5 0000
0 4 4 4 0 4 4 4 0 0 0 O
28 8 8 0 28 8 8 0 0 0 O
., 8 31 0 8 ., 8 31 0 8 ., 00 0
(m®+57) = 8 0 31 8 - (mP+B7)" = 8 0 31 8  (mP4B7)” = 00 0
0 8 8 34 0 8 8 34 00 0
Hence the crisp form of D1 X; = C is presented as,
2 7 7 0|0 000[0 0 0 0 miy 157
5 19 0 7/0 00 0/0 0 0 0 may 235
5 0 19 0 000[0 0O 0 O may 140
0 5 5 16/0 0000 0 0 0 may! 177
8 2 2 14 55 0[0 0 0 0 agt 89
1 10 4 9 05/0 0 0 0 o7 Rt 5)
1 0 10 9/4 09 5[0 0 0 0 ! 84
0 1 12(0 44 4/0 0 0 0 [|aS 121
6 1 0/0 00 O0[28 8 8 0 X 223
3 12 0 0 0008 31 0 8 X 444
3 12 110 0008 0 31 8 X1 415
0 3 3 180 00 0|0 8 8 34 X 539

On the other hand, the crisp form of the neutrosophic elements, (7, I, F)) = (0.51,0.25,0.01)
is obtained using the score function method described in Definition For illustration, the
conversion of the element (T, I, F) of the coefficient D is presented as follows.

T + (1 — Ill) + (1 — Fn)

3
~ 0514 (1-0.25) + (1 —0.01)
- 3

s(Th1, L1, Fin) =

= 0.75.

Hence, the crisp linear system in the form of Dy Xo = (5 is obtained as belows,

0.75 073 073 0 11 0.79
0.67 083 0 0.73 Ta1 | _ 0.88 . (46)
0.67 0 075 0.73 12 0.83

0 0.67 0.67 0.73 22 0.87

Step 3
According to the crisp form of D1X; = C; as shown in Equation , the solution of X7 is
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determined by taking the inverse coefficient of D;. Hence,

RS
=
N O 0N RN W R SR O oW

which can be expressed and written in the following form,

X1 X1 aX X1 X1 aX
X = <(m11170‘1117 ') (myg oy, 1gl)> _ <(37172) (472,9)>

(m§€117a§€117 éX;l) (m§g17a§§17 5(21) (97 378) (77 17 7)

In addition to that, the solution of the crisp linear system Dy X9 = Cs is as follows,

T11 0.296
o1 | 0.4

22| | 0.38
T99 0.48

obtained via the inverse method. The solution can thus be expressed as follows,

0.296 0.38
Ti1 Tz . (48)

21 T22 0.4 0.48
The solutions are converted to neutrosophic form (7,1, F) by directly assigning the value
obtained in Equation as the component T'. While for the other component, I and F, the

values are determined by assuming or approximating, which ensures that the resulting satisfy

the fundamental condition of neutrosophic as stated in Equation ,

R (((0.3,0.4, 03)  (0.4,0.15,0.45) ) | (49)

0.38,0.42,0.2) (0.48,0.27,0.25)
Finally, both fuzzy and neutrosophic elements as stated in Equation and Equation

are combined into a single matrix to form a triangular neutrosophic fuzzy matrix, X as the

following,

5 _ [ (3.1,203,04,03)  (4,2,904,0.15,0.45)
(9,3,8;0.38,0.42,0.2) (7,1,7;0.48,0.27,0.25) ]

Each component of the solution X is illustrated in the following graphs.
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FiGgure 1. Component X = FiGUurE 2. Component X1 =
(3,1,2;0.3,0.4,0.3) (4,2,9;0.4,0.15,0.45)

Membership degree (i)
Membership degree (i)

FIGURE 3. Component Xy = FIGURE 4. Component Xop =
(9,3,8;0.38,0.42,0.2) (7,1,7;0.48,0.27,0.25)

Figures (1| to {] illustrate the graphical representations of solutions for fuzzy neutrosophic
numbers. In these figures, the horizontal axis corresponds to the domain of the triangular fuzzy
numbers, while the vertical axis represents the degree of membership, which ranges from 0 to 1.
The three distinct membership functions which are Truth (7"), Indeterminacy (I) and Falsity
(F) are depicted simultaneously to provide a comprehensive understanding of their behavior.
For instance, as shown in Figure |1} the neutrosophic fuzzy element X1 = (3,1,2;0.3,0.4,0.3)
is defined over the interval [2,5]. The truth membership function increases linearly from 0
at m — a = 2 to its peak value of 0.3 at m = 3 and then decreases linearly back to 0 at
m + f = 5. The indeterminacy and falsity membership functions follow the same interval but
reach different peak values of 0.4 and 0.3, respectively. By plotting these three membership
functions within the same interval, the figure effectively visualizes how truth, indeterminacy

and falsity coexist and interact in representing a neutrosophic fuzzy element.
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6. Verification of the Solution

In this section, the verification of the obtained solution from the previous section is outlined.
It is carried out by substituting the solution of X into the FENLME of Example as follows,
ATX + XA
~((11,4,3;0.3,0.5,0.1) (7,2,1;0.8,0.2,0.4) (3,1,2;0.3,0.4,0.3) (4,2,9;0.4,0.15,0.45)
(5,1,3;0.9,0.7,0.2) (8,6,9;0.6,0.4,0.3) (9,3,8;0.38,0.42,0.2) (7,1,7;0.48,0.27,0.25)
(3,1,2;0.3,0.4,0.3) (4,2,9;0.4,0.15,0.45) (11,4,3;0.3,0.5,0.1) (5,1,3;0.9,0.7,0.2)
(9,3,8;0.38,0.42,0.2) (7,1,7;0.48,0.27,0.25) (7,2,1;0.8,0.2,0.4) (8,6,9;0.6,0.4,0.3)
[ (157,89,223;0.6,0.1,0.04) (140,84,415;0.7,0.1,0.1)
(235,143,444;0.7,0.15,0.03) (177,121, 539;0.8,0.2,0.05)
G,
(50)
The solution matrix C* obtained in Equation(50]) after substituting into Example is
found to be approximately equal to the original matrix C stated in the Example The
minor discrepancies are likely attributable to round-off errors introduced during multiplication
operations of neutrosophic numbers.
Hence, the relative residual error, e stated in Equation is employed to quantify the
deviation between C and C*, as follows
_le=an
jl&]

Firstly, by using score function approach, the crisp form of C* and C are obtained as below,

~ 0.82 0.83) - 0.79 0.83
0.84 0.85 0.83 0.87
Next, norm which is the single value of the matrix in Equation is calculated as
|IC* = C||r = +/(0.82 — 0.79)2 + (0.83 — 0.83)2 + (0.84 — 0.83)2 + (0.85 — 0.87)2

= /(0.03)2 + (0)2 + (0.01)2 + (—0.02)2
=0.0374

IIC||F = +/(0.79)2 + (0.83)2 + (0.83)2 + (0.87)2
= 1.661

then,
~0.0374

1.661
= 0.02.

The tolerance value of ¢ = 0.02 should be considered due to the preliminary approxima-

tions made for the component I and F'. Currently, no formal literature provides a standard
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for converting crisp results back into neutrosophic form, requiring assumptions that naturally
influence the final residual. Furthermore, these deviations are attributed to the algebraic com-
plexities of neutrosophic multiplication and inherent floating-point round-off errors. Despite
this, the proposed algorithm can still be acceptable and applicable, offering a flexible represen-

tation of uncertainty that extends the capabilities of classical or fuzzy Lyapunov approaches.

7. Conclusion

In conclusion, this study has developed a framework to solve FFNLME, which generalizes
the classical Lyapunov formulation to incorporate truth, indeterminacy and falsity compo-
nents. By applying neutrosophic representations with correspondent solution methods, the
new approach is capable to accommodate uncertainties as well as capturing inconsistencies
that cannot be presented using conventional or fuzzy models. It is shown that the neutro-
sophic Lyapunov formulation provides a comprehensive and flexible tools for analyzing the
dynamic systems that deal with uncertainties. In the future, the focus on other neutrosophic
numbers such as trapezoidal and pentagonal neutrosophic numbers can be implemented and ex-
tend the framework to large-scale systems. This is important in developing efficient numerical
algorithms and integrating optimization-based or iterative methods to enhance computational

efficiency.
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