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Abstract. We develop a confidence-sensitive neutrosophic framework for selective separability. Single-valued
neutrosophic sets are evaluated through an admissible aggregation operator ®(7,1 — I,1 — F'), so that the
conservative minimum is only one possible choice. We first study uncertain dense data over an ordinary
topology and prove operator-independent transfer results for M-, H-, R-, and S-separability, while showing
that the admissible witnesses remain genuinely confidence-sensitive. We then pass to single-valued neutrosophic
topological spaces and distinguish strong intrinsic density, which reaches the full confidence height of every
effective open set, from weak intrinsic density, which only requires positive confidence overlap. The weak and
strong notions differ for individual neutrosophic sets, although both recover the expected classical space classes
on crisp-induced topologies. To keep countable network weight meaningful, we introduce countably calibrated
neutrosophic networks based on a dense rational set of point profiles. We also formulate both trace-based and
genuinely graded selection principles controlled by single-valued neutrosophic filters on the index set. Finally, we
compare the minimum and product confidence aggregators, discuss numerical resolution thresholds for intrinsic

selection, and derive consequences for Fréchet—Urysohn and function spaces.
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1. Introduction

Selection principles provide a common language for many covering and density properties
in General Topology. In the density setting, M-separability asks for finite selections from

a sequence of dense sets whose union remains dense, while R- and H-separability impose,
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respectively, one-point selections and an eventual hitting condition on non-empty open sets;
see Scheepers [16], Gruenhage-Sakai [6], and Repovs—Zdomskyy [13-15].

Two recent papers involving Maesano are especially relevant here. Bardyla, Maesano and
Zdomskyy [2] study selective separability in Fréchet—Urysohn spaces and their products, ob-
taining in particular a ZFC example of a countable Hausdorff Fréchet—Urysohn space which
is not H-separable. Aurichi, Maesano and Zdomskyy [1] introduce S-separability as a den-
sity counterpart of the Scheepers covering property and prove, among other results, that
S-separability is equivalent to a finite-power property called pM-separability and that every
countable Hausdorff Fréchet—Urysohn space is S-separable.

Neutrosophic sets, originating in Smarandache’s theory of neutrosophy [17], represent truth,
indeterminacy and falsity as independent components. For applications on an ordinary uni-
verse, the single-valued model of Wang, Smarandache, Zhang and Sunderraman [1§] is es-
pecially useful. Early developments of neutrosophic topology include the contributions of
Gallego Lupidnez [5] and Salama and Alblowi [12]. A computational framework for single-
valued neutrosophic sets and mappings was developed in [8] and extended to neutrosophic
topologies in [9]. Neutrosophic points and induced neutrosophic topologies were studied by
Jafari, Nordo and Thakur |7]. Earlier notions of neutrosophic filters were considered by Salama
and Alagamy [11], while single-valued neutrosophic filters were introduced and investigated
in [10].

The purpose of this paper is to distinguish two levels of neutrosophication. At the first level
the ambient topology is ordinary and only the dense input data are neutrosophic. This layer is
deliberately conservative and is useful as a calibration device: it shows exactly which classical
properties are recovered and which additional conditions are imposed on their witnesses. At
the second level the topology itself is single-valued neutrosophic. Here density is no longer
determined by ordinary non-empty intersections; it is measured by confidence overlap with
neutrosophic open sets. This second layer produces a genuinely graded topological theory.

A further aim is to remove the dependence on one particular scalarization of neutrosophic
information. Instead of fixing the minimum from the outset, we work with an admissible
aggregation operator ®. The principal transfer theorem is invariant under this choice. We also
isolate the stronger compatibility condition needed when a confidence product is required.

Our main results can be summarized as follows. We give a self-contained presentation
of the single-valued neutrosophic operations, points and topologies used later. We charac-
terize confidence-density by high-confidence cuts and prove an operator-independent transfer
principle between confidence-sensitive and classical selective separability. We then exhibit a
classical M-selection witness which fails as a neutrosophic witness, showing that the equiv-

alence of classes does not identify the witnesses. In the intrinsic layer we distinguish strong
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and weak neutrosophic density, explain the exact crisp reductions of both notions, and intro-
duce a resolution parameter that prevents unstable normalization on very low-confidence open
sets. We refine the network construction by testing only a fixed countable dense calibration of
neutrosophic point profiles, and we supplement the classical index-filter transfer theorem with
preliminary trace-based and graded definitions using single-valued neutrosophic filters on w.
Finally, we compare non-equivalent confidence aggregators and recover recent consequences
concerning Fréchet—Urysohn and function spaces.

The paper is organized as follows. Section [2| collects the classical and neutrosophic notions
needed throughout the paper. Sections [3land [] develop the confidence-sensitive theory over or-
dinary topological spaces, while Section [5] passes to genuinely neutrosophic topological spaces.
Sections [ and [7] are devoted to neutrosophic networks and filter-parametrized selection princi-
ples, respectively. Section [§| discusses consequences for Fréchet—Urysohn and function spaces,

and Section [9] concludes with some open problems and directions for further research.

2. Preliminaries

Throughout, w denotes the set of non-negative integers. We first recall the classical selective

properties and then fix all neutrosophic conventions required in the sequel.

2.1. Classtcal selective separability

Let (X, 7) be a topological space. A subset D C X is dense if DNU # & for every non-empty
Uer.

Definition 2.1. A topological space X is

(a) M-separable if for every sequence (D, )ne. of dense subsets of X there are finite sets
F,, C Dy, such that {J, ., F is dense in X;

(b) R-separable if for every sequence (Dy,)new of dense subsets of X there are points x,, €
D,, such that {z,, : n € w} is dense in X

(c) H-separable if for every sequence (Dp,)ne, of dense subsets of X there are finite sets
F,, C D,, such that every non-empty open set meets all but finitely many Fj;

(d) S-separable if for every sequence (Dy,)ne, of dense subsets of X there are finite sets
F, C D, such that, for every finite family Uy,..., U, of non-empty open subsets of
X, there exists n € w with F,, NU; # @ for all j < m.

The last property is due to Aurichi, Maesano and Zdomskyy [1]. We shall use the elementary
implications H = S = M and R = M.
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2.2. Single-valued neutrosophic sets

Definition 2.2. Let X be a non-empty set. A single-valued neutrosophic set (SVNS) A on
X is a triple A = (Ta,1a,Fa), where Ty, I4,Fy : X — [0,1] are the truth-membership,

indeterminacy-membership and falsity-membership functions, respectively.

The truth-membership, indeterminacy-membership, and falsity-membership components
are mutually independent. Consequently, no constraint is imposed on their sum, and in gen-
eral Ts(z) + Ia(x) + Fa(z) need not be equal to 1. We denote by SVN(X) the family of all
SVNSs on X.

There are different but equivalent coordinate conventions in the neutrosophic-topology liter-
ature. Because our confidence decreases when indeterminacy increases, we adopt the following
evidence order, used in smooth single-valued neutrosophic topology and particularly convenient

for confidence-based arguments [4].

Definition 2.3. For A,B € SVN(X) put A <y B if, for every x € X, Ta(z) < Tp(x),
I4(x) > Ip(x) and Fu(x) > Fp(z). Define

Oy =(0,1,1), 1y =(1,0,0),
where constant triples are understood pointwise. The neutrosophic union and intersection are
AUy B = (max{Ta,Tp}, min{l, Ip}, min{Fa, Fp}),
ANy B = (min{T4,Tp}, max{l4, Ip}, max{F4, Fp}),
and the complement is A° = (Fa,1 — 14, T}4).

Arbitrary unions and intersections are obtained by taking the corresponding pointwise
suprema and infima. Notice that O <y A <y 1ln. The convention used in [9,/10] orders
the indeterminacy coordinate in the opposite direction and uses the absolute set (1,1,0). The
two descriptions are order-isomorphic under the coordinate change I — 1 — I. Thus Defini-

tion is a confidence-compatible reparametrization rather than a competing theory.

Definition 2.4 (Crisp embedding). For D C X, define its crisp neutrosophic embedding D
by D(z) = 1y for z € D and D(z) = Oy for z ¢ D.

Then DUE=DUy E, DNE =DMy E and (D)° = X \ D.

2.3. Neutrosophic topologies and points

Definition 2.5. A single-valued neutrosophic topology on X is a family T C SVN(X) such
that On,1x € T, T is closed under arbitrary neutrosophic unions and under finite neutrosophic
intersections. The pair (X, T) is a single-valued neutrosophic topological space (NTS). Members

of T are neutrosophic open sets; their complements are neutrosophic closed sets.
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Neutrosophic topological structures have appeared in several formulations; see, among oth-
ers, [4,5,(7,9L|12]. The present formulation is the SVNS lattice version determined by the
evidence order fixed in Definition Every ordinary topology 7 induces the crisp NTS
F={U:Ucr}.

Definition 2.6. Let z € X and (¢,4, f) € [0,1]3\ {(0,1,1)}. The neutrosophic point p = xs;

is the SVNS equal to (t,4, f) at  and to Oy at all other points. We say that p belongs to A,
and write p €y A, when p <y A.

Neutrosophic points and the topology induced on their collection were studied in [7]. In the

evidence convention, p = x¢; f €y A means t < Ty(x), 1 > I4(x) and f > Fa(x).

2.4. Confidence aggregators

The scalar profile used to decide whether a selected point is reliable should not be tied to

one aggregation rule.

Definition 2.7. An admissible confidence aggregator is a continuous mapping @ : [0, 1] —
[0,1] which is non-decreasing in each variable and satisfies ®(0,0,0) = 0 and ®(1,1,1) = 1.
For A € SVN(X) define

ph(z) = ®(Ta(x),1 — Ia(z),1 — Fa()).
When no ambiguity is possible, the superscript ® is omitted.

The conservative choice used most often below is ®min(a,b,c¢) = min{a,b,c}. Other ad-
missible choices include the product abc and weighted arithmetic means with positive weights
summing to one. The next condition is relevant only when products of SVNSs are interpreted

componentwise.

Definition 2.8. An admissible ® is meet-compatible if for every finite family wq,...,uy, €

[0,1]® one has

@(7\ uj) = min ®(u; ),

! 1<j<m
Jj=1

where the meet on the left is coordinatewise minimum.

The minimum aggregator is meet-compatible. Product and weighted arithmetic mean aggre-
gators are generally not. This distinction will let us state precisely which results are operator-

independent.

3. Confidence-sensitive selection over a crisp topology

In this section (X, 7) is an ordinary topological space and ® is an arbitrary admissible

confidence aggregator.
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3.1. Neutrosophic density

For 0 <a<1,put A% = {z € X : p§(z) > a} and A} = AZ".

Definition 3.1. An SVNS A on (X, 7) is ®-dense (or simply N-dense) if sup,cy p%(z) = 1

for every non-empty U € 7.

Lemma 3.2 (Cut characterization). For A € SVN(X), the following are equivalent: A is

N-dense; and AZ% is dense in X for every o < 1.

Proof. If A is N-dense, then for every non-empty open U and every o < 1 there is z € U
with p%(x) > a, hence U N Az® # @. Conversely, if every confidence cut is dense, then every
non-empty open U contains points of confidence larger than every a < 1, and therefore its

confidence supremum is one.

For the crisp embedding 15, admissibility gives p% = xp. Hence D is N-dense if and only
if D is dense, independently of the chosen aggregator.

3.2. Neutrosophic M-, R-, H-, and S-separability

For a finite set F' C X and non-empty open U, define
co(A,F;U) = max({pi(m) cx € FNU}YU{0}).

Definition 3.3. Let (A, )ne. range over sequences of N-dense SVNSs on X. The space X is

(a) NM -separable if there are finite F,, C Az’@ such that, for every non-empty open U,
sup,, ¢ (An, Fr; U) = 1;
(b) NR-separable if there are x,, € A;;q, such that, for every non-empty open U,

SUP({PER(JM) tan €U U {0}) =1

(c) NH-separable if there are finite F,, C A;;q) such that lim,, o ce(An, Fi; U) = 1 for
every non-empty open U,

(d) NS-separable if there are finite F,, C A;:q) such that, for every finite family U, ..., Uy,
of non-empty open sets and every € > 0, some n satisfies ce(Ay, Fr; Uj) > 1 —¢ for all

Jj<m.

Theorem 3.4 (Operator-independent transfer principle). For every admissible ® and every
topological space X, NM-, NH-, NR-, and NS-separability are respectively equivalent to clas-
sical M-, H-, R-, and S-separability.
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Proof. We first prove the classical-to-neutrosophic implications. Fix a sequence (Ap)ney of
N-dense SVNSs.

Assume that X is M-separable. Partition w into pairwise disjoint infinite blocks (P)xe,, and
put oy, =1 —27% For n € Py, let D,, = A;’%’“. By Lemma every D, is dense. Applying
M-separability to the subsequence indexed by Pk, we obtain finite sets F,, C D,, (n € Py) such
that U,cp,
F,, for every n. Let U be non-empty open and let ¢ > 0. Choose k with aj > 1 — &. Density
of UnEPk F, yields n € Py and x € F,, NU. Then ce(Ap, Fr; U) > pin(x) >oap>1—¢€ Ase
is arbitrary, sup,, co(An, F; U) = 1, and hence X is NM-separable.

Assume next that X is H-separable. Put a;, = 1 — (n +2)~! and set D,, = Ai%". Choose

F,, is dense. Since the blocks form a partition, these choices define one finite set

finite F,, C D, witnessing H-separability. For every non-empty open U, there is ng such
that F,, N U # & whenever n > ng. Hence, for n > ng, ce(An, Fi;U) > ay,. Since also
co(Ap, Fr; U) <1 and «,, — 1, it follows that cg (A, F; U) — 1. Thus X is NH-separable.

If X is R-separable, use again the blocks P and the cuts D,, = AZ;’“ for n € P,. On each
block choose points z, € D,, so that {x,, : n € Py} is dense. Given a non-empty open U and
e > 0, choose k with ap > 1 —e. Some n € Py satisfies z,, € U, and then pin () >1—¢.
Hence the supremum required in the definition of N R-separability is one.

Finally, assume that X is S-separable. On each block Py, apply S-separability to the dense
cuts D,, = A;;’“ (n € Py), obtaining finite F,, C D,,. Given non-empty open sets U, ...,Upn,
and ¢ > 0, choose k with a > 1 — . The S-selection on P, provides some n € Pj such that
F,NU; # @ for every j < m. Consequently cg(Ay, F;Uj) > 1 —¢ for all j < m, so X is
NS-separable.

For the converse implications, let (D,,) be a sequence of ordinary dense sets and put A4,, =
l/);. Then A;q) = D,, and every confidence value involved in Definition is either 0 or
1. Thus an NM witness has dense union, an NR witness is a dense set of selected points,
and convergence to 1 in the NH condition means that every non-empty open set meets all
but finitely many F,,. For NS, taking ¢ = 1/2 gives exactly the classical simultaneous-hitting

condition. Hence the four neutrosophic properties imply their classical counterparts.

Corollary 3.5. For every admissible ®, NH = NS = NM and NR = NM.

Theorem is a calibration result: it says that the first layer does not manufacture a new
class of underlying spaces. It does not, however, identify the witnesses. The next example

makes this distinction explicit.

Example 3.6 (A classical witness rejected by confidence). Let X = Q with its usual topology

and choose a partition Q = D U F into two disjoint dense sets. Such a partition can be
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constructed by enumerating a countable base and recursively choosing two new rational points
in each basic open set. Fix ® = ®,;, and let A,, = A for all n, where A has confidence 1 on
D and confidence 1/2 on E; for instance set A(z) = (1,0,0) on D and A(z) = (1/2,0,0) on
E. Then A is N-dense because D is dense. Enumerate E = {e,, : n € w} and put F,, = {e,}.
The union |J,, F;, = E is dense, so (F,) is a perfectly valid classical M-selection witness for
the support sequence. Nevertheless, for every non-empty open U one has sup,, cs(A, F,; U) <
1/2, and hence the same finite selections do not witness NM-separability. The space class is

unchanged, but the admissible witness class is strictly refined.

4. Finite powers and the NpM property

Aurichi, Maesano and Zdomskyy prove that classical S-separability is equivalent to pM-
separability |1, Proposition 4.2]. We now lift the finite power argument at the level of confidence

profiles.

Lemma 4.1 (Tail strengthening). Let (A, )new be a sequence of N-dense SVNSs.
(i) If X is NM -separable, there are finite F,, C A;tq_, such that, for every non-empty open
U and every N € w,

sup cg(An, Fp; U) = 1.
n>N

(ii) If X is NS-separable, there are finite F,, C A:@ such that, for every finite family
Ui,...,Unyn of non-empty open sets, every € > 0, and every N € w, somen > N

satisfies co(Ap, Fr;Uj) > 1 —¢€ for all j < m.

Proof. Partition w into pairwise disjoint infinite blocks (P, )rec,. On each block, reindex the
restricted sequence (A,)nep. by w, apply the relevant selective property, and transport the
resulting finite selections back to the original indices. Because the blocks are disjoint, this
defines a single sequence (F),).

Fix one of the requirements appearing in (i) or (ii). The selection on every block P, supplies
at least one index in that block satisfying the requirement (with any prescribed confidence
tolerance in case (i)). These successful indices are distinct for distinct r; hence there are

infinitely many of them and therefore they are unbounded in w. This proves the tail assertions.

0

For an SVNS A and m > 1, we use the confidence product

[m] — min 2
P,gn (1.17"')'%'771) - 1ISIJH§nmpA(x])

This definition is meaningful for every admissible ®. If ¢ is meet-compatible, it is exactly

the confidence induced by the usual componentwise neutrosophic product obtained by taking
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minimum truth and maximum indeterminacy and falsity. Thus the scalar construction and

the SVNS product construction agree in the most important conservative case ®yiy.

Definition 4.2. A space X is NpM -separable if, for every sequence (Ay) of N-dense SVNSs
and every fixed integer m > 1, there are finite sets Iy C Aqu, such that, for every non-empty

open W C X™ and every N € w,
sup({pzrg(xl, cesTm) k>N, (T1,...,2m) € FPNW}HU {0}) =1.

The finite selections are allowed to depend on m. The explicit tail requirement is the
confidence-sensitive form convenient for the diagonal argument below; Lemma [4.1] shows why

such tail witnesses arise naturally from the corresponding selective property.

Theorem 4.3 (NS-NpM equivalence). For every admissible ®, a topological space X is NS-
separable if and only if it is NpM -separable.

Proof. Assume first that X is NS-separable and fix a sequence (Ax) of N-dense SVNSs. By
Lemma (ii)7 choose finite Fj, C Azcb with the strengthened tail property. Fix m > 1, a non-
empty open set W C X" and N € w. Choose a non-empty basic rectangle Uy x - - - xU,,, C W.
For every e > 0, Lemma [4.1(ii) gives k > N such that cg(Ay, Fi;Uj) > 1 — ¢ for all j < m.
Hence, for each j, one can choose z; € F}, N U; with pik (zj) > 1 —e. The tuple (z1,...,2m)

belongs to F" N W and satisfies

pm](azl,...,l‘m) >1—ec.

Since € is arbitrary, the supremum in Definition is one. Thus X is NpM-separable.

Conversely, assume that X is NpM-separable and fix a sequence (Ay) of N-dense SVNSs.
For each m > 1, choose a witness (Fy, ;)kew for the m-th power, and define

Fp = U F.
1<r<k

(with Fy = @). Each F}, is finite and is contained in A;@. Let Uy, ..., Uy be non-empty open
subsets of X and let € > 0. Apply the m-th witness with W = Uy x --- x Uy, and with tail
parameter N = m. Since the corresponding supremum equals one, there exist £ > m and

(T1,- .-, m) € Fj, N W such that

[m]

Pa, (T15-- o Tm) >1—¢€.

By the definition of the minimum confidence product, pik (zj) > 1 — ¢ for every j < m.
Moreover, F, ;, C Fj because m < k. Hence co(Ay, Fi;Uj) > 1 — ¢ for all j < m, which is
exactly the NS condition.
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The theorem is operator-independent at the scalar confidence level. The extra meet-
compatibility hypothesis is needed only if one insists that the confidence product arise from
a particular componentwise product of SVNSs. This separates the robust selection statement

from the algebraic choice of neutrosophic product.

5. Intrinsic selective separability on neutrosophic topological spaces

We now leave the conservative crisp-topological setting. Let (X,7) be an NTS and let ®

be admissible. For a neutrosophic open set U define its confidence height
ha(U) = sup ppy (x).
zeX
For a numerical or observational tolerance ¢ € [0, 1), we call U d-effective if he(U) > §. The
word effective without qualification means 0-effective. For A € SVN(X) and U € T put
ove(A,U) = sup min{p} (x), o (x)}.
reX

Thus ove(A,U) measures the greatest confidence at which A and U are simultaneously sup-
ported. Equivalently, A and U are a-quasi-coincident in confidence when this overlap exceeds
«. This confidence-based quasi-coincidence avoids the need to choose among several nonequiv-
alent quasi-coincidence conventions while retaining the local viewpoint used in smooth neu-

trosophic topology [4].

Definition 5.1 (Strong and weak intrinsic density). An SVNS A is

(a) strongly intrinsically N-dense if ove(A,U) = he(U) for every effective U € T;
(b) weakly intrinsically N-dense if ove(A,U) > 0 for every effective U € T.

Strong intrinsic density asks the data to reach the full confidence height made available
by each open set. Weak intrinsic density only asks for a positive confidence contact. The
distinction is useful because the former is a genuinely high-confidence requirement, whereas

the latter is the direct graded analogue of non-empty intersection.

Proposition 5.2 (Crisp reduction of strong and weak density). Let (X,7) be an ordinary
topological space and (X, T) its crisp induced NTS. Then an SVNS A is strongly intrinsically
N-dense if and only if it is N-dense in the sense of Definition [3.1. Moreover, A is weakly

intrinsically N-dense if and only if its positive support Ag 1s classically dense in X.

Proof. For every non-empty U € 7 one has h<1>((7) =1 and ove (A4, (7) = sup,cy p5(x). Equal-
ity with the height is therefore exactly Definition Positivity of the overlap is equivalent
to the existence of x € U with p%(z) > 0, which is equivalent to U N A} # @. g
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Example 5.3 (Weak density need not be strong). Let X = Q with its usual topology and
let A have constant confidence 1/2; for instance take A(z) = (1/2,0,0) for every z € X and
® = &3, Then A;ﬁ = X, so A is weakly intrinsically N-dense in the crisp-induced NTS. It
is not strongly intrinsically N-dense, since its overlap with every non-empty crisp open set is

only 1/2 rather than one.
For a finite /' C X and effective U, define the normalized local selection score

Yo (A F;U) = g max ({min(pf (x), o (2)) 2 € F} U {0))

1
he(U)

and the unnormalized overlap score

na(A, F5U) = max({min(p} (), pf () : = € F} U{0}).
Then 0 < v < 1. Mathematically the quotient is well-defined for every effective open set.
For numerical work, however, division by a very small height can amplify rounding error.
We therefore also use the resolution-6 convention, with a fixed § > 0, in which the selection
requirements are tested only on Jd-effective open sets. The input sequences are still required to
be strongly or weakly intrinsically N-dense in the sense of Definition thus the resolution
parameter changes only the family of opens tested by the selection condition, not the admissible
input class. The denominator is then bounded away from zero. We write a superscript §
on an intrinsic selection property when this restriction is imposed. With this convention, if
0 < 41 < §2 < 1, any property at resolution §; implies the corresponding property at resolution
d2. On crisp-induced topologies all non-empty opens have height one, so every choice § < 1

gives the same theory.

Definition 5.4 (Strong intrinsic selective separability). Let (A,) range over sequences of
strongly intrinsically N-dense SVNSs. The NTS (X, T) is
(a) iINM -separable if there are finite F;,, C A;;q, such that sup,, yo(Ap, Fr; U) = 1 for every
effective open U,
(b) iNR-separable if one can choose x, € A:}tp such that, for every effective open U, the
supremum of the normalized values min(pin (zn), pE(1))/ha(U) over n is one;
(c) iNH-separable if there are finite F,, C A;;q, such that v¢(Ap, Fr;U) — 1 for every
effective open U;
(d) iNS-separable if there are finite F,, C A:;q) such that, for every finite family of effective
opens Uy, ..., Uy, and every € > 0, some n satisfies yo (Ay, F; Uj) > 1—¢ for all j < m.

Definition 5.5 (Weak intrinsic selective separability). Let (A,,) range over sequences of weakly

intrinsically N-dense SVNSs. The NTS (X, 7) is
(a) wiNM-separable if there are finite F,, C A;;(b such that sup,, ne(An, Fn;U) > 0 for

every effective open U
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(b) wiNR-separable if there are points x,, € A;Cb such that, for every effective open U,

sup ({min(p%, (z0), pfH(wn)) : 1 € whU{0}) > 0;

(c) wiNH -separable if there are finite F,, C A;@ such that ne (A, Fn; U) > 0 for all but
finitely many n, for every effective open U;
(d) wiNS-separable if there are finite F,, C A:q, such that, for every finite family

Ui,...,Un of effective opens, some n satisfies 1o (Ay, Fr; Uj) > 0 for every j < m.

Proposition 5.6 (Crisp reduction of intrinsic selection). Let (X, 7) be an ordinary topolog-
ical space and let (X,T) be its induced crisp NTS. Then iNM, iNR, iNH, and iNS reduce
respectively to NM, NR, NH, and NS. Consequently, by Theorem[3.]), they determine exactly
the classical M-, R-, H-, and S-separable space classes. The weak properties wiNM , wiNR,

wiNH, and wiNS also determine exactly those same classical space classes.

Proof. Let U € 7 be non-empty. Since p% = xu and hq>(ﬁ) = 1, for every finite F' C X we
have

vo(A, F;U) = max({p%(z) : x € FNU}U{0}) = co(A, F;U).
The analogous one-point formula holds for iNR. Hence the four strong intrinsic definitions
agree term by term with NM, NR, NH, and NS, respectively.

For the weak properties, Proposition[5.2)identifies the admissible input sets precisely through
their positive supports D,, = A:;q), which are ordinary dense subsets of X. If a classical M-,
R-, H-, or S-selection is made from the D,,, then whenever a selected point lies in a crisp open
set U its overlap with Uis strictly positive. The same selected sets or points therefore satisfy
the corresponding weak intrinsic condition. Conversely, apply a weak intrinsic property to the
crisp embeddings E:L of an arbitrary sequence of ordinary dense sets. All non-zero overlaps
are then equal to 1, so the weak intrinsic condition reduces exactly to the classical M-, R-,

H-, or S-selection requirement. This proves all the asserted equivalences.

The intrinsic theory is not determined by the ordinary support of an SVNS. This is where

the new topological layer differs essentially from the transfer theorem.

Example 5.7 (Same support, different strong intrinsic density). Take X = {a,b}, ® = Py
and the NTS 7 = {Ox,U,1x}, where U(a) = (0.8,0,0) and U(b) = (0.2,0,0). This is
a neutrosophic topology because it contains the null and unit sets and is closed under the
required operations. Let A have confidences 0.8 at ¢ and 1 at b, and let B have confidences
0.4 at a and 1 at b; for instance take triples (r,0,0) realizing these values. Both A and B
have the same positive support X. For the unit open set both reach confidence one. However,
he(U) = 0.8, while ovg(A,U) = 0.8 and ove(B,U) = 0.4. Hence A is strongly intrinsically
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N-dense and B is not, although both are weakly intrinsically N-dense. The distinction has no

support-topological explanation.

Remark 5.8 (The product aggregator can change local ordering). In Example all
nontrivial triples have the form (r,0,0), so ®pin(r,1,1) = r and the product aggregator
®ri(a,b,c) = abe gives the same confidence. Thus that particular example is unchanged
by replacing the minimum with the product. In general, however, the ordering can reverse.
The triple C' = (0.6,0.4,0) has evidence coordinates (0.6,0.6,1) and therefore pg‘“i“ = 0.6
but pgn = 0.36, whereas D = (0.5,0,0) has confidence 0.5 for both aggregators. Hence the
minimum ranks C above D, while the product ranks D above C. Intrinsic overlap and the

identity of optimal local witnesses may therefore depend on ®, even though the conservative

transfer theorem does not.

The preceding remark establishes dependence at the level of local confidence ordering and
admissible witnesses, but it does not by itself show that the class of intrinsically separable
NTSs depends on the aggregator. To make this distinction explicit, whenever the choice of
aggregator is under discussion we write iNMg, iNHg, iNRg and iNSg for the corresponding

intrinsic properties.

Question 5.9 (Aggregator invariance). Does there exist a non-crisp NTS (X,T) and two
admissible aggregators ® and V—already Pmin and 1 would be of particular interest—such
that (X, T) is iINMg-separable but not iNMy-separable? More generally, which conditions on
® and ¥ guarantee that the strong or weak intrinsic selective classes are invariant under the

change of aggregator?

Example[5.7also shows why Theorem [3.4]should not be expected in a general NT'S: the topol-
ogy itself carries graded information and therefore changes which uncertain sets are strongly

dense.

6. Neutrosophic networks and network selection

We now incorporate network-based selection principles. A classical network on a topological
space X is a family AN of subsets such that, whenever x € U and U is open, some N €
N satisfies x € N C U. The classical network-selective framework motivating this section
was initiated in [3]. Our aim is to preserve the local graded information without making
countability vacuous.

A literal requirement involving every neutrosophic point x; ;  may force a network to resolve
continuum many point profiles. For countable network selection it is more natural to fix a

countable dense calibration set

CCIP\{(0, LD}, (L00)€C.
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Our canonical choice is Cg = ([0,1] N Q)3 \ {(0,1,1)}.

Definition 6.1. Let (X,7) be an NTS.

(a) A family A4 C SVN(X) is a full neutrosophic network if for every neutrosophic point
p and every U € T with p € U, there exists N € A4 such that p ey N <y U.

(b) Given a calibration set C, the family .4 is a C-calibrated neutrosophic network if the
same condition is required only for points p = xy; ¢ with (¢,4, f) € C.

(¢) The C-calibrated neutrosophic network weight nnwe (X, 7)) is the least cardinality of a

C-calibrated neutrosophic network.

Every full network is C-calibrated. The converse need not hold. The countable rational
calibration separates two issues that should not be conflated: countability of the network
family and continuum many possible numerical descriptions of the same underlying point.
More conceptually, this is not merely a technical device but a separation between spatial
resolution and data precision. The underlying set and neutrosophic topology determine which
locations and neighbourhood relations must be resolved, whereas C specifies the precision with
which the truth-indeterminacy—falsity profile of a point is tested. Choosing the dense countable
set Cg keeps these two scales independent: it provides profile tests at arbitrarily fine rational
levels while the network is not forced to encode continuum many numerical degrees as separate
cardinal requirements. This density is meant as a calibration of numerical precision; without
additional regularity assumptions, a Cg-calibrated network need not satisfy the full-network
condition for every irrational profile. Full networks remain available when the cardinality of
the complete point-profile geometry, rather than countable selection, is the object of study.

In the rest of this section C = Cg and we write simply calibrated network and nnwg.

Definition 6.2. Assume nnwg(X,7) < w. The NTS (X, T) is

(a) M-Nnw-selective if for every sequence (.4;,) of countable calibrated neutrosophic net-
works there are finite .%,, C .4;, such that Un ., is a calibrated neutrosophic network;

(b) R-Nnw-selective if for every such sequence one can choose N,, € 4;, so that {N,, : n €
w} is a calibrated neutrosophic network;

(¢) H-Nnw-selective if for every such sequence there are finite .%,, C .4, such that, when-
ever p=x;; r €x U with (¢,7, f) € Cp and U € T, there is k such that for every n > k
there exists N € %, satisfying p ey N <y U.

Proposition 6.3 (Crisp recovery of calibrated networks). Let (X, 7) be an ordinary topological
space. If N is a classical network, then N = {N : N € N'} is a calibrated neutrosophic network
for (X, 7). Conversely, every calibrated neutrosophic network consisting only of crisp embedded
sets corresponds to a classical network. Consequently, when Definition[6.9 is restricted to crisp

networks on (X, T), it is exactly the classical M-, R-, or H-nw-selective property, respectively.

G. Nordo, L. Affe, F. Smarandache, Neutrosophic Selective Separability



Neutrosophic Sets and Systems, Vol. 100, 2026 SSD

Proof. Suppose first that A is a classical network and let p = x4, r €n U have a calibrated
profile. Since the null profile is excluded, p €xn U implies z € U. Choose N € N with
x € N C U. Because ]/\7(:1;) = 1y, we have p €x N, and N C U gives N =N U. Thus N is
calibrated.

Conversely, let .4 be a calibrated network all of whose members are crisp embeddings, say
N ={N:NeN} Ifz €U e 7, then the full profile z1 9 belongs to U and (1,0,0) € Cg.
Calibration therefore yields some N € . with 10,0 €N N <N U7. The first relation gives
x € N, and the second gives N C U. Hence N is a classical network.

This equivalence also applies after making selections from a sequence of crisp networks. In
the M and R cases it identifies the selected union or selected family with a classical network;
in the H case the eventual calibrated-point condition, tested in particular at z1,,0, is exactly
the classical eventual network condition. Therefore the three selective properties reduce as

claimed.

The unrestricted full-network versions can still be studied, but their countable instances may
be exceptional. The calibrated version is therefore the default object for selective questions,

while the full version records the stronger point-profile geometry.

Question 6.4. Which classical cardinal bounds for M-, R-, and H-nw-selectivity survive
for calibrated M-, R-, and H-Nnw-selectivity? Can genuinely neutrosophic network degrees

produce ZFC examples that do not arise from crisp embeddings?

Question 6.5. Under which hypotheses is H-Nnw-selectivity preserved by finite neutrosophic
products, and can failure or preservation phenomena from the classical network-selective pro-
gram be recovered by crisp calibration? The question is posed relative to the foundational

network framework cited above; no classical product-preservation theorem is assumed here.

7. Filter-parametrized selective separability

Aurichi, Maesano and Zdomskyy [1] introduce selection properties parametrized by free
filters on w. Recall that, for a free filter G, a space is classically Sg-separable if for every
sequence (D,,) of dense subsets there are finite F,, C D,, such that {n: U N F,, # &} € G for
every non-empty open U. We first retain this index-filter viewpoint and then pass to genuinely

single-valued neutrosophic filters on the index set.

Definition 7.1. Let G be a free filter on w. A topological space (X, 1) is NSg-separable if
for every sequence (A,) of N-dense SVNSs there are finite F;,, C A', such that, for every

non-empty open U and every € > 0,

new:co(An, Fr;U) >1—c} €@.
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Theorem 7.2 (Filter transfer). Let G be any free filter on w and let ® be any admissible
confidence aggregator. Then X is NSg-separable if and only if it is classically Sg-separable.

Proof. Suppose first that X is classically Sg-separable, and let (A,) be a sequence of N-dense
SVNSs. Choose oy, 1 and set D,, = A;%". By Lemma each D, is dense. Choose finite
F,, C D, so that, for every non-empty open U,

HU:{TLIFnﬂU#@}Gg.

Fix U and € > 0. Since a;,, — 1, the set Cc = {n : o, > 1 — €} is cofinite and hence belongs
to the free filter G. Therefore HyNC, € G. If n € Hy N C,, choose x € F,, "U. Then z € D,
and hence c¢(A,, F,;U) > pin () > ap, > 1 —¢. Thus

HynC:. C{n:ce(An, Fr;U) >1—¢}.

By upward closure of G, the set on the right belongs to G, proving NSg-separability.
Conversely, suppose that X is NSg-separable and let (D,,) be a sequence of ordinary dense
sets. Apply the definition to A,, = 15; Then A: ¢ = Dn. For the resulting finite F,, C D,

and every non-empty open U, take ¢ = 1/2. Since crisp confidences are 0 or 1,
{n:co(Dp, FiU)>1/2} = {n: F,NU # @}.

The left-hand set belongs to G, so (F},) witnesses classical Sg-separability.

Consequently, classical results obtained through free filters can be transported to the crisp-
topological confidence layer by the same cut argument. In particular, Aurichi, Maesano and
Zdomskyy prove under Near Coherence of Filters that, for countable spaces, S-separability,
its monotone version, and M-separability are equivalent |1, Theorem 1.1]. Together with
Theorem the filter transfer theorem shows that the corresponding confidence formulations
inherit these classical equivalences whenever the analogous monotone formulation is used. The
filter in Theorem is still, however, a classical filter of index sets. Earlier notions of neutro-
sophic filters were investigated by Salama and Alagamy [11]; the single-valued neutrosophic
filter framework adopted here is the one developed in [10]. We next make explicit how this

framework can enter the selection mechanism itself.

Definition 7.3 (SVN-filter and crisp trace). In the evidence convention of Definition a
single-valued neutrosophic filter on w is a non-empty family § C SVN (w) which does not con-
tain Oy, is upward closed under <, and is closed under finite neutrosophic intersections. This
is the order-isomorphic reparametrization of the single-valued neutrosophic filter convention

used in [10]. Its crisp trace is

() ={H Cw: HeF}.
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Proposition 7.4. The crisp trace of every SVN-filter on w is a classical filter on w.

Proof. Since § is non-empty and upward closed, it contains 1y, so w € Tr(g). It does not
contain @ because @ = Oy. If H, K are in the trace, then HNK =H My K e §. Finally,
H C K implies H =< N K , and upward closure gives K in the trace.

Let (X,7) be an NTS, let (A4,) be strongly intrinsically N-dense, and let (F},) be finite
selections. For every effective open U put qi(n) = v¢(Ayp, F; U) and define the graded response
SVNS Ry on w by

Ry(n) = (qu(n),1 = qu(n),1 = qu(n)).

Larger local selection quality therefore gives a larger response in the evidence order.

Definition 7.5 (Intrinsic selection controlled by an SVN-filter). Let § be an SVN-filter on w.
The NTS (X, 7T) is
(a) trace-iNSg-separable if for every sequence (A,,) of strongly intrinsically N-dense SVNSs

there are finite £, C Aicb such that, for every effective open U and every ¢ > 0,

{n:qu(n)>1-cies;
(b) graded-iNSg-separable if the selections can be chosen so that Ry € § for every effective
open U.

The trace version is conservative with respect to the index filter encoded by §, whereas the

graded version lets the filter act directly on the entire sequence of confidence scores.

Proposition 7.6. Trace-iNSg-separability is exactly the intrinsic filter-selection condition ob-

tained by using the classical filter Tr(§) on the threshold sets {n : qu(n) > 1 —¢c}.

Proof. This is immediate from Definition a threshold set belongs to Tr(§) precisely when
its crisp embedding belongs to §.

The graded version retains information that the crisp trace deliberately discards: member-
ship is tested on the full response SVNS rather than only on its threshold sets. It is therefore

a natural candidate for a fully neutrosophic analogue of filter-controlled selective separability.

Question 7.7. Which structural assumptions on an SVN-filter § make the graded and trace
versions of iNSg equivalent? In the classical setting, Near Coherence of Filters is used by
Aurichi, Maesano and Zdomskyy [1] to relate filter-parametrized selection to S- and M-
separability. The graded iNS7 construction suggests a genuinely graded neutrosophic coun-
terpart of NCF: rather than testing coherence only after passing to crisp index sets, one could

require suitable confidence-preserving images of SVN-filters to become coherent at the level of
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graded responses. Can such a principle be formulated so that it reduces to classical NCF on

crisp traces and yields intrinsic NT'S analogues of the classical NCF equivalences?

8. Consequences for Fréchet—Urysohn and function spaces

The conservative layer immediately transfers several recent classical results while the intrin-

sic layer identifies where new work is required.

Corollary 8.1. For every admissible ®, every countable Hausdorff Fréchet—Urysohn space is

NS-separable and therefore NpM -separable.

Proof. Aurichi, Maesano and Zdomskyy prove that every countable Hausdorff Fréchet—
Urysohn space is S-separable [1, Theorem 1.8]. Apply Theorems [3.4] and 0

Corollary 8.2. For every admissible ®, there exists in ZFC a countable Hausdorff Fréchet—
Urysohn space without isolated points which is NR-separable but not NH -separable.

Proof. Bardyla, Maesano and Zdomskyy construct in ZFC a countable Hausdorff Fréchet—
Urysohn space without isolated points which is not H-separable [2, Theorem 2.1]. Their paper
also recalls that separable Fréchet—Urysohn spaces are R-separable. Apply Theorem 0

For a Tychonoff space T', let Cp(T") denote the space of real-valued continuous functions on

T with the topology of pointwise convergence.

Corollary 8.3. For every admissible ® and every Tychonoff space T, the space Cp(T) is
NS-separable if and only if it is NM -separable.

Proof. Aurichi, Maesano and Zdomskyy prove that, for C,(T), classical S-separability and
M-separability are equivalent [1, Theorem 1.6]. Apply Theorem 0

The corresponding statements for iN.S, iNM or the network properties are no longer auto-
matic because a genuine neutrosophic topology on the function space must first be specified.
The computational constructions in [8},/9] provide one practical route for finite or discretized

examples.
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9. Concluding remarks

The paper separates a conservative confidence lift from an intrinsic neutrosophic-topological
extension. The conservative layer is useful because its exact transfer theorems prove that no
classical space class is changed artificially. Example [3.6| nevertheless shows that the witnesses
are strictly filtered by confidence, which is the operational content of the lift. The invariance
of Theorem under every admissible aggregator also shows that this conclusion is not an
artefact of the minimum operator.

The intrinsic layer now has two density scales. Strong intrinsic density requires full use of the
confidence height of every effective open set, while weak intrinsic density only requires positive
overlap. These notions are distinct even on a crisp-induced topology for individual SVNSs,
as Example |5.3| shows. Nevertheless, their associated selection principles recover the expected
classical space classes in the crisp case. A resolution parameter § > 0 makes normalized scores
numerically robust by excluding open sets whose confidence height is below the prescribed
tolerance.

The comparison in Remark shows that local confidence ordering and the identity of pre-
ferred witnesses may depend on the chosen admissible aggregator: the minimum and product
rules can reverse the ordering of neutrosophic evidence. Whether this local dependence can
change the intrinsic separability class of a non-crisp NTS is a separate question, isolated in
Question [5.9] This distinction is invisible to the conservative transfer theorem and is a natural
source of genuinely neutrosophic problems.

For networks, countable calibration should be read as a separation between spatial resolution
and numerical profile precision, not only as a device for avoiding continuum-sized families.
The calibrated theory retains exact crisp recovery while leaving full neutrosophic networks
available for cardinal investigations. Product behaviour, cardinal bounds and genuinely non-
crisp examples remain open. The filter theory now has two levels as well: a trace-based
form that reduces to an ordinary index filter, and a graded form in which a single-valued
neutrosophic filter acts directly on the sequence of local confidence scores.

Several directions remain open. A systematic study should identify aggregator conditions
weaker than meet-compatibility that preserve natural neutrosophic products, compare strong
and weak density on non-crisp NTSs, and determine when calibrated and full network notions
agree. On the filter side, the main problem is to characterize SVN-filters for which graded and
trace selection coincide and to formulate a graded neutrosophic analogue of Near Coherence
of Filters that reduces to the classical principle on crisp traces. These questions go beyond a

formal relabeling of classical properties and appear to be the natural next step for the theory.
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