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Abstract. The study defines a neutrosophic N-subalgebra and a level set of a neutrosophic A -structure on
Sheffer stroke BG-algebras. It appears that these concepts are integral to understanding the behavior of
neutrosophic logic within the framework of Sheffer stroke BG-algebras. The study establishes a relationship
between subalgebras and level sets on Sheffer stroke BG-algebras. Specifically, it proves that the level set of
neutrosophic N -subalgebras on this algebra is its subalgebra, and vice versa. This indicates a tight connection
between these two concepts within the given algebraic structure. It is stated that the family of all neutrosophic
N-subalgebras of a Sheffer stroke BG-algebra forms a complete distributive lattice. This suggests that there is a
well-defined structure and order among these subalgebras, allowing for systematic analysis. The study describes
a neutrosophic N-ideal of a Sheffer stroke BG-algebra and provides some of its properties. Additionally, it is
shown that every neutrosophic N-ideal of a Sheffer stroke BG-algebra is also its neutrosophic A-subalgebra,
though the inverse is generally not true. This highlights the specific characteristics and behavior of neutrosophic

N-ideals within the given algebraic context.
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1. Introduction

BG-algebras, initially developed by mathematicians Bright and Grimmett, extend Boolean
algebras by incorporating more intricate operations and properties, allowing them to address
complex logical and scientific inquiries. Building on the foundational concepts of Boolean al-
gebra, BG-algebras provide a broader and more flexible framework for modeling and analyzing
logical and algebraic systems that surpass the limitations of traditional Boolean logic. This
expansion has enabled their application in fields such as advanced mathematical logic and

fuzzy logic, where they help capture subtleties in logical reasoning.
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The Sheffer stroke operation, also known as the NAND operator, was introduced by Henry
Maurice Sheffer [10]. This operation is notable because it alone can create a complete logi-
cal system, without the need for additional logical operators [2]. In other words, any axiom
or expression in a logical system can be formulated using only the Sheffer stroke operation.
This characteristic enhances the ability to examine and verify specific properties in newly
constructed logical systems. Furthermore, the fundamental axioms of Boolean algebra, which
underpin classical propositional logic, can be fully expressed using just the Sheffer stroke.
This underscores the foundational importance and versatility of the Sheffer operation in both
algebraic and logical frameworks. This concept has attracted considerable academic inter-
est, leading to various studies, including work on Sheffer stroke operation reducts of basic
algebras 7] and their congruences [9], Sheffer stroke MLT-algebras (8], ortholattices [1], new
state operators in Sheffer stroke basic algebras [6] and their filters, Riecan and Bosbach state
operators on Sheffer stroke MTL-algebras [5], and Sheffer stroke BG-algebras [3].

The exploration of Sheffer stroke BG-algebras is motivated by their potential applications
in both theoretical and applied fields. These algebras not only enhance our understanding
of non-classical logics but also offer valuable insights for computational models in areas such
as quantum computing and fuzzy logic. By leveraging the unique properties of the Sheffer
stroke, Sheffer stroke BG-algebras enable the development of innovative reasoning methods
that extend beyond classical Boolean systems.

The novelty of Sheffer stroke BG-algebras lies in their ability to unify various logical oper-
ations within a single operational framework. This consolidation expands the scope of logical
reasoning, providing a foundation for examining relationships between previously disparate al-
gebraic structures. Additionally, incorporating the Sheffer stroke within BG-algebras opens up
new avenues for research, such as the creation of decision-making frameworks and algorithmic
applications that utilize the unique characteristics of the Sheffer stroke.

Neutrosophic N -structures, a part of the broader field of neutrosophy introduced by Flo-
rentin Smarandache in the early 1990s, provide tools for managing uncertainty, inconsistency,
and indeterminacy in logic and mathematics [11]. Neutrosophy originated with neutrosophic
logic and has since grown to include N-structures and neutrosophic sets, which are applied
in fields such as artificial intelligence and data analysis. Research continues to expand and
deepen the theoretical foundation of neutrosophic structures, exploring their applications and
practical implementations.

Neutrosophic NV -structures enrich classical mathematical frameworks by incorporating neu-
trosophic principles, which describe elements with three components: truth, indeterminacy,
and falsity. This approach allows for a more nuanced representation of information, effectively

capturing uncertainties and partial truths.
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In this paper, we define a neutrosophic N-subalgebra and a level set of a neutrosophic
N-structure within Sheffer stroke BG-algebras. These concepts are critical for understand-
ing the interaction between neutrosophic logic and Sheffer stroke BG-algebras. Our study
demonstrates that there is a close relationship between subalgebras and level sets within this
framework. Specifically, we prove that the level set of a neutrosophic N-subalgebra is itself
a subalgebra and that, conversely, a subalgebra can be interpreted as a level set. This result
establishes a robust connection between these two concepts within the algebraic structure.

Furthermore, we show that all neutrosophic A -subalgebras of a Sheffer stroke BG-algebra
form a complete distributive lattice. This structure provides a clear ordering among these
subalgebras, facilitating systematic analysis. Additionally, we define and investigate a neu-
trosophic NV-ideal within Sheffer stroke BG-algebras and outline some of its key properties.
We demonstrate that every neutrosophic AN-ideal in this algebra is also a neutrosophic N-
subalgebra, although not every N-subalgebra qualifies as an N-ideal. This distinction high-
lights the unique attributes of neutrosophic A-ideals in the context of Sheffer stroke BG-

algebras, contributing to a deeper understanding of their behavior and potential applications.

2. Preliminaries

In this section, basic definitions and notions about Sheffer stroke BG-algebras and neutro-

sophic N —structures.

Definition 2.1. ( [10]) Let H = (H,|) be a groupoid. The operation | is said to be a Sheffer
stroke operation if it satisfies the following conditions:

(S1) zly = yl,

(52) (z|2)l(zly) = =,

(S3) =[((yl2)I(yl2)) = ((x[y)[(z[y))]z,

(54) ([ ((z[x) [yl ((|2)(yly))) = 2.

Definition 2.2. ( [3]) A Sheffer stroke BG-algebra (briefly, SBG-algebra) is a structure (A, |)
of type (2) such that 0 is the fixed element in A and the following conditions are satisfied for
all z,y,z € A

(SBG-1) (z|(z[z))|(z[(z]x)) = 0,

(SBG-2) (0[(yly))((z|(yly)[(x|(yly))) = z|z.

Proposition 2.3. ( [3]) Let (A4,|) be an SBG-algebra. Then the binary relation z < y if and
only if (y|(z|x))|(y|(z|x)) = 0 is a partial order on A.

Definition 2.4. ( [3]) A nonempty subset G of a Sheffer stroke BG-algebra H is called an
SBG-subalgebra of H if (z|(y|y))|(z|(y|y)) € G for all z,y € G.
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Definition 2.5. ( [3]) A nonempty subset G of a Sheffer stroke BG-algebra H is called an
SBG-ideal of H if for all z,y € G

(1) 0 € G,

(2) (@|(yly)|(z[(yly)) € G and y € G imply = € G.

Definition 2.6. [4] An X is said to be implicative if it satisfies the condition z|(z|(y|y)) =
yl(y|(x|z)), for all x,y € L.

Definition 2.7. [4] Let (A, |4,04) and (B, |p,0p) be Sheffer stroke BG-algebras. Then a
mapping f : A — B is called a homomorphism if f(z|ay) = f(z)|sf(y) for all z,y € X and
f(04) =0p.

Theorem 2.8. |4/ Let (A,|4,04) and (B, |p,0B) be Sheffer stroke BG-algebras. Then (A x
B, |axB,04xB) is a Sheffer stroke BG-algebra, where the set A x B is the Cartesian product of
A and B and the operation | axp on this set is defined by (a1, b1)|ax (a2, b2) = (a1]|aaz, b1|5b2),

and the fized element is 0axp = (04,08).

3. Some properties of Neutrosophic N-structures on Sheffer stroke BG-algebras

In this section, the study introduces the concepts of neutrosophic N-subalgebras and neu-
trosophic N-ideals within the context of Sheffer stroke BG-algebras. It’s worth noting that
unless explicitly stated otherwise, X refers to a Sheffer stroke BG-algebra.

Definition 3.1. A neutrosophic N-subalgebra Xy on X is called a neutrosophic N -structure
of X if

Tn((|(yly)I(2l(yly))) < max{Tn (), Tn(y)}
(Vz,y € X) | In((zl(yly)|(=[(yly))) = min{In(z), In(y)} |- (1)
Ex((](yly)(z](yly))) < max{Fn(z), Fn(y)}

To illustrate the concept of a neutrosophic AN -structure, we provide an example that demon-

strates the conditions in Definition B.11

Example 3.2. Let X = {0,z,y,1} be a set with the operation | defined by the following
Cayley table (Example 3.1 in [3]):

|10 =z y 1
0j{1 1 1 1
x|l y 1 y
y|ll 1 o =z
111 yv = O
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Define the neutrosophic functions Ty, Iy, and F on X as follows:

Twn(0) = 0.6, Twn(z) = 0.7, Tn(y) = 0.5, Twn(1) = 0.9,
In(0) = 0.4, In(z) = 0.5, In(y) = 0.6, In(1) = 0.1,
Fn(0) = 0.3, Fy(z) =02, Fn(y) = 0.4, Fy(1)=0.1

Now, consider X = {0, 2} as a subset of X, and let’s verify if Xy satisfies the conditions
in Definition to be considered a neutrosophic N -structure.

(1) Truth Membership Condition and Additional Condition:

We need to verify the truth membership condition and the additional condition

(2(0[0))[([(0]0)) = .
For the truth membership condition, for @ = 0 and b = z, the condition requires

that
Tn((0](z]2))[(0)(x[x))) < max{Tn(0), Tn(z)}.

Using the Cayley table, we calculate (0|(x|z))|(0|(z|z)) = 0.
Substituting, we get T (0) = 0.6, and

0.6 <max{0.6,0.7} = 0.7,

which satisfies the truth membership condition.

Now, let’s verify the additional condition (z](0[0))|(z|(0]0)) = =.

Using the Cayley table, we calculate (x|(0]0))|(x|(0]0)) = y|ly = =.

This result, z, matches the required condition, confirming that the additional con-
dition is satisfied.

(2) Indeterminacy Membership Condition: The indeterminacy condition requires
In((0](x]))[(0](z]x))) = min{In(0), In(2)}-
From the Cayley table, we have:
(0l(z|2))|(0f(x]2)) = 0.
Substituting, we get Iy (0) = 0.4, and
0.4 > min{In(0), In(z)} = 0.4,

which satisfies the indeterminacy membership condition.

(3) Falsehood Membership Condition: For the falsehood condition, we need
Ex((0[(z]2))[(0](z|2))) < max{Fn(0), Fy(z)}.

From the Cayley table, we have (0|(z|x))[(0](z|z)) = 0.
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Substituting, we get Fy(0) = 0.3, and
0.3 < max{Fy(0), Fx(z)} = 0.3,

which satisfies the falsehood membership condition.

This example demonstrates that Xy = {0, x} satisfies all three conditions required in Defini-
tion[3.1] as well as the additional condition (z|(0/0))|(z|(0]0)) = z, to qualify as a neutrosophic
N-structure. This verification shows that the elements in X fulfill the necessary criteria un-
der the truth, indeterminacy, and falsehood membership functions, illustrating how a subset

can meet the strict requirements for a neutrosophic N-structure.

Definition 3.3. Let Xy be a neutrosophic N-structure on X and «, 3,7 € [—1,0] such that
—3<a+ p+v<0. For the sets

TN ={r € X : ITn(x) < a},

IV ={ze X Iy(x) > B}
and
Fl={z e X :Fn(z) <~}
the set
Xn(a,B,7) ={z e X : Tn(z) < a,In(z) > B, Fn(z) < v}
is called (a, 8, 7)-level set of Xn. Also, Xn (o, 8,7) =T NIYNFy.

Theorem 3.4. Let Xy be a neutrosophic N -structure on X and a, 8,y € [—1,0] such that
3 < a+ B+ <0. If Xy is a neutrosophic N -subalgebra of X, then the nonempty
Xn(a, B,7)-level set of Xy is a subalgebra of X .

Proof. Assume that Xy is a neutrosophic N-subalgebra of X and z,y € Xy(a, 8,7). Then
Tn(z) < a,In(z) > B, Fy(z) <~vand Tn(y) < o, In(y) > B, Fn(y) <. Thus, it is obtained
that

T ((l(yly)(z|(yly))) < max{Tn(z),Tn(y)} < a,

In((2|(yly)|(z[(yly))) = min{In(z), In(y)} = B
and

En((@|(yly)|(z](yly))) < max{Fn(z), Fn(y)} <~
for all z,y € X. So, (z|(y|v))|(z|(yly)) € Xn(a,B,7) which means that Xy(«,3,7) is a
subalgebra of X.

Theorem 3.5. Let Xy be a neutrosophic N -structure on X and T, Iﬁ, and F}; be subalgebras
of X for all o, B,y € [—1,0] such that =3 < o+ +v < 0. Then Xy is a is a neutrosophic
N -subalgebra of X .
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Proof. Assume that T, I ]6\, and Fy; are subalgebras of X for all o, 8,7 € [—1,0] such that
—3<a+p+7<0.

Suppose that z,y € X such that a = Tn((z|(y|y))|(z|(y]y))) > max{Tn

b
b < ay < awhere a; = % € [-1,0). Thus, z,y € Ty', but (z|(y|y))|

(x),Tn(y)} = b. Then
(«|(yly)) ¢ Tx', which
is a contradiction. Hence, Tn((z|(y|y))|(z|(y|y))) < max{Tn(z),Tn(y)} for all z,y € X.
Assume that z,y € X such that v = In((2|(y|y))|(z|(y|y))) < min{Iy(x),In(y)} = v. Then
YU ¢ [21,0). Hence a,y € I8! but (2|(yly))|(2](yly)) ¢ I8 which
is a contradiction. Therefore, In((z|(y|y))|(z|(y|y))) > min{Iy(x),In(y)} for all z,y € X.
Suppose that xz,y € X such that m = Fy((z|(y|y))|(z|(y|y))) > max{Fn(z), Fn(y)} = n.
+n
€ [~1,0). Hence z,y € F}, but (z[(yly))|(z[(yly)) & Fx'
which is a contradiction. Therefore, Fn((z|(y|y))|(z|(y|ly))) < max{Fn(z), Fn(y)} for all
x,y € X. Thereby, Xy is a neutrosophic N-subalgebra of X.

u < 1 < v where 51 =

m
Then n < y; < m where y; =

Theorem 3.6. Let {Xy, : i € N} be a family of all neutrosophic N -subalgebras of X. Then
{Xn, : 1 € N} forms a complete distributive lattice.

Proof. Let G be a nonempty subset of {Xy, : ¢ € N}. Since {Xy, is a neutrosophic N-
subalgebras of X, for all Xy, € G, it satisfies:

In((z[(yly))|(z[(yly))) = min{In(z), In(y)},

In((z[(yly)(z|(yly))) = min{In(z), In(y)}
and

En((l(yly)(z[(yly))) < max{Fy(z), Fn(y)}

for all z,y € X. Then [ G satisfies these inequalities, which means that (| G is a neutrosophic
N-subalgebra of X. Let P be a family of all neutrosophic N-subalgebras of X containing
U{Xn, : © € N}. Then (P is a neutrosophic N-subalgebra of X. If A Xy, = () Xn, and
V Xn, =P, then { Xy, : 7 € N}, \/, \). Also, it is distributive by tileeNdeﬁnitiolIfsNof \ and
1€EN

Ao
Theorem 3.7. If a neutrosophic N -structure X on X is a neutrosophic N -subalgebra of X,
then Ty (0) < Tn(z), In(0) > In(x) and Fn(0) < Fn(z) for allz € X.
Proof. For any x € X,
Tn(0) = Tn((z|(z]2))|(z|(z]2))) < max{Tn(z),Tn(2)} = Tn(z),

In(0) = In((z](2|2))|(z](z]x))) > min{In(2), IN(z)} = In(z)
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and

Fn(0) = Fn((«](z]x))[(z](x]2)) < max{Fy(z), Fy(2)} = Fn(2).

Definition 3.8. A neutrosophic N-structure Xy on X is called a neutrosophic NV-ideal of X
if
< Ty (z) < max{Tn((z|(yly))|(z[(y[y))), Tn (y)}
(Vz,y € X) [ In(0) > In(z) > min{In((z|(y[y)|(z|(yly))), In(y)} : (2)
< Fn () < max{Fn((z|(y|y))|(z](y[y))), Fn(y)}
Theorem 3.9. Let Xn be a neutrosophic N -structure on X and o, 8,y € [—1,0] such that
—3 < a+pB+7y <0. If Xy is a neutrosophic N -ideal of X, then the nonempty X n(«, 3,7)-level
set of Xn is an ideal of X.

Proof. Assume that X is a neutrosophic N -subalgebra of X and
y, (zl(yly)l(zl(yly)) € Xn(a,B,7). Then Tn(y) < aIn(y) = B,Fn(y) < 7 and

Tn((zl(yly)I([(yly)) < o In((@](yly)(z|(yly)) = B, Fn((z[(yly)(z|(yly))) < 7. Thus,
it is obtained that

Ty (z) < max{Tn(y), Tn((z[(yly))|(z|(y]y)))} <,

In(z) > min{In(y), In((z[(y|y)|(=|(yly)))} > B
and
Fn(z) <max{Fy(y), Fn((|(yly)[(=|(yly)} <~

for all z,y € X. So, z € Xn(«, 3,7) which means that Xy (a, (,7) is an ideal of X.

Theorem 3.10. Let Xy be a neutrosophic N -structure on X and T'§, If[ and Fy; be ideals of
X for all o, B, € [—1,0] such that =3 < a+ +~v < 0. Then Xy is a neutrosophic N -ideal
of X.

Proof. Assume that T, I ][f, and Fy; are ideals of X, for all a, 8,7 € [—1,0] such that
B<a+p+v<0.
Suppose that y, (z[(y[y))|(z|(y|ly)) € X such that

a =Ty (x) > max{Tn(y), Tn ((z[(yly))|(=[(yly))) } = b.

b
Then b < a1 < a where o = % € [—1,0). Thus, v, (z|(y|y))|(z|(y|ly)) € Tx', but = ¢ TR,

a contradiction. Hence, Tv(x) < max{Tn(y), Tn((z|(y|ly))|(z|(y|y)))} for all z,y € X. Assume
that y, (z[(yly))|(=[(yly)) € X such that u = Iy (z) < min{/n(y), In((=[(y]y)|(z](yly)))} = v.
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Then u < B1 < v where f; = utv

€ [1,0). Hence y, (|(yly))|(z|(yly)) € Iy}, but = ¢ Iy,
a contradiction. Then In(z) > min{Inx(y), In((z|(y|y))|(z|(y|ly)))} for all z,y € X. Suppose
that y, (z|(y|y))|(z[(y|y)) € X such that

m = Fy(x) > max{Fy(y), Fn ((z|(y[y)|(z(y]y)))} = n.

Then n < 71 < m where 73 = m;—n € [-1,0). Hence y, (z|(y|y))|(z|(yly)) € FY', but

|
x ¢ FX;, a contradiction. Then Fy(x) < max{Fn(y), En((z|(y|y))|(z|(y|y)))} for all x,y € X.
Hence Xy is a neutrosophic N-ideal of X.

Theorem 3.11. Every neutrosophic N -ideal of X is a neutrosophic N -subalgebra of X .

4. Neutrosophic N-implicative ideal in Sheffer stroke BG-algebras

Definition 4.1. A neutrosophic N -subalgebra X on X is called a neutrosophic A-implicative
ideal of X if

Tn(0) < T (x) < max{Th (((((«|(y[(x]x) (x| (y[(x]2))))](2]2))]
(((=[(l(2|2))] ([ (yl(2]2))))](2]2))), T (2)}
(Va.y € X) In(0) = In(x) = min{In (((((«|(y[(z]2)) (2| (y](z]2))))](2]2))] 3)
(@ (yl(z )] [yl (2|2)))(=]2))), In ()}
Fn(0) < Fy(x) < max{Fn (((((«](y](z[2)))|(2|(y[(z]2))))](z]2))]
((([(yl(2[2))] [yl (z]x))))]

| (]

Proposition 4.2. Fvery neutrosophic N -implicative ideal of X is a neutrosophic N -ideal of
X.

Proof. Let Xy be a neutrosophic N-implicative ideal of X. Then Tn(0) < Tn(x), In(0) >
In(z) and Fn(0) < Fn(z). Also,

Tn(z) < max{Tn(y), Tn((((z[(z](x|2)))|(2](z](z]2)))](Y]y))]
((Cf ([ (el2)))| (2| ([ (2 ])) [ (ylw)) }
= max{Tx(y), Tn ((((2[(0]0))[(](0]0)))](y|y))]
((([(0[0))[ (] (0[0))[(yly)))}
= max{Tx(y), Tn ((=[(yly)|(z[(y]y)))},

yly))|

In(z) = min{In(y), In((((z[(z](z]2)))| (2] (] (z]2)))](Y]y))]
(z]2)))|(z] I)IylY)))}

= min{Ix(y), Iz ((((z](0[0))|(|(0]0)))|(y[y))]
((([(010))[(2|(0[0))I(yly))) }

= min{/n(y), In((z[(yly))(=[(yly))}
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and

Fn(z) < max{Fy(y), Fn((((=](z[(
(((] ([ (z]2)))]| (2

([ ([ (xl2)))| (2] ([ (z]2)) [(y]))]

([ (z]2)))[(yly)))}

= max{Fy(y), Fn((((z[(0]0))[(|(0]0)))](y|y))]
((([(0[0))](=[(010))[(ylw)))}

= max{Fy(y), Fn((z[(yly))(z|(y[y)))}-

Therefore, Xy is a neutrosophic N-ideal of X.

Definition 4.3. A neutrosophic N-structure Xy of X is called a neutrosophic N -sub-

implicative ideal of X if it satisfies:

Tn(0) < Tn(z),In(0) > In(z), FN(0) < Fn(2),
Tn((yl(y !($|w)))!(y|(yl( 12)))) < max{Tn((((z[(z](y[y)))]
(@@ (ly))I =)@ yly) (@] (2] (y]y)](2]2))), Tn(2) }

(Vo,y,z € X) | In((yl(yl(=]2)](yl(yl(z]2)))) > min{In((((z](z](y]y)))] (4)
@@y D@ Yl ) (@[ (y]y)I(z]2))), In(2) }
En((yl(y[(z]2))|(yl(y[(z|2)))) < max{Fn((((z[(z](y|y)))]
@@y D@ @Yl ) (@] (@] (Yy)(2]2), Fn(2)}

Proposition 4.4. Every neutrosophic N -sub-implicative ideal of X is a neutrosophic N -ideal
of X.

Proof. Let X be a neutrosophic N -sub-implicative ideal of X. Then T (0) < Tn(z), In(0) >
In(z) and Fn(0) < Fn(x),

Tn(x)

T ((21(0]0))|(=((0]0))
T ((](z[(x]2)))| (2| (=]
max{Ty ((((z|(z|(z|
([(z|(2|2))))I(2]2)
max{T (((([(0]0)

1))

max{Tn((x|(z|z

IA

z|

| ([ (] (2|2)))I (22 ) (2] (2] (x]2)))]

|((([(0]0))[([(0]0)))[(2]2))), T () }

IN(.%)

In((2((0]0))[([(0[0)))

In(([(x|(2|2)))| (2] (z](z]2))))

min{/n ((((z|(2](z[)))| (2] (z[(x]2))))| (| 2) | (]| (2] (z]2)))]
([(z|(2]2))](2]2))), In(2)}

= min{/y((((z[(0]0))|(2|(0]0)))[(=|2))[(((z](0]0))[(z[(0[0)))I(2]2))), In ()}
= min{/n((z[(z|2))[(x|(z]2))), In(2)}

AVARN
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and

Fyn(x)

VAN

Fi((«((0[0))](2(0]0))

Fi (2] (2] (z]))) [(2] (2| (z]))))

max{ Fiy ((((2| (2] (z]x))) (x| (2| (2]2))))| (] 2))[(((z] (2] (2]2)))]
(z[(z](x|2))))I(2]2))), Fn(2)}

max{ Fiv ((((](0]0))[(](0]0)))[(z[2))[(((z[(0]0))[(z[(0]0)))[(2]2))), Fin(2)}
max{F ((z[(z|2))[(z|(z[2))), Fn(2)}-

Therefore, Xy is a neutrosophic A-ideal of X.

Theorem 4.5. Let Xy be a neutrosophic N -ideal of X. Then Xn is a neutrosophic N -sub-

implicative ideal of X if and only if

and

Tn ((l(yl(xlz)](yl(yl(z]2)))) < Tn((@|(@|(yly)](](](y]y)))),
In((l(yl(=|2)))(Yl(yl(z]2)))) > In ([ (](yly)(@](=](y]y))))

Fi ((yl(yl(2[2))(wl(yl(z]2)))) < Fn(([(](yly)](](|(y]y)))-

Proof. Let Xy be a neutrosophic N -sub-implicative ideal of X. We have

T (yl(yl(z]2))) |yl (yl(z[x)))

< max{Tn((((z]
([ (z[(yly))))]
(z

2| (yly) ) ([ (@[ yly)DO[N (2] (=] (yly)))]
0[0))), Tn(0) }

(Wly))l; ([ (x[(yly))) T (0)}

)l (21(y[y))),

(
(
= max{Tn(z|

[€1
= Tn(|(z](yly))I(

In (Yl (yl (z[2))(y](yl(z])))

and

|
([([(y19))))1(0[0))), In(0)}
= min{In(z|(z[(y|y))], (z|(2|(y[y)))In(0)}
= In(z|(|(yl)))(](z](yly)))

> min{ Iy ((((2|(z[(y[9)] (2] ([ (y1y)))I0[0) (| (2] (yl2)))]
)|
(

En(yl(yl(z[2)))] (vl (y](z]x)))

< max{Fn ((((|(=[(yly))| (2] ([ (y[y)))I (O[0) (x| (2] (yly)))]
([(](y1))))1(0[0))), Fn(0)}

= max{Fy(z[(z[(y|y)))], (z[(z[(yy))), Fn(0)}

= Fn(z|(z[(yly)))|(=](=](yly)))
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Conversely, since X is a neutrosophic N-ideal, Tn(0) < Tn(x), In(0) > In(x) and
Fn(0) < Fn(x)
Tn((yl(yl(z|z)))

(yl(yl(z[x))))

< In((zl(l () l(z](yly))))
< max{T ((((z[(](y[9)](2|(2](yly)))| (2D (((=[(z](y]y)))]
(@[] (yly)I(z]2))), T (2)}

(wl(yl(z]x))))

In (] (2|(y[y)I (2] (=] (ylv))))
min{ Iy ((((z[([(y|y)] [ ([ (yly))I )@l yly)))]
(@] ([ (yly)))I(2]2))), In(2)}

In((l(yl(x|z)))

>
>

and

En((yl(yl(22)))(yl(y[(z]2))))

< Fn((2|([(yly)] ([(z](y]y))))
< max{Fn ((((2]([(yly)DI (]| (y[9)](z[2) [ (2] (] (yly)]
(z[(|(yly))))(212))), Fn(2)}-

Therefore, Xy is a neutrosophic N -sub-implicative ideal of X.

Theorem 4.6. Every neutrosophic N -ideal of X is a neutrosophic N -sub-implicative ideal of
X.

Proof. Let Xy be a neutrosophic N-ideal of X. Then Tx(0) < Tn(z), In(0) > In(z),
Fn(0) < Fn(x),
Tn ((yl(yl(zl2) (Yl (yl(x]2))))

< max{Tn (Yl (y[(z]2) Iyl (z[2))))|(]2) [ (Y] ] (z]2)))]
2))), Tn
z|(y[y)))]

(@[] (yly)I(=]2))), T (2)}
In((yl(yl(x]2))I(y[(yl (z]x))))

> min{/y((
(yl(yl(z[x
= min{/n((

|(@]2))))1(z]2))[(((y](yl(z[)))]

y
}
2|(yly)))I =2 (=] (2] (y[v)))]
2)}s
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and
Fn ((yl(yl(z]2)(y[ (yl (z]2))))
< max{Fn ((((yl(yl(z]2)))](y](y](@|2)|(zl ) (Y]] (@]2)))]
(Wl (yl(z]2))))I(z]2))), Fn(2)}
= max{Fn ((((=|(|(yly))](@|(z[(yy))](=]2)(((z](z](y]y))]
(@|(@(yly))I(=]2))), Fn(2)}

Thereby, Xy is a neutrosophic N -sub-implicative ideal of X.

Lemma 4.7. In X, the following property holds:

(| ([l @I yly))l(x]x) = z[(z|(yly)),
forall xz,y € X.

Theorem 4.8. Let for any x,y € X satisfies the condition x|(z|(y|ly)) = yly. Then every
neutrosophic N -ideal of X is a neutrosophic N -sub-implicative ideal of X.

Proof. Assume that Xy is a neutrosophic N-ideal of X. It is obtained that T (0) < Ty (z),
In(0) 2 In(2), FN(0) < Fn (),
T ((yl(yl(zl2)I(yl (yl(z]2))))

= Tn(z)

< max{Tn((z[(z]2))|(z[(z|2))), Tn(2)}

= max{Tn((((y|(y[(x|2))IWl(yl(z]2))[(z]2) (Y] (y](z]z)))]
(Yl(yl(x|2))I(2|2))), Tn(2)}

= max{Tn(((((=]([(y|¥))| (@[ Yly)I)Yl (@)D= (y]y)))]
@@y Yl(@|2) )@ @[ GIy) @] (@] (YY)
(@)D (@[ @Yl @Yy Yl(@l2))](2]2))), Tn(2) }

= max{Tn((((z[(@|(yly))I(@|(z](y[y)](z]2) [((z](z](y]y))]
(@(@|(yly))I(2|2))), Tn(2)},

In((yl(yl(2|z)[(yl(y[(z|2))))

= In(2)

> min{In((z[(2]2))|(z[(2]2))), In(2)}

= min{In((((y|(yl(@l2)] (Y] (Yl (@]2))] () (Y] (z]z))))
(Yl(yl(x|2))I(22))), In(2)}

= min{In (((((=|(z[(y|¥)|(](z[yly))| (] (@]2))(((@](z|(y]y)))]
(@@ |(ly)IDIYl(z]2)[([2)) | (2] ([ Yly)] (] (@](y[y))]
(@) [ @]l @ )] Yl(@]2)](2]2)), In(2)}

= min{In((((z[(2[(yly)](@|(@|(yly))I (=) I((z](z[(y]y)))]
(@(@|(yly))I(zl2)), I (2)}
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and

En((yl(yl(22)))(yl(y[(z]2))))

= Fn(z)
< max{Fn((z|(z|2))(z|(2]2))), Fn(2)}
= max{Fn((((y[(y[(z|2))|(y](y[(@]z))]([2) | (Y] (y](z]z)))]
(Wl (yl(z[2)))|(2]2))), Fn(2)}
= max{Fn(((((@|(=[(yly))I(@|(@(yly))Iyl(@]2) | (((@](z](y]y))]
(@|([(yly)) (yl(z]2)))(z]2) [(((2] (] yly) (2] (] (y]y)]
(Yl () (] @[l D] @ ly)) Yl ]2)](2]2)), Fr(2)}
= max{Fn((((z[(z[(yly))|(](z](yly))](z[2)|((@[(z](y]y)))]
(@|(=](yl¥))(22))), Fn(2)}.

Hence, Xy is a neutrosophic N-sub-implicative ideal of X.

Theorem 4.9. If X satisfying

Tn((yl(212))I(yl(2]2))) < T (][l (| @] @ly))I(=]2)]
((([(2|(yly))] ([(|(y]y))))](2]2))

) )
o e x| VUGG = (el el 01y)
. (] (I (wly))) )

( )

(212)))

) NIz[2))]

([ (z[(yly)))I(2]2)))
En((yl(z[2)I(yl(212))) < Fn ([ (2[(yly))| (2] (2] (y]y))](z]2))]
(Gl (2 [yl (2| (yly))))I(2]2)))

then every neutrosophic N -ideal of X is a neutrosophic N -sub-implicative ideal of X .

Proof. 1t is obtained that
Tn ((yl(yl(zl2)I(yl (yl(x]2))))

< Ty

and

En((yl(yl(22)))(yl(y[(z]2))))

< En(((([([ly))I @Il @l2)) Il ylv))]
([(z[(yl))I(yl (z]))))
(] (el (yly)| ([ (2] (yly)))

Tahsin Oner, Neelamegarajan Rajesh, Akbar Rezaei and Ibrahim Senturk, Neutrosophic N -structures on
Sheffer stroke BG-algebras



Neutrosophic Sets and Systems, Vol. 100, 2026 ]{ﬂ

Thus, Xy is a neutrosophic A/-sub-implicative ideal of X.

Theorem 4.10. Let Xy be a neutrosophic N -ideal of X. Then Xy is a neutrosophic N -
implicative ideal of X if and only if X satisfies the following condition:

Tn(z) < Tn((2|(yl(z]x)] (=] (y|(x]2))))
(Ve,y € X) | In(z) = In((l(yl(xl2) (2] (Yl (x]2)) ] - (6)
Fy(x) < Fn((2|(yl(z]2))] (2] (y|(z]2))))

Proof. Let Xy be a neutrosophic N-implicative ideal of X. Then

In(z) < max{Tn(0), Tn((((2|(y[(z]x))](x[(y|(z|2)))O[0)I(((z](yl(z]z)))]
([ (yl(2|2))))1(0]0)))}
= max{Tn(0), T ((z[(yl(z|2)))|(x|(y[(z]x))))}
= In((x|(yl(z]2)))|(2|(y[(x]2)))),

In(z) = min{In(0), In ((((2[(y[(z]2))[(x](y|(z|2)))O[0)(((x](y](z]2)))]
([(yl(x[))))[(010)))}
= min{/y(0), In((z[(y|(z[2)))[(z[(y|(z[x))))}
= In(([(yl(z[2))](z](yl(z]))))

and

Fn(z)

IN

max{Fy (0), Fi ((((«]

(@[ (y[(x[))))[(0[0)))}

= max{Fy(0), Fx((z|(y|(z|2)))[(z|(y[(z|2))))}
= Fn((z|(yl(z|2)(x](yl(x]2)))),

for all z,y € X. Conversely, let X be a neutrosophic N-ideal of X satisfying the inequality

(6). Then it is clear that Tn(0) < Tw(z), In(0) > In(z) and Fn(0) < Fy(z) for all z € X.

Since

([(y[(z]2)))| ([ (y (2[2))[O[0)[(((z[(y[(z]2)))]

In(z) Tn((z|(y|(z
max{Tn(((

(]
(z[(y[(z]2))))| )}
In((](y] (z]))) [ (] (y] (x]x))
min{Iy ((((=[(y(z[2)))[(z[(y
(@[(yl(z]2))))I(2]2))), In(2)}

)] ([(yl(z[))))
(wl(zl2) (2| (y[(2|2))) (D) (((2] (] (z]2)))]
(212))), Tn ()},

INIA

AVARLY,

(]
)
and

Fy(z) Fn ((z](yl(z]2))) (z|(y|(x]x))))
max{ Fy ((((z|(y|(z|x)))|(z[(y[(z|2)))|(z|2)|(((=|(y|(z]z)))]
(@|(yl(z|2))))|(2]2))), Fn(2)},

for all z,y,2z € A, we have Xy is a neutrosophic A-implicative ideal of X.

IN A
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Theorem 4.11. If X satisfying

T ([ ([l (|2 (yly)))) < T ((2[(yl(2]2))] [yl (z]2))))
(Vz,y € X) | In((@l(2|(yly))I@](2|(]y) = In (@]l @][)) (| (y](]2)) (7)
En((2|(2](yly)) (=[(x](y]9)))) < Fn((z[(yl(2]2)))](z[(y|(z]2))))

then every neutrosophic N -sub-implicative ideal of X is a neutrosophic N -implicative ideal of
X.

X

Proof. Let Xy be a neutrosophic A/-sub-implicative ideal of X satisfying the inequality .
Then we obtain that

In(z) = Tn((yl(yl(zlz)(yl(yl(z]z))))
< max{Tn ((((|(z[(y[y))|(z[(z|(y]y))))](0]0))]
(][ (yly)))I (] (2|(yly))))1(0]0))), T (0) }
= max{Tn((=|(z|(yly)|(z](z[(y]y)))), Tn(0)}

= Tn((@|(z[(yy))|([(z](y]y))))

< In((#](yl(z]x) (] (y[(z]2)))),

In(z) = In((yl(yl(z]2))](yl(y[(z|z))))
> min{Iy ((((z|(z[(y[y))[(z[(z|(y]y))))](0]0))]
(][I (@|([(yly))))](0]0))), In(0)}
= min{In((z|(z|(yly)|(=|(z|(y]y)))), In(0)}

= In((@|(|(yly))I(@|(z](y]y))))

> In((z[(y[(z|2)))|(z](y|(z]z))))

and

Fy(z) = Fn((l(yl(]2))(yl(yl(z]))))
< max{Fn((((=[(=(yly)|(z](z[(y]y))))|(0]0))]
(@[ ([ (yly))I(@|(z](y[y))))](0]0))), Fxn(0)}
= max{Fy((z|(z[(y[y))|(z[(z|(yly)))), Fn(0)}

= FN((xK |l (z|(yly))))

< Fn((|(yl(=]x)))] (| (yl(z]2))))-

Thus, Xy is a neutrosophic AV-implicative ideal of X.

Theorem 4.12. Let X be an implicative algebra. Then every neutrosophic N -implicative ideal

of X is a neutrosophic N -sub-implicative ideal of X.

Proof. Let X be a neutrosophic AV/-implicative ideal of an implicative algebra X. Then Xy
is a neutrosophic N-ideal of X. So, it is obvious that Tx(0) < Tn(z), In(0) > Iy(z) and
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Fn(0) < Fy(x) for all z € X. Thus
T ((l(yl () (Yl (vl (|2))))

= In((|(lyly)))I(](z](yly))))
< max{T ((((z[(|(y[y))](2|(2](yly)))| (2 )] (z](y]y)))]
(@[] (yly)I(=]2))), T (2)}

(yl(yl(z[x))))

= In(([(z[(yly))I(z](z[(y]y))))
> min{Iy((((=

In((wl(yl(z|z)))

)
@Iyl @] (yly))IEDI @]z (]y))]
(@|(|(yly)))I(z]2))), In(2) }
and
Fn((yl(yl(zl2)(yl(yl (z|2))))

= Fn((=[(=[(yly))(z|(z(y]y))))
< max{Fn ((((2]([(yly))I (]| (y[y)](z][2) [ (2] [ (yly)]
(@] (=[(yly)))I(2[2))), Fn(2)},

for all z,y,z € X. Hence Xy is a neutrosophic N -sub-implicative ideal of X.

Definition 4.13. A neutrosophic NV-ideal Xy of X is said to be neutrosophic N -closed if
Tn((0(z]2))[(0](z]x))) < Tn(x)
(Vo e X) [ In((0|(z]2))|(0)(z|2))) = In(z) |- (8)
Fn((0[(z|2))[(0[(z]z))) < Fn(x)

Definition 4.14. Let X be a neutrosophic N-ideal of X. Then X is called a neutrosophic
N-completely closed ideal of X if

T ((2|(yly)I(l(yly))) < max{Tn(x), Tn(y)},
(Vz,y € X) | In((zl(yly)I(=](yly))) = min{In(z), In (y)}, (9)
En((l(yly)l(z[(yly))) < max{Fy(z), Fn(y)}

Theorem 4.15. If X satisfying the following condition

([l @Gl D@ ly) | ] ly)] >
(x[(212)))1(z|(yly)) = 0]0. ’

then X is implicative if and only if every neutrosophic N -closed ideal of X is a neutrosophic

N -implicative ideal of X .

(Vz,y € X) ( (10)

Proof. Let X be satisfying . Assume that X is implicative and X is a neutrosophic
N-closed ideal of X. Then Xy is a neutrosophic N-ideal of X. Thus, Ty(0) < Ty(z),
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In(0) > In(x) and Fn(0) < Fy(x). Also
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=
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(z[(2]2))I(2l(2]2)))}
((((l)[(z]2))|((2|2)[9)](2]2))]
((z[x)[y))|(2]2)))}
max{F (z), Fx ((((z[(y|(z[2)))](z[(y|(z[2))))] (]
(((=[(yl ()] ([ (yl (z[x)))](z]2)))},

which means that Xy is a neutrosophic N-implicative ideal of X.

Conversely, sup-

pose that every neutrosophic AN-closed ideal of X is a neutrosophic N-implicative ideal

of X. So, it follows from the equation that z|(y|y)

Since z|(yly) = (x[(
(z[(2](2[2)))|(z](z[(2]2))). Thus,
z|(zl(yly)) = ((yl(ll2))IYl (@) DIl Ele) Y]l le)) ly)
= (Wl @l2)) Il 2G|l Yl ])
= (Wl (=)l (l2)IYl(vly))
= (Wil WDl )Gl ] (])
= yl(yl(z[x)),

for all z,y € X, which means that X is implicative.

= ([(z[2)I(([(yly) ([ (Yly)))-
22Dyl yly) = (@(2](2]2))| (@] (@] (z]2))](ly), =

Proposition 4.16. Let A be an implicative algebra satisfying the equation . Then every
neutrosophic N -completely closed ideal of A is a neutrosophic N -implicative ideal of A.

Proof. Let Xy be a neutrosophic N-completely closed ideal of an implicative algebra X. Then

Xy is a neutrosophic N-ideal of X. Since
Tn((01(yly))|(0(yly))) < max{Tn(0),Tn(y)} = Tn(y),

In((0[(yly))|Ol(yly))) = min{In(0), In(y)} = In(y)
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and

En((0[(yly)I(0[(yly))) < max{Fn(0), Fn(y)} = Fn(y),

it is obtained that Xy is a neutrosophic N -closed ideal of X. Therefore, X is a neutrosophic

N-implicative ideal of X.

Definition 4.17. A neutrosophic N-structure Xy of X is called a neutrosophic N -p-ideal of
X if

(Vz,y,z€ X) | In(z) > min{In( (11)

Definition 4.18. The subset X+ = {z € X : (0|(z]|2))|(0|(z|r)) = 0} of X is called the
BCA-part of X.

Theorem 4.19. If X = X, then every neutrosophic N -p-ideal of X is a neutrosophic N -
implicative ideal of X.

Proof. Let Xy be a neutrosophic N -p-ideal of X. Then

Tn(z) < max{Tn((((«|(y|(zz)))|(z(

(((=[(yl(2|2))) (=] (yl(z]))))

= max{Tn((((z[(yl(z[x)))](z[(

(@ (y[(z]x))] ([ (yl(2]2))))]

= max{Tn((z[(yl(z[x)))[(z[(y|(z]2)))), Tn (0)},
= Tn((@[(yl(z|2)| (=] (yl(z|2)))),

( yl(xl2))))I0[(
| |(01(y[(x]2)))));
(y yl(z[2))))[(0[0
(=

)))
x |(yl

IN(J})

v

min{Zy ((((z[(y|(z[2)))| (=]

(((=[(yl(2[2)))] ([ (yl(z]x))

= min{Zy((((«/( |

(((=[(y[(z]2)))] )

= min{Ix((z[(y|(z|2)))|(z|(y
)

|
= In((2|(y|(z]2)))| (=] (y|(x]2)))),

yl(zlz)))l (@

~— Y~ ~— —~

(] (y(x|2)
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and

IN

Fy () max{ Fy ((((z|(y|(z|2)))| (]
((([(yl(z|2)))| (=] (yl(z]z))
= max{Fn((((z|(y[(z]2)))]|(=
(((=[(yl(2[2)))] ([ (yl (z])
= max{Fy((z|(y[(z]2)))|(z|
= En((xl(yl(z]x) (] (y[(z]2))))-

Hence Xy is a neutrosophic N-implicative ideal of X.

~—

5. Homomorphism on Sheffer stroke BG-algebras

Theorem 5.1. Let (A,]4,04) and (B, |p,08) be Sheffer stroke BG-algebras, f : A — B be a
surjective homomorphism and By = (T, In, Fn) be a neutrosophic N -structure on B. Then
By is a neutrosophic N -ideal of B if and only if Bl = (TZ{C,7 I]]:,, F]{,) is a neutrosophic N -ideal
of A, where the N -function T]{,,I]{],F]{, — [=1,0] on A are defined by TY, = TN(f(x)),I]’i, =
In(f(x)), FJ{, = Fn(f(x)) for all x € A, respectively.

Proof. Let (A,]4,04) and (B, |p,0p) be Sheffer stroke BG-algebras, f : A — B be a surjective
homomorphism and Xy be a neutrosophic N-ideal of B. Let x1,x9, 23 € A. Then

TR(04) =Tn(a(04)) < Tn(a(z1)) = Ty (21),
and

T3 (21)
, T (1) B(a(z2)|pa(22)))|B(a(z1)|B(a(r2)|Ba(r2)))) }

B
AN (al(z1]a(za|aze))a(z1|a(22]az2))))}
1

A

=
I
"

=

/\/\E\
L
8
DO

and

I§ (21)
(a(z1)|B(a(z2)|Ba(x2))) | B(a(21) | B((22) [ Br(22)))) }
a((z1]a(@2|ar2))|a(z1]a(22]|a22))))}
|a(z2]az1))]a(@1|a(z2]az2)))}

I I AV |

= E E

= =
(oo
===
§3/ Q

=3

=~

8 =

Fy(z1)
a( 2)), Fn((a(z1)|B(a(ze)|pa(r2)))|B(a(z1)|B(a(ze) | Ba(r2))))}
a(z2)), Fn(a((z1]a(z2]am2))|a(z1]a(2]422))))}

= max{Fy(za), Fy((z1]a(wa|azs))|a(21]a(za]az2)))}-

1A
=
]
3
H*E
Ai

max{Fy
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Hence f© is a neutrosophic N-ideal of A.

Conversely, let f* be a neutrosophic N-ideal of A. Let y1,y2 € B such that a(z1) = y; and
a(xe) = yo for x1,29 € A. Then

Tn(0) = Tn(a(04)) < TR(04) = Tn(a(21)) = Tn(y1),

In(0p) = In(a(04)) = IR (z1) = In(a(z1)) = In(y1)

and

Fn(0p) = Fn(a(04)) < F(04) = Fn(a(z1)) = Fn(y1),

Furthermore, we have

Tn(y) = Tn(a(rr))

= Ty(x1)

< max{T{(22), TN ((z1|a(22]az2))|a(z1|a(2|a72))) }

= max{Ty(a(22)), Tn(a((z1]a(z2|a72))|a(71] (22| 472)))}

= max{Ty(a(22)), Tn((a(z1)|5(a(z2)|pa(z2)))|p(c(z1) | B(e(22) | Br(22)))) }
= max{Tn(y2), Tn((v1|B(v2|BY2)) B (v1|B(¥2|BY2))) },

In(y) = In(a(z1))

|
~
. =0
N
=
N~—

((z1]a(@2]az2))a(z1]a(22|az2)))}

), In(a((z1|a(@2|az2))|a(21|a(z2]a22)))}

)s In((a(z1)|B(a(22) | pa(z2)))|B(a(z1) | B(a(22) | B(22)))) }
y2), In((y1|B(v2|BY2))|B(y1|B(¥2|BY2))) }

(Y
=
B
=
=2Q
8
N
~ \;\(
=2Q

I
g
=}
=
=
~~ o~~~
e
—~~
=
N

I
=
=]

=

=

and

Fn(y1) = Fn(afz))

IA

max{FR(22), Fy((z1|a(z2]az2))|a(z1|a(22]422))) }

2)), Fn(a((z1]a(z2|az2))]a(z1|a(z2|az2)))}

2)), Fn((e(z1)|B(a(z2)|pa(22))) | B(a(z1) | B(a(22) |[B(22)))) }
max{Fn(y2), Fn((y1|B(v2|BY2)) | B(y1|B(v2|BY2)))}-

Il

=

IS

"
=

A/Z-\/-\

22

=

Il
=
o

il
>
Q

Hence Xy is a neutrosophic N-ideal of B.

Theorem 5.2. Let (A,|4,04) and (B,|p,0p) be Sheffer stroke BG-algebras, f : A — B be
a surjective homomorphism and Xy be a neutrosophic N -structure on B. Then Xy is a
neutrosophic N -subalgebra of B if and only if f* is a neutrosophic N -subalgebra of A, where
f*—=[-1,0] on A are defined by f* = f(a(x)) for all x € A, respectively.
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Proof. Let (A,]4,04) and (B, |p,0p) be Sheffer stroke BG-algebras, f : A — B be a surjective
homomorphism and Xy be a neutrosophic NV -subalgebra of B. Let x1,79 € A. Then

TN ((z1|a(@2|az2)) a(z1]a(z2] az2)))

Tn(a((z1]a(z2az2))]a(m1]a(72]472))))
Tn(a(z1)|p(a(z2)|pa(z2))|B(a(r1)|Bla(z2)| Ba(2))))
max{Tn(a(z1)), Tn(a(x2))}

max{TR (z1), T (z2)},

VAN

I3 (2] a(wa| awa))| a (1] a (2] a22)))

In(a((z1]a(m2]am2))|a(z1]4(22]472))))

In(a(z1)] (a(w2)| Bo(w2)) | B(a(21) | B (22) | B(2))))
min{/y(a(z1)), In(a(z2))}

min{/§ (z1), I3 (22)}

v

and

Fi((@1]a(@z]az2))[a(@1] 4 (22| a2)))

Fn(a((z1]a(zo]aze))|a(z1]a(z2]az2))))
Fn(a(z1)|p(a(ze)|pa(z2))|B(a(z1)|B(a(z2) | Ba(22))))
max{F(a(z1)), Fn(a(z2))}

max{F§(z1), Fy(x2)}.

I IA

Hence f® is a neutrosophic N -subalgebra of A.
Conversely, let f/ be a neutrosophic N -subalgebra of A. Let y1,y2 € B such that a(z1) =y
and a(zg) = yo for x1,29 € A. Then

IN((y1lB(y2lBY2)) | B(Y1B(Y2|BY2)))

= Ti((a(@1)|p(a(ws)|pa(w2)))|s(a(z1) 5(a(r2) | Ba(22))))
T (a((m1] (22| a22))| 4 (1] 4 (22] a22))))

T (1] a(z2] az2))| 4 (21| A (2] a22)))

max{Ty(z1), Ty (w2)}

max{Tn(a(z1)), Tn(a(x2))}

max{Tn(y1), Tn(y2)},

A1

IN((y11B(y2lBY2)) | B(y1]B(y2| BY2)))

In((a(z1)|B(a(s) | pa(r2))| 5 (1) |5 ((w2) | B(w2))))
In(a((z1]a(@2|am2))|a(@1]a(22|472))))

I ((z1|a(z2] am2))] a(21| A (72 472)))
min{I{ (x1), Iy (x2)}

min{/y(a(z1)), In(a(x2))}

= min{In(y1), In(y2)}

v
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and

Fn((y1lB(y2|BY2))|B(y1B(Y2|BY2)))
= Fy((a(z1)|p(a(z2)|pa(z2)))|p(a(z1)|p(a(z2)| pa(z2))))

Fn(a((z1]a(zz]aze))|a(zi]a(r2]az2))))
FR((@1]a(@z]az2))[a(21|a(22] a72)))
max{F(z1), Fy(z2)}

= max{Fy(a(z1)), Fy(a(z2))}

= max{Fy(y1), Fn(y2)}-
Hence Xy is a neutrosophic N-subalgebra of B.

IN

Definition 5.3. Let X be a Sheffer stroke BG-algebra. We define
Xy ={re X :Ty(z) <Tn(x)},
Xy ={ze X :In(xz)>In(z)},
Xy ={r € X :Fn(z) < Fx(z1)},

for all a;, z;, 25 € X. Obviously, z; € Xy}, ; € X}/ and x5 € X]:t,f.

Theorem 5.4. If Xy is a neutrosophic N -ideal of X, then Xy, X3} and Xﬁ,f are ideals of
X, where xy, x;, 2 € X.

Proof. Assume that Xy is a neutrosophic MN-ideal of X. Let y1 € Xy,
yo € Xy and y3 € X;,f. Hence Tn(y1) < Tn(zy), IN(yg) > In(z;) and

Fn(ys) < Fn(x¢). This shows that Tn((yil(z1]z1)l(y1l(z1lz1)) < Tn(yr) < Tn(wy),
In((y2l(z2l22)) (32| (22l22))) > IN(y2) > In(2:) and Fn((ys|(zslzs))|(ysl(zslzs))) <
Fn(ys) < Fn(x¢). Thus, (yil(zi]z1)[(yil(z1]z1)) € Tn(we), (y2l(w2]22))|(y2|(22]22)) €

)
In(z;) and (ys|(zs|zs))|(ys|(zsles)) € Fn(zp). Let a1, (yil(@1]21))[(yil(21]21)) € Xy,
2, (y2|(w2lw2))| (v2l(z2lw2)) € Xy and 3, (ys|(zs|zs))|(ysl(zslzs)) € Xi/.  Then
Tn(z1) < TIn(xe), TIn(wal(zile)(wl(zlz)) <0 Tn(@e), In(z2) = In(zi),
In((y2l(z2]z2))|(y2|(22]22))) = IN(21), Fn(23) < Fn(zy) and Fy((ys|(zs|zs))|(ys|(zs]zs))) <
Fn(x¢). Then

Tn(y1) < max{Tn(z1), Tn((y1](z1]21))[(y1](z1]21)))} < TN (1),

In(y2) = min{Iy(22), In ((y2|(z2|22))|(y2|(22|22)))} = In(2:)
and
Fy(ys) < max{Fy(z3), Fn((ys|(3]z3))|(ys|(w3]z3))) } < Fiv ().
Hence y1 € Ty(x¢), y2 € In(z;) and y3 € Fy(xf). Therefore, X3f, Xy and X]f,f are ideals of
X. g
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Theorem 5.5. If Xy is a neutrosophic N -subalgebra of X, then Xy, Xy and X]f,f are
subalgebras of X, where xy, z;, x5 € X.

Proof. Let Xy be a neutrosophic N-subalgebra of X. Let z1,y; € X]ff, To,Ya € in} and

23,93 € X5/ . Then Ty (x1) < T (ze), Tv(y1) < Tiv(we), In(y1) > In(20), In(y2) > In(24),
FN(xg) S FN(xt) and FN(yg) S FN(a:t). Then

Tn(z1](yaly) (@1l (y1ly1))) < max{Tn(21), Tn(y1)} < T (xe),

In(z2|(y2ly2))[(z2](y2]y2))) = min{In(22), In(y2)} = In(2t)
and
En(ws3|(yslys))[(z3|(yslys))) < max{Fn(x3), Fn(y3)} < Fn ().

It follows that (z1|(y1lyr))l(z1l(w1ly1)) € T (we), (w2|(y2ly2))l(22l(y2ly2)) € In(zi) and
(23)(y3]y3))|(z3](yslys)) € Fn(zys). Therefore, X&', X5 and X,/ are subalgebras of X.

Theorem 5.6. Let (A,|4,04) and (B,|B,0p) be Sheffer stroke BG-algebras. If Xa, and
Xp, are neutrosophic N -subalgebra of (A,|4,04) and (B,|p,0p), respectively, then X axpy

is a neutrosophic N -subalgebra of (A x B, |axp,04xB)-

Proof. Let (A,]4,04) and (B,|p,0p) be Sheffer stroke BG-algebras and X4, and Xp, be
neutrosophic N-subalgebra of (A, |4,04) and (B, |p,0p), respectively. Let (a1,b1), (az,bs) €
A x B. Then

TaxBy(((a1,b1)|axB((a2,b2)|axB(a2,b2)))|axB((a1,b1)|axB((a2, b2)|axB(a2,b2))))

Taxpy((a1]a(az|aa2))]a(a1|aaz]aa2)), (b1]p(b2|Bb2))|5(b1]B(b2] Bb2)))

= max{Tay((a1]a(az|aa2))|a(a1]a(az|aa2)), Ty (b1]B(b2| Bb2))|B (01| B (b2|B2)))}
max{max{Ta, (a1),Tay(a2)}, max{Tp, (b1), T, (b2)}}

max{max{Ta (a1),Tpy (1)}, max{Tay (az), Ty (b2)}}

= max{Taxpy(a1,b1),Taxny(a2,b2)},

IN

IaxBy (((a1,01)]axB((a2,b2)|axB(a2,b2)))|axB((a1,b1)|axB((az, b2)|axB(az, b2))))

Taxpy ((a1]a(az]aaz))]a(a1|a(az]aaz2)), (b1|B(b2|Bb2)) |5 (1] (b2]Bb2)))
max{lay ((a1|a(az]aaz2))|a(a1]a(az]aa2)), Ty (b1|B(b2|Bb2)) B (b1]B(b2]Bb2))) }
max{min{Ia, (a1),la,(a2)}, min{lp, (b1),Ip,(b2)}}

= max{min{la, (a1),Ip,(b1)}, min{la, (a2),ip,(b2)}}

= max{laxpy(a1,b1),iaxBy(a2,b2)}

\Y]

Tahsin Oner, Neelamegarajan Rajesh, Akbar Rezaei and Ibrahim Senturk, Neutrosophic N -structures on
Sheffer stroke BG-algebras



Neutrosophic Sets and Systems, Vol. 100, 2026 ]{E

and

Fasxpy(((a1,01)|axB((az,b2)|axp(az,b2)))|axp((a1,b1)|axs((a2, b2)|axB(az,b2))))

Faxpy((a1]a(az|aaz))]a(a1]a(az|aaz)), (b1](b2|Bb2))|5(b1]B(b2|BD2)))
max{Fa, ((a1]a(az]aa2))|a(a1]a(az]aa2)), Fpy (b1]5(b2]5b2))|5(b1]5(b2|B2)))}
max{max{Fa, (a1), Fay(a2)}, max{Fp,(b1), Fp, (b2)}}

= max{max{F4, (a1), Fpy(b1)}, max{Fa, (az2), Fp,(b2)}}

= max{Faxpy(a1,b1), Faxpy(az2,b2)}.

IN

Hence X sxp, is a neutrosophic N-subalgebra of (A X B, |axB,04xB). 0

Theorem 5.7. Let (A,|4,04) and (B,|p,0B) be Sheffer stroke BG-algebras. If Xa, and
Xp, are neutrosophic N -ideal of (A,|4,04) and (B,|p,0B), respectively, then Xaxp, is a
neutrosophic N -ideal of (A x B,|axp,04xB)-

Proof. Let (A,|4,04) and (B,|p,0p) be Sheffer stroke BG-algebras and X4, and Xp, be
neutrosophic NV-ideal of (A, |4,04) and (B, |5,0p), respectively. Let (a1, b1), (az,b2) € A x B.
Then
Taxpy(((a2,02)[axp((a1,01)axp(a1,b1)))|axp((az, b2)|axp((a1,b1)[axB(a1,b1))))
= max{Tay((az]a(a1]aa1))|a(az]a(a1]aa1))), Ty ((b2] B(b1]B1))[ B (b2| B(b1]BD1)))}
< max{Ta, (a2), Ty (b2)}
Taxpy(az,b2),

Taxsy (((a2,b2)axB((a1, b1)|axB(a1,b1)))|axB((az, b2)|axB((a1, b1)|axB(a1,01))))
= max{Ia, ((azla(ar]aa1)]a(azl a(a1]aa1)), I, (el 5(ba] 5b1) 5 (b2 (b1 51))}
> max{la,(a2),IBy(b2)}

IaxBy(a2,b2),
Faxpy(((a2,b2)|axB((a1,b1)|axB(a1,b1)))|axB((a2, b2)|axs((a1,b1)|axs(a1,b1))))
= max{Fay((az|a(a1laar))|alaz|a(a1]aa1))), Fpy ((b2|5(b1|B01))|B (b2 5(b1]Bb1)))}

< max{Fa,(a2), Fpy(b2)}
= FAXBN(anbQ)u

TaxBy (a2,b2)

= max{Ta,(a2), Ty (b2)}
max{max{Ta, (a1), Tay ((a2|a(a1|aa1))|a(az|a(a1]aa1)))},
max{TBN (bl), TBN((bQ’B<b1‘Bb1))|B(b2’B(b1’Bbl)))}}
max{max{TAN (al)a TBN (bl)}7 maX{TAN ((QQIA(al|Aa1))‘A(a2|A(al‘Aal)))’
Tiy (bl 5(b1|5b1)|5(ba| 5 (b1] Bb1))) }}
= max{Taxpy(ai,b1),
Taxpy (((a2,02)[axp((a1,01)axp(a1,b1)))|axB((a2, b2)|axB((a1, b1)[axB(a1,01))))},

IA
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Iax By (a2,b2)

= max{lay(a2), 15, (b2)}
> max{min{la, (a1),Iay ((a2]a(ai|aa1))|a(az|a(ai|aa1)))},
min{Ip, (b1), Iny ((b2| 5(b1|b1))| (b2l 5(b1|5b1)))}}
max{min{Z4, (a1), Ipy (b1)}, min{Zay ((az|a(a1|aa1))|a(az|a(a1|aa1))),
Tpy ((ba| B (b1|5b1) |5 (ba] 5 (br] 5b1))) }}
= max{laxp,(ai,b1),
Ly ((@2,59)]ax (@, b0) ax(ar, 1)) (@2, b2)] axc (@1, b axcz(ar, b1))))}

and

Faxpy(az,b2)

maX{FAN (a2)7 FBN (bQ)}

max{max{Fay (a1), Fay((az2|a(a1|aa1))|a(az|a(a1|aa1)))},

max{Fpy (b1), FBy ((b2|B(b1|8b1))|B(b2|(b1]Bb1)))}}

max{max{Fay (a1), Fpy (b1)}, max{Fay ((aza(ai|aa1))|a(az]a(a1]aa1))),
Fpy ((b2|B(b1]Bb1))|B(b2| B(b1|BD1)))} }

= max{FAXEN (al, bl),

Faxpy(((a2,b2)|axB((a1,b1)|axp(a1,b1)))|axs((a2,b2)|axs((a1,b1)|axB(a1,b1))))}.

Hence X 4xp, is a neutrosophic N-ideal of (A x B, |axp,04xB). O

IN

6. Conclusion

In this study, we introduced and examined the concepts of neutrosophic AV/-subalgebras and
level sets within the framework of Sheffer stroke BG-algebras. We demonstrated that there
exists a close relationship between subalgebras and level sets in Sheffer stroke BG-algebras,
proving that a level set of a neutrosophic AV/-subalgebra is itself a subalgebra, and conversely,
any subalgebra can be viewed as a level set. This connection emphasizes the structural con-
sistency within this algebraic setting and provides a foundation for further exploration of
neutrosophic logic in algebraic systems.

Additionally, our results established that all neutrosophic N -subalgebras of a Sheffer stroke
BG-algebra form a complete distributive lattice, which supports systematic analysis and ap-
plications in logical and computational models. We also defined neutrosophic NV -ideals within
this framework and highlighted their unique properties, showing that while every neutrosophic
N-ideal is a neutrosophic N-subalgebra, the reverse does not necessarily hold. This insight
reveals the specific behaviors and structural distinctions of N-ideals, contributing to a more
nuanced understanding of Sheffer stroke BG-algebras.

Building on this foundation, future studies could explore the practical applications of Sheffer

stroke BG-algebras in fields such as quantum computing and artificial intelligence, where logical
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operations are crucial. Additionally, the incorporation of advanced neutrosophic structures,

such as neutrosophic A -implicative ideals and neutrosophic N-closed ideals, could provide

richer frameworks for modeling uncertainty and partial truth in computational systems. An-

other promising direction is the development of algorithms and decision-making frameworks

that utilize the unique properties of Sheffer stroke operations, potentially opening new avenues

in computational logic and information processing.

This study not only advances the theoretical understanding of neutrosophic structures in

Sheffer stroke BG-algebras but also sets the stage for diverse applications and further theoret-

ical development in algebraic logic and computational fields.

References

(1]

2]

8]

[10]

[11]

I. Chajda, Sheffer operation in ortholattices. Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math., 44(1)
(2005), 19-23.

W. McCune, R. Veroff, B. Fitelson, K. Harris, A. Feist and L. Wos, Short single axioms for Boolean algebra.
J. Autom. Reason, 29(1) (2002), 1-16.

T. Oner, T. Kalkan and N. Kircali Gursoy, Sheffer stroke BG-algebras. Int. J. Maps Math., 4(0) (2021),
27-30.

T. Oner and T. Katican, Sheffer stroke BG-algebras by filters and homomorphisms. Bull. Int. Math. Virtual
Inst., 11(2) (2021), 375-386.

I. Senturk, Riecan and Bosbach state operators on Sheffer stroke MTL-algebras. Bull. Int. Math. Virtual
Inst., 12 (2022), 181-193.

I. Senturk, A new on state operators in Sheffer stroke basic algebras. Soft Computing, 25 (2021), 11471-
11484.

T. Oner and I. Senturk, The Sheffer stroke operation reducts of basic algebra. Open Mathematics, 15
(2017), 926-935.

I. Senturk and T. Oner, A construction of very true operator on Sheffer stroke MLT-algebras. Int. J. Maps
Math., 4 (2021), 93-106.

I. Senturk, T. Oner and A. Borumand Saeid, Congruences of Sheffer Stroke Basic Algebras. An. St. Univ.
Ovidius Constanta, Ser., 28(2) (2020), 209-228.

H. M. Sheffer, A set of five independent postulates for Boolean algebras, with application to logical con-
stants. Trans. Amer. Math. Soc., 14(4) (1913), 481-488.

F. Smarandache, Neutrosophic set-a generalization of the intuitionistic fuzzy set. Int. J. Pure Appl. Math.,
24 (2005), 287—-297.

Received: Jan 20, 2026. Accepted: July 3, 2026

Tahsin Oner, Neelamegarajan Rajesh, Akbar Rezaei and Ibrahim Senturk, Neutrosophic N -structures on
Sheffer stroke BG-algebras



	1. Introduction
	2. Preliminaries
	3. Some properties of Neutrosophic N-structures on Sheffer stroke BG-algebras
	4. Neutrosophic N-implicative ideal in Sheffer stroke BG-algebras
	5. Homomorphism on Sheffer stroke BG-algebras
	6. Conclusion
	References

