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Abstract: Smarandache presented and built up the new idea of Neutrosophic set from the Intuition-

istic fuzzy sets. A.A. Salama presented Neutrosophic topological spaces by utilizing the Neutro-

sophic sets. M.L.Thivagar et al., created Nano topological spaces and Neutrosophic nano topologi-

cal spaces. Point of this paper is we present and study the properties of Neutrosophic Nano semi 

frontier in Neutrosophic nano topological spaces and its portrayal are talked about subtleties. 
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1. Introduction  

Nano topology explored by M.L.Thivagar [15]et.al can be communicated as an assortment 

of nano approximations, Neutrosophic sets set up by F.Smarandache[14]. Neutrosophic set is illus-

trate by three functions: a membership, indeterminacy and nonmembership functions that are in-

dependently related. Neutrosophic set have wide scope of uses, all things considered. M.L.Thivagar 

et al., created Neutrosophic nano topological spaces .Neutrosophic nano semi closed, neutrosophic 

nano αclosed, neutrosophic nano pre closed, neutrosophic nano semi pre closed and neutrosophic 

nano regular closed  are  presented by M.Parimala[17] et al. Point of the current paper is we learned 

about properties of Neutrosophic Nano frontier, Neutrosophic Nano semi frontier in Neutrosophic 

nano topological spaces 

 

2. PRELIMINARIES  

In this section, we recall needed basic definition and operation of Neutrosophic sets  

Definition 2.1 : [15] 

Let U be a non-empty set and R be an equivalence relation on U. Let F be a neutrosophic set 

in U with the membership function 𝜇𝐹 , the indeterminacy function 𝜎𝐹  and the non-membership 

function𝜈𝐹  . The neutrosophic nano lower,neutrosophic nano upper approximation and neutro-

sophic nano boundary of F in the approximation (U,R) denoted by N(F) , 𝑁(F)and BN(F)are respec-

tively defined as follows: 

(i) N(F) =  {<  𝑢, μR(𝑀1
∗)(u), σR(𝑀1

∗)(u), νR(𝑀1
∗)(u)  > /𝑦 ∈  [u]R, u ∈  U}. 

(ii) 𝑁(F) =  {<  𝑢, μR(𝑀1
∗)(u), σR(𝑀1

∗)(u), νR(𝑀1
∗)(u)  > /𝑦 ∈  [u]R, u ∈  U} . 

(iii) BN(F)=𝑁(F) − N(F)  

Definition 2.2 : [15] 

Let U be an universe, R be an equivalence relation on U and F be a neutrosophic set in U and if the 

collection 𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(F) , 𝑁(F),BN(F)} 
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 forms a topology then it is said to be a neutrosophic nano topology. We call (U, 𝑁𝑁(𝜏)) as the neu-

trosophic nano topological space. The elements of 𝑁𝑁(𝜏) are called neutrosophic nano open sets. 

Definition 2.3 : [15] 

Let U be a nonempty set and the Neutrosophic sets 𝑀1
∗ and 𝑀2

∗ in the 

form 𝑀1
∗={< u:𝜇𝑀1

∗(𝑢), 𝜎𝑀1
∗(𝑢), 𝜈𝑀1

∗(𝑢)>, u∈U},  

         𝑀2
∗={< u:𝜇𝑀2

∗(𝑢), 𝜎𝑀2
∗(𝑢),  𝜈𝑀2

∗(𝑢)>, u∈U}}. 

 Then the following statements hold: 

(i) 0𝑁𝑁
 = {< u, 0, 0, 1 >: u∈U} and 1𝑁𝑁

 = {< u, 1, 1, 0 >: u∈U}. 

(ii) 𝑀1
∗ ⊆ 𝑀2

∗ iff { 𝜇𝑀1
∗(𝑢) ≤ 𝜇𝑀2

∗(𝑢), 𝜎𝑀1
∗(𝑢) ≤ 𝜎𝑀2

∗(𝑢), 𝜈𝑀1
∗(𝑢) ≥ 𝜈𝑀2

∗(𝑢), ∀u∈U}. 

(iii) 𝑀1
∗ = 𝑀2

∗ iff 𝑀1
∗ ⊆𝑀2

∗ and 𝑀2
∗⊆ 𝑀1

∗. 

(iv) 𝑀1
∗C ={< u, 𝜈𝑀1

∗(𝑢), 1 − 𝜎𝑀1
∗(𝑢), 𝜇𝑀1

∗(𝑢) >: u ∈ U}. 

(v) 𝑀1
∗∩𝑀2

∗ ={u, 𝜇𝑀1
∗(𝑢)∧𝜇𝑀2

∗(𝑢), 𝜎𝑀1
∗(𝑢)∧𝜎𝑀2

∗(𝑢), 𝜈𝑀1
∗(𝑢)∨𝜈𝑀2

∗(𝑢), ∀u∈U}. 

(vi) 𝑀1
∗∪𝑀2

∗ ={u, 𝜇𝑀1
∗(𝑢)∨𝜇𝑀2

∗(𝑢), 𝜎𝑀1
∗(𝑢)∨𝜎𝑀2

∗(𝑢), 𝜈𝑀1
∗(𝑢)∧𝜈𝑀2

∗(𝑢), ∀u∈U}. 

(vii)  ∪𝑀𝑗
∗ = 〈𝑢, ⋁, ⋁, ⋀ 〉  

(viii)  ∩ 𝑀𝑗
∗ =〈𝑢, ⋀, ⋀, ⋁〉  

 (ix)  𝑀1
∗ – 𝑀2

∗ = 𝑀1
∗ ∩ 𝑀2

∗𝐶 

Proposition 2.4 [15] 

For any Neutrosophic Nano set 𝑀1
∗ in (U, 𝑁𝑁(𝜏))) we have  

(1) 𝑁𝑁Cl ((𝑀1
∗)C) = (𝑁𝑁Int (𝑀1

∗))C,  

(2) 𝑁𝑁Int ((𝑀1
∗)C) =(𝑁𝑁Cl (𝑀1

∗))C. 

(3) 𝑀1
∗ ⊆ 𝑀2

∗ ⇒ 𝑁𝑁Int (𝑀1
∗) ⊆ 𝑁𝑁Int (𝑀2

∗),  

(4) 𝑀1
∗⊆𝑀2

∗ ⇒ 𝑁𝑁Cl(𝑀1
∗) ⊆ 𝑁𝑁Cl(𝑀2

∗),  

(5) 𝑁𝑁Int (𝑁𝑁Int (𝑀1
∗)) = 𝑁𝑁Int(𝑀1

∗),  

(6) 𝑁𝑁Cl (𝑁𝑁Cl (𝑀1
∗)) = 𝑁𝑁Cl (𝑀1

∗),  

(7) 𝑁𝑁Int (𝑀1
∗ ∩ 𝑀2

∗)) = 𝑁𝑁Int (𝑀1
∗) ∩ 𝑁𝑁Int (𝑀2

∗),  

(8) 𝑁𝑁Cl (𝑀1
∗ ∪ 𝑀2

∗) = 𝑁𝑁Cl(𝑀1
∗) ∪ 𝑁𝑁Cl(𝑀2

∗),  

(9) 𝑁𝑁Int (0𝑁𝑁
) = 0𝑁𝑁

 ,  

(10) 𝑁𝑁Int (1𝑁𝑁
) = 1𝑁𝑁

 ,  

(11) 𝑁𝑁Cl (0𝑁𝑁
) = 0𝑁𝑁

 ,  

(12) 𝑁𝑁Cl (1𝑁𝑁
) = 1𝑁𝑁

 ,  

(13) 𝑀1
∗ ⊆ 𝑀2

∗ ⇒ (𝑀2
∗𝐶⊆ 𝑀1

∗𝐶,  

(14) 𝑁𝑁Cl (𝑀1
∗∩𝑀2

∗)⊆𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗),  

(15) 𝑁𝑁Int (𝑀1
∗∪ 𝑀2

∗)⊇ 𝑁𝑁Int (𝑀1
∗) ∪ 𝑁𝑁Int (𝑀2

∗). 

 

3. NEUTROSOPHIC NANO FRONTIER 

In this section, the concepts of the Neutrosophic Nano frontier in Neutrosophic Nano topological 

space are introduced and also discussed their characterizations with some related examples. 

Definition 3.1.  

Let U be a N-N-T-S and let 𝑀1
∗ NNS (U). Neutrosophic Nano frontier of M1

∗ and is denoted by NFr 

(𝑀1
∗). i.e., 𝑁𝑁Fr (𝑀1

∗) = 𝑁𝑁Cl(𝑀1
∗) ∩ 𝑁𝑁Cl(𝑀1

∗)𝐶 . 

Proposition 3.2. For each 𝑀1
∗ NNS(U), 𝑀1

∗ ∪ 𝑁𝑁Fr (𝑀1
∗) ⊆ 𝑁𝑁Cl (𝑀1

∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1., 

𝑀1
∗ ∪ 𝑁𝑁Fr (𝑀1

∗) = 𝑀1
∗ ∪( 𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl ((𝑀1
∗𝐶))  

                     = (𝑀1
∗ ∪ 𝑁𝑁Cl (𝑀1

∗) ) ∩ ( 𝑀1
∗ ∪ 𝑁𝑁Cl ((𝑀1

∗𝐶))  

⊆ 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) 

⊆ 𝑁𝑁Cl (𝑀1
∗) 

Hence 𝑀1
∗ ∪ 𝑁𝑁Fr (𝑀1

∗) ⊆ 𝑁𝑁Cl (𝑀1
∗). 

Example 3.3.  

Let U and 𝒜 be two non-empty finite sets,  
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where U is the  universe and 𝒜 the set of attributes 

The members of U= {P1, P2, P3,P4}are pressure patients  

Let U/R ={{P1, P2, P3}, {P4}} be an equivalence relation 

𝒜 = {Salt food  , colostreal food } are two attributes  

P1= 〈x, (
5

10
,

10

10
,

1

10
) , (

9

10
,

2

10
,

5

10
)〉 

P2= 〈x, (
2

10
,

5

10
,

9

10
) , (

0

10
,

5

10
,

10

10
)〉 

P3= 〈x, (
5

10
,

10

10
,

1

10
) , (

9

10
,

5

10
,

5

10
)〉 

P4= 〈x, (
2

10
,

5

10
,

9

10
) , (

0

10
,

2

10
,

10

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(F) , 𝑁(F),BN(F)} 

           N(F) = 〈x, (
2

10
,

5

10
,

9

10
) , (

0

10
,

5

10
,

10

10
)〉  

           𝑁(F) = 〈x, (
5

10
,

10

10
,

1

10
) , (

9

10
,

5

10
,

5

10
)〉 

           BN(F) = 〈(
5

10
,

5

10
,

2

10
) , (

9

10
,

5

10
,

5

10
)〉 

𝑁𝑁(𝜏)= {0𝑁𝑁
, 1𝑁𝑁

, 〈x, (
2

10
,

5

10
,

9

10
) , (

0

10
,

5

10
,

10

10
)〉 , 〈 (

5

10
,

10

10
,

1

10
) , (

9

10
,

5

10
,

5

10
)〉, 

                               〈(
5

10
,

5

10
,

2

10
) , (

9

10
,

5

10
,

5

10
)〉 , 〈(

2

10
,

5

10
,

9

10
) , (

0

10
,

2

10
,

10

10
)〉}                                                                              

Here 𝑁𝑁Cl (P3) = 1𝑁𝑁
 and 𝑁𝑁Cl ( 𝑃3

𝑐) = 〈(
2

10
,

5

10
,

5

10
) , (

5

10
,

5

10
,

9

10
)〉. 

Using Definition 2.1, 𝑁𝑁Fr (𝑀1
∗) = 〈(

2

10
,

5

10
,

5

10
) , (

5

10
,

5

10
,

9

10
)〉. 

Also 𝑀1
∗ ∪ 𝑁𝑁Fr (𝑀1

∗) = 〈(
5

10
,

10

10
,

1

10
) , (

9

10
,

5

10
,

5

10
)〉 ⊆ 1𝑁𝑁

.  

Therefore 𝑁𝑁Cl (𝑀1
∗) = 1𝑁𝑁

 ⊈ 〈(
5

10
,

10

10
,

1

10
) , (

9

10
,

5

10
,

5

10
)〉. 

Theorem 3.5. 

 For a NNS M1
∗ in the N-N-T-S U, 𝑁𝑁Fr (𝑀1

∗) =𝑁𝑁Fr (𝑀1
∗𝐶). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl  (𝑀1
∗𝐶) 

= 𝑁𝑁Cl (𝑀1
∗𝐶) ∩ 𝑁𝑁Cl (𝑀1

∗) 

= 𝑁𝑁Cl (𝑀1
∗𝐶) ∩ 𝑁𝑁Cl(𝑀1

∗𝐶)
𝐶

 

Again by Definition 3.1,= 𝑁𝑁Fr (𝑀1
∗𝐶) 

Hence 𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Fr (𝑀1

∗𝐶). 

Theorem 3.6. 

 If a 𝑁𝑁S 𝑀1
∗ is a NCS, then 𝑁𝑁Fr (𝑀1

∗) ⊆ 𝑀1
∗. 

Proof : 

 Let 𝑀1
∗ be the 𝑁𝑁S in the Neutrosophic Nano  topological space U. Using Definition 3.1., 

NNFr (M1
∗) = NNCl (M1

∗) ∩ NNCl (M1
∗C) ⊆ NNCl (M1

∗) 

By Propositon (2.4) ,= 𝑀1
∗ 

Hence 𝑁𝑁Fr (𝑀1
∗) ⊆ 𝑀1

∗, if 𝑀1
∗ is 𝑁𝑁CS in U. 

The converse of the above theorem needs not be true as shown by the following example. 

Theorem 3.7.  

If a NNS 𝑀1
∗ is 𝑁𝑁OS, then 𝑁𝑁Fr (𝑀1

∗) ⊆ 𝑀1
∗𝐶 . 

Proof : 

 Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1 , 

𝑀1
∗ is 𝑁𝑁OS implies 𝑀1

∗𝐶is 𝑁𝑁CS in U. By Theorem 3.6, 𝑁𝑁Fr (𝑀1
∗𝐶) ⊆ 𝑀1

∗𝐶and by Theorem 3.5,  

we get 𝑁𝑁Fr (𝑀1
∗) ⊆ 𝑀1

∗𝐶 

Theorem 3.8. 

 For a NNS 𝑀1
∗ in the 𝑁𝑁TS U,  (𝑁𝑁Fr (𝑀1

∗))C= 𝑁𝑁Int (𝑀1
∗) ∪ 𝑁𝑁Int (𝑀1

∗𝐶). 

Proof :  

Let M1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1., 

(𝑁𝑁Fr (𝑀1
∗))C =  (𝑁𝑁𝐶𝑙 (𝑀1

∗) )𝐶(∩ 𝑁𝑁Cl (𝑀1
∗𝐶))) 
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By Propositon (2.4)  ,= (𝑁𝑁𝐶𝑙 (𝑀1
∗) )𝐶  ∪ (𝑁𝑁𝐶𝑙 (𝑀1

∗𝐶)))
𝐶

 

 By Propositon (2.4),= 𝑁𝑁Int (𝑀1
∗𝐶) ∪ 𝑁𝑁Int (𝑀1

∗) 

Hence (𝑁𝑁𝐹𝑟 (𝑀1
∗))𝐶 = 𝑁𝑁Int (𝑀1

∗) ∪ 𝑁𝑁Int (𝑀1
∗𝐶). 

Theorem 3.9 

 Let 𝑀1
∗ ⊆ 𝑀2

∗ and 𝑀2
∗ 𝑁𝑁C (U) ( resp.,𝑀2

∗ 𝑁𝑁O (U) ). Then 𝑁𝑁Fr (𝑀1
∗) ⊆ 𝑀2

∗ ( resp., 𝑁𝑁Fr (𝑀1
∗) ⊆

(𝑁𝑁𝐶𝑙 (𝑀2
∗) )𝐶), where 𝑁𝑁C (U) ( resp., 𝑁𝑁O (U) ) denotes the class of Neutrosophic Nano closed 

( resp., Neutrosophic Nano open) sets in U. 

Proof : Use Prop.,2.4 , 𝑀1
∗ ⊆ 𝑀2

∗ , 

𝑁𝑁Cl (𝑀1
∗) ⊆ 𝑁𝑁Cl (𝑀2

∗) -------------------- (1). 

By Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶) 

⊆ 𝑁𝑁Cl (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) by (1) 

⊆ 𝑁𝑁Cl (𝑀2
∗) = 𝑀2

∗ 

Hence 𝑁𝑁Fr (𝑀1
∗) ⊆ 𝑀2

∗. 

Theorem 3.10  

Let 𝑀1
∗ be the NNS in the N-N-T-S U. Then 

𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Cl (𝑀1

∗) – 𝑁𝑁Int (𝑀1
∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. By Propositon (2.4), 

((𝑁𝑁𝐶𝑙 (𝑀1
∗𝐶)))

𝐶
  = 𝑁𝑁Int (𝑀1

∗) and by Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶) 

             = 𝑁𝑁Cl (𝑀1
∗) – (NCl (𝑀1

∗𝐶))C 

by using 𝑀1
∗ – 𝑀2

∗ = 𝑀1
∗ ∩ 𝑀2

∗𝐶 

By Propositon (2.4), 

= 𝑁𝑁Cl (𝑀1
∗) – 𝑁𝑁Int (𝑀1

∗) 

Hence 𝑁𝑁Fr (𝑀1
∗) = 𝑁𝑁Cl (𝑀1

∗) – 𝑁𝑁Int (𝑀1
∗). 

Theorem 3.11. 

 For a NNS 𝑀1
∗ in the 𝑁𝑁TS U, 𝑁𝑁Fr (𝑁𝑁Int (𝑀1

∗)) ⊆ 𝑁𝑁Fr (𝑀1
∗). 

Proof : 

 Let M1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1., 

NNFr (NNInt (M1
∗)) = NNCl (NNInt (M1

∗)) ∩ NNCl (NNInt (M1
∗)) )C 

By Propositon (2.4), 

= NNCl (NNInt (M1
∗)) ∩ NNCl (NNCl (M1

∗C))) 

 By Propositon (2.4), 

= NNCl (NNInt (M1
∗)) ∩ NNCl (M1

∗C) ) 

. By Propositon (2.4), , 

⊆ NNCl (M1
∗) ∩ NNCl (M1

∗C)) 

Again by Definition 3.1., 

= NNFr (M1
∗) 

Hence NNFr (NNInt (M1
∗)) ⊆ NNFr (M1

∗). 

. 

Example 3.12.  

Let U and 𝒜 be two non-empty finite sets,  

where U is the  universe and 𝒜 the set of attributes 

The members of  U= {P1, P2, P3,P4}are pressure patients  

Let U/R ={{P1, P2, P3}, {P4}} be an equivalence relation 

𝒜 = {Head ache, Temperature} are  two attributes  

P1= 〈x, (
5

10
,

6

10
,

7

10
) , (

10

10
,

9

10
,

4

10
)〉 

P2= 〈x, (
3

10
,

9

10
,

2

10
) , (

4

10
,

1

10
,

6

10
)〉 
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P3= 〈x, (
5

10
,

9

10
,

2

10
) , (

4

10
,

9

10
,

4

10
)〉 

P4= 〈x, (
3

10
,

6

10
,

7

10
) , (

1

10
,

1

10
,

6

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(F) , 𝑁(F),BN(F)} 

           N(F) = 〈x, (
3

10
,

6

10
,

7

10
) , (

4

10
,

1

10
,

6

10
)〉  

           𝑁(F) = 〈x, (
5

10
,

9

10
,

2

10
) , (

10

10
,

9

10
,

4

10
)〉 

           BN(F) = 〈x, (
5

10
,

4

10
,

3

10
) , (

6

10
,

9

10
,

4

10
)〉 

𝑁𝑁(𝜏)= {0𝑁𝑁
, 1𝑁𝑁

, 〈x, (
3

10
,

6

10
,

7

10
) , (

4

10
,

1

10
,

6

10
)〉 , 〈 (

5

10
,

9

10
,

2

10
) , (

10

10
,

9

10
,

4

10
)〉, 

                               〈(
5

10
,

4

10
,

3

10
) , (

6

10
,

9

10
,

4

10
)〉 , (

3

10
,

6

10
,

7

10
) , (

1

10
,

1

10
,

6

10
)}                                                                              

𝑀3
∗ = 〈(

5

10
,

4

10
,

3

10
) , (

6

10
,

9

10
,

4

10
)〉 

Therefore by Definition 3.1., 𝑁𝑁Fr (𝑀3
∗) = ⊈ 𝑁𝑁Fr (𝑁𝑁Int (𝑀3

∗)). 

Theorem 3.13. 

 For a NNS 𝑀1
∗ in the N-N-T-S U, 𝑁𝑁Fr (𝑁𝑁Cl (𝑀1

∗)) ⊆ 𝑁𝑁Fr (𝑀1
∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 3.1., 

𝑁𝑁Fr (𝑁𝑁Cl (𝑀1
∗)) = 𝑁𝑁Cl (𝑁𝑁Cl (𝑀1

∗)) ∩ 𝑁𝑁Cl ((𝑁𝑁𝐶𝑙 (𝑀1
∗))) )𝐶  By Propositon (2.4), 

= 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑁𝑁Int (𝑀1

∗𝐶))By Propositon (2.4), 

⊆ 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶)Again by Definition 3.1., 

= 𝑁𝑁Fr (𝑀1
∗) 

Hence 𝑁𝑁Fr (𝑁𝑁Cl (𝑀1
∗)) ⊆ 𝑁𝑁Fr (𝑀1

∗). 

Theorem 3.14.  

Let 𝑀1
∗ be the NNS in the N-N-T-S U. Then 𝑁𝑁Int (𝑀1

∗) ⊆ 𝑀1
∗ – 𝑁𝑁Fr (𝑀1

∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Now by Definition 3.1., 

𝑀1
∗ – 𝑁𝑁Fr (𝑀1

∗) = 𝑀1
∗ − (𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶)) 

= (𝑀1
∗ – 𝑁𝑁Cl (𝑀1

∗)) ∪(𝑀1
∗ – 𝑁𝑁Cl (𝑀1

∗𝐶)) 

= 𝑀1
∗ – 𝑁𝑁Cl (𝑀1

∗𝐶) 

𝑁𝑁Int (𝑀1
∗). 

Hence 𝑁𝑁Int (𝑀1
∗) ⊆ 𝑀1

∗ – 𝑁𝑁Fr (𝑀1
∗). 

Remark 3.15.  

In general topology, the following conditions are hold : 

𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Int (𝑀1

∗) = 0N, 

𝑁𝑁Int (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀1

∗) = 𝑁𝑁Cl (𝑀1
∗), 

𝑁𝑁Int (𝑀1
∗) ∪ 𝑁𝑁Int (𝑀1

∗𝐶) ∪ 𝑁𝑁Fr (𝑀1
∗) = 1𝑁𝑁

. 

Theorem 3.16. 

 Let 𝑀1
∗ and 𝑀2

∗ be the two NNSs in the N-N-T-S.  

Then 𝑁𝑁Fr (𝑀1
∗ ∪ 𝑀2

∗) ⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗). 

Proof : Let 𝑀1
∗ and 𝑀2

∗ be the two NNSs in the N-N-T-S U. 

Using Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗ ∪ 𝑀2

∗) = 𝑁𝑁Cl (𝑀1
∗ ∪ 𝑀2

∗) ∩ 𝑁𝑁Cl ((𝑀1
∗  ∪ 𝑀2

∗)𝐶 

. By Propositon (2.4), 

= 𝑁𝑁Cl (𝑀1
∗ ∪ 𝑀2

∗) ∩ 𝑁𝑁Cl ( 𝑀1
∗𝐶 ∩ 𝑀2

∗𝐶) 

⊆ (𝑁𝑁Cl (𝑀1
∗) ∪ 𝑁𝑁Cl (𝑀2

∗)) ∩ (𝑁𝑁Cl (𝑀1
∗𝐶) ∩ 𝑁𝑁Cl(𝑀2

∗𝐶)) 

= [(𝑁𝑁Cl (𝑀1
∗) ∪ 𝑁𝑁Cl (𝑀2

∗) ) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶) ] ∩ [ (𝑁𝑁Cl (𝑀1

∗) ∪ 𝑁𝑁Cl (𝑀2
∗) ) ∩ 𝑁𝑁Cl  (𝑀2

∗𝐶) ] 

= [(𝑁𝑁 Cl (𝑀1
∗ ) ∩ 𝑁𝑁 Cl (𝑀1

∗𝐶 ))  ∪  (  𝑁𝑁 Cl (𝑀2
∗ ) ∩ 𝑁𝑁 Cl(𝑀1

∗𝐶 ))] ∩ [(  𝑁𝑁 Cl (𝑀1
∗ ) ∩ 𝑁𝑁 Cl (𝑀2

∗𝐶 ))  ∪ 

( 𝑁𝑁Cl(𝑀2
∗) ∩ 𝑁𝑁Cl(𝑀2

∗𝐶))] 

Again by Definition 3.1., 

= [𝑁𝑁Fr (𝑀1
∗) ∪ ( 𝑁𝑁Cl (𝑀2

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶)) ] ∩ [ (𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀2
∗𝐶) ) ∪ 𝑁𝑁Fr(𝑀2

∗) ] 

= (𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗)) ∩ [ (𝑁𝑁Cl (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) ) 
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∪ ( 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗𝐶) ) ] 

⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗). 

Hence 𝑁𝑁Fr (𝑀1
∗ ∪ 𝑀2

∗) ⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗). 

Note 3.17.  

𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊈ 𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Fr (𝑀2

∗) and 

𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Fr (𝑀2

∗) ⊈ 𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗). 

Theorem 3.18. 

 For any NNSs 𝑀1
∗ and 𝑀2

∗ in the N-N-T-S U, 

𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ ( 𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ) ∪ ( 𝑁𝑁Fr (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀1

∗) ). 

Proof : Let 𝑀1
∗ and 𝑀2

∗ be the two NNSs in the N-N-T-S U. 

Using Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) = 𝑁𝑁Cl (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁Cl ( (𝑀1
∗  ∩ 𝑀2

∗)𝐶 

Use Prop., 3.2 (1) [18] , 

= 𝑁𝑁Cl (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁Cl 𝑀1
∗𝐶 ∪ 𝑀2

∗𝐶) 

. By Propositon (2.4), 

⊆ (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗)) ∩ (𝑁𝑁Cl (𝑀1
∗𝐶) ∪ 𝑁𝑁Cl (𝑀2

∗𝐶)) 

= [ (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶) ] ∪ [ (𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀2
∗) ) ∩ 𝑁𝑁Cl (𝑀2

∗𝐶) ] 

Again by Definition 3.1., 

= (𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ) ∪ ( 𝑁𝑁Fr (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀1

∗) ) 

Hence 𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ ( 𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ) ∪ 

(𝑁𝑁Fr (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀1

∗) ). 

Corollary 3.19. 

 For any NNSs 𝑀1
∗ and 𝑀2

∗ in the N-N-T-S U, 

𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗). 

Proof : 

 Let 𝑀1
∗ and 𝑀2

∗ be the two NNSs in the N-N-T-S U. Using Definition 3.1., 

𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) = 𝑁𝑁Cl (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁Cl ((𝑀1
∗  ∩ 𝑀2 

∗ )𝐶 

. By Propositon (2.4),, 

= 𝑁𝑁Cl (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁Cl ( 𝑀1
∗𝐶 ∪ 𝑀2

∗𝐶) 

. By Propositon (2.4),, 

⊆ (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗)) ∩ (𝑁𝑁Cl (𝑀1
∗𝐶) ∪ 𝑁𝑁Cl (𝑀2

∗𝐶)) 

= (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶) ) ∪ ( 𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀2
∗) ∩ 𝑁𝑁Cl (𝑀2

∗𝐶) ) 

Again by Definition 3.1., 

= (𝑁𝑁Fr (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀2

∗) ) ∪ ( 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Fr (𝑀2

∗) ) 

⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗) 

Hence 𝑁𝑁Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ 𝑁𝑁Fr (𝑀1
∗) ∪ 𝑁𝑁Fr (𝑀2

∗). 

Theorem 3.20 

 For any NNS 𝑀1
∗ in the N-N-T-S U, 

(1) 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)) ⊆ 𝑁𝑁Fr (𝑀1

∗), 

(2) 𝑁𝑁Fr (𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗))) ⊆ 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1

∗)). 

Proof : (1) Let 𝑀1
∗ be the NNS in the Neutrosophic Nano topological space U. Using Definition 3.1., 

𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)) = 𝑁𝑁Cl (𝑁𝑁Fr (𝑀1

∗)) ∩ 𝑁𝑁Cl ((𝑁𝑁𝐹𝑟 (𝑀1
∗))𝐶Again by Definition 3.1., 

= 𝑁𝑁Cl (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) ) ∩ 𝑁𝑁Cl (((𝑁𝑁𝐶𝑙 (𝑀1
∗)  ∩ 𝑁𝑁𝐶𝑙 (𝑀1

∗𝐶) )
𝐶
  

 By Propositon (2.4), and by By Propositon (2.4), 

⊆ ( 𝑁𝑁Cl (𝑁𝑁Cl (𝑀1
∗)) ∩ 𝑁𝑁Cl (𝑁𝑁Cl (𝑀1

∗𝐶)) ) ∩  𝑁𝑁Cl (𝑁𝑁Int (𝑀1
∗𝐶) ∪ 𝑁𝑁Int (𝑀1

∗) ) 

Use Prop., 1.18 (f) [18] , 

= (𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) ) ∩ ( 𝑁𝑁Cl (𝑁𝑁Int (𝑀1
∗𝐶 )) ∪  𝑁𝑁Cl (𝑁𝑁Int (𝑀1

∗)) 

⊆ 𝑁𝑁Cl (𝑀1
∗) ∩ 𝑁𝑁Cl (𝑀1

∗𝐶) 

By Definition 3.1., 
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= 𝑁𝑁Fr (𝑀1
∗) 

Therefore 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)) ⊆ 𝑁𝑁Fr (𝑀1

∗). 

(2) By Definition 3.1., 

𝑁𝑁Fr (𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗))) = 𝑁𝑁Cl (𝑁𝑁Fr (𝑁𝑁Fr (𝑀1

∗))) ∩ 𝑁𝑁Cl ((𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)))C) 

Use Prop., 1.18 (f) [18] , 

⊆ (𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗))) ∩ 𝑁𝑁Cl((𝑁𝑁𝐹𝑟 (𝑁𝑁𝐹𝑟 (𝑀1

∗))) )𝐶 ⊆ 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)). 

Hence 𝑁𝑁Fr (𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗))) ⊆ 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1

∗)). 

Example 3.21.  

Let U and 𝒜 be two non-empty finite sets,  

where U is the  universe and 𝒜 the set of attributes 

The members of  U= {P1, P2, P3,P4}are patients  

Let U/R ={{P1, P2, P3}, {P4}} be an equivalence relation 

𝒜 = {Head ache, Temperature} are two attributes  

P1= 〈x, (
8

10
,

4

10
,

5

10
) , (

4

10
,

6

10
,

7

10
)〉 

P2= 〈x, (
4

10
,

2

10
,

9

10
) , (

1

10
,

4

10
,

9

10
)〉 

P3= 〈x, (
5

10
,

6

10
,

8

10
) , (

7

10
,

4

10
,

4

10
)〉 

P4= 〈x, (
9

10
,

8

10
,

4

10
) , (

9

10
,

6

10
,

1

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(F) , 𝑁(F),BN(F)} 

           N(F) = 〈x, (
4

10
,

2

10
,

9

10
) , (

1

10
,

4

10
,

9

10
)〉  

           𝑁(F) = 〈x, (
8

10
,

6

10
,

5

10
) , (

7

10
,

6

10
,

4

10
)〉 

           BN(F) = 〈x, (
9

10
,

6

10
,

4

10
) , (

7

10
,

6

10
,

4

10
)〉 

𝑁𝑁(𝜏)= {0𝑁𝑁
, 1𝑁𝑁

, 〈x, (
4

10
,

2

10
,

9

10
) , (

1

10
,

4

10
,

9

10
)〉 , 〈(

8

10
,

6

10
,

5

10
) , (

7

10
,

6

10
,

4

10
)〉, 

                               〈(
9

10
,

6

10
,

4

10
) , (

7

10
,

6

10
,

4

10
)〉 , (

9

10
,

8

10
,

4

10
) , (

9

10
,

6

10
,

1

10
)}                                                                              

𝑀1
∗ = 〈x, (

6

10
,

7

10
,

8

10
) , (

5

10
,

4

10
,

5

10
)〉 

Then  𝑁𝑁Fr (𝑀1
∗) = 〈x, (

9

10
,

8

10
,

4

10
) , (

9

10
,

6

10
,

1

10
)〉  

𝑁𝑁Fr (𝑁𝑁Fr (𝑀1
∗)) = 〈x, (

4

10
,

2

10
,

9

10
) , (

1

10
,

4

10
,

9

10
)〉. 

𝑁𝑁𝐹𝑟 (𝑀1
∗) ⊈ 𝑁𝑁Fr (𝑁𝑁Fr (𝑀1

∗)) 

III. NEUTROSOPHIC NANO SEMI-FRONTIER 

In this section, we introduce the Neutrosophic Nano semi-frontier and their properties in N-N-T-S s. 

Definition 4.1. 

 Let 𝑀1
∗ be a NNS in the N-N-T-S U. Then the Neutrosophic Nano semi-frontier of 𝑀1

∗ is defined as 

 NN(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl(𝑀1
∗𝐶).  

Obviously𝑁𝑁(S)Fr (𝑀1
∗) is a NN(S)C set in U. 

Theorem 4.2. 

 Let 𝑀1
∗ be a NNS in the N-N-T-S U. Then the following conditions are holds : 

(i) 𝑁𝑁(S)Cl  (𝑀1
∗) = 𝑀1

∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗)), 

(ii) 𝑁𝑁(S)Int  (𝑀1
∗) = 𝑀1

∗ ∩ 𝑁𝑁Cl (𝑁𝑁Int (𝑀1
∗)). 

Proof : (i) Let 𝑀1
∗ be a NNS in U. Consider 

𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1

∗)) ) ) 

= 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗) ∪ 𝑁𝑁Cl (𝑁𝑁Int (𝑁𝑁Cl (𝑀1

∗)) ) ) 

= 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗)) 

⊆ 𝑀1
∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1

∗)) 

It follows that 𝑀1
∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1

∗)) is a NN(S)C set in U. 

Hence 𝑁𝑁(S)Cl  (𝑀1
∗) ⊆ 𝑀1

∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗)) ... (1) 

Use Prop𝑁𝑁(S)Cl  (𝑀1
∗) is 𝑁𝑁(S)C set in 
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U. We have 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗)) ⊆ 𝑁𝑁Int (𝑁𝑁Cl (𝑁𝑁(S)Cl  (𝑀1

∗))) ⊆ 𝑁𝑁(S)Cl  (𝑀1
∗). 

Thus 𝑀1
∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1

∗)) ⊆ 𝑁𝑁(S)Cl  (𝑀1
∗) ... (2). 

From (1) and (2), 𝑁𝑁(S)Cl  (𝑀1
∗) = 𝑀1

∗ ∪ 𝑁𝑁Int (𝑁𝑁Cl (𝑀1
∗)). 

(ii) This can be proved in a similar manner as (i). 

Theorem 4.3. 

For a NNS 𝑀1
∗ in the N-N-T-S U, 𝑁𝑁(S)Fr (𝑀1

∗) =𝑁𝑁(S)Fr (𝑀1
∗𝐶). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) 

         = 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗) 

                       = 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) ∩ 𝑁𝑁(𝑆)𝐶𝑙 (𝑀1

∗𝐶)
𝐶

 

Again by Definition 4.1, 

                       = 𝑁𝑁(S)Fr (𝑀1
∗𝐶) 

Hence 𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Fr (𝑀1

∗𝐶). 

Theorem 4.4.  

If 𝑀1
∗ is NN(S)C set in U, then𝑁𝑁(S)Fr (𝑀1

∗) ⊆ 𝑀1
∗. 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) 

                        ⊆  𝑁𝑁(S)Cl(𝑀1
∗)= 𝑀1

∗ 

Hence 𝑁𝑁(S)Fr (𝑀1
∗) ⊆ 𝑀1

∗, if 𝑀1
∗ is NN(S)C in U. 

The converse of the above theorem is not true as shown by the following example. 

Example 4.5. 

Let U and 𝒜 be two non-empty finite sets,  

where U is the  universe and 𝒜 the set of attributes 

  U={F1,F2 ,F3, F4}are Fruits 

Let U/R ={{ F1,F2 ,F3}, { F4}} be an equivalence relation 

𝒜 = {Proteins, minerals, vitamins} are  three attributes ,its Neutrosphic values are given below 

F1 = 〈(
4

10
,

5

10
,

3

10
) , (

3

10
,

2

10
,

2

10
) , (

9

10
,

5

10
,

8

10
)〉  

F2 =〈(
2

10
,

4

10
,

5

10
) , (

1

10
,

1

10
,

2

10
) , (

6

10
,

5

10
,

8

10
)〉  

F3 =〈(
5

10
,

5

10
,

3

10
) , (

4

10
,

2

10
,

2

10
) , (

9

10
,

5

10
,

8

10
)〉  

F4 = 〈(
4

10
,

4

10
,

5

10
) , (

2

10
,

2

10
,

2

10
) , (

6

10
,

5

10
,

8

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(M) , 𝑁(M),BN(M)} 

N(F) = 〈(
2

10
,

4

10
,

5

10
) , (

1

10
,

1

10
,

2

10
) , (

6

10
,

5

10
,

8

10
)〉 

𝑁(F)=     〈(
5

10
,

5

10
,

3

10
) , (

4

10
,

2

10
,

2

10
) , (

9

10
,

5

10
,

8

10
)〉     

BN(F)= 〈(
5

10
,

5

10
,

3

10
) , (

2

10
,

2

10
,

2

10
) , (

8

10
,

5

10
,

8

10
)〉 

𝑁𝑁(𝜏)= {0𝑁𝑁
, 1𝑁𝑁

,〈(
2

10
,

4

10
,

5

10
) , (

1

10
,

1

10
,

2

10
) , (

6

10
,

5

10
,

8

10
)〉, 

 〈(
5

10
,

5

10
,

3

10
) , (

4

10
,

2

10
,

2

10
) , (

9

10
,

5

10
,

8

10
)〉 

 〈(
5

10
,

5

10
,

3

10
) , (

2

10
,

2

10
,

2

10
) , (

8

10
,

5

10
,

8

10
)〉, 

〈(
4

10
,

4

10
,

5

10
) , (

2

10
,

2

10
,

2

10
) , (

6

10
,

5

10
,

8

10
)〉} 

 

𝑀1
∗ 〈(

2

10
,

5

10
,

5

10
) , (

2

10
,

7

10
,

2

10
) , (

7

10
,

5

10
,

5

10
)〉, is Neutrosophic Nano semi-closed set 

Then  𝑁𝑁(S)Fr (𝑀1
∗) ⊆ 𝑀1

∗ 

Theorem 4.6. 

 If M1
∗ is NNSO set in U, then NN(S)Fr (M1

∗) ⊆ M1
∗C 

Proof : Let M1
∗ be the NNS in the N-N-T-S  U. Using Proposition 4.3 [18] , 
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M1
∗ is NNSO set implies M1

∗Cis NN(S)C set in U. By Theorem 3.4, NN(S)Fr (M1
∗C) ⊆ M1

∗Cand by 

Theorem 3.3, we get NN(S)Fr (M1
∗) ⊆ M1

∗C 

Theorem 4.7. 

Let 𝑀1
∗  ⊆ 𝑀2

∗  and 𝑀2
∗  𝑁𝑁 (S)C (U) ( resp.,  𝑀2

∗  𝑁𝑁 SO (U) ). Then 𝑁𝑁 (S)Fr (𝑀1
∗ ) ⊆ 𝑀2

∗  ( resp., 

𝑁𝑁(S)Fr (𝑀1
∗) ⊆ 𝑀2

∗𝐶, where 𝑁𝑁(S)C (U) ( resp., 𝑁𝑁SO (U) ) denotes the class of Neutrosophic Nano 

semi-closed ( resp.,Neutrosophic Nano semi-open) sets in U. 

Proof : Use Prop., 6.3 (iv) [18] , 𝑀1
∗ ⊆ 𝑀2

∗ , 

𝑁𝑁(S)Cl  (𝑀1
∗) ⊆ 𝑁𝑁(S)Cl  (𝑀2

∗) -------------------- (1). 

By Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl(𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) 

                        ⊆ 𝑁𝑁(S)Cl(𝑀2
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗𝐶) by (1) 

                        ⊆ 𝑁𝑁(S)Cl (𝑀2
∗)Use Prop., 6.3 (ii) [18] ,= 𝑀2

∗ 

Hence 𝑁𝑁(S)Fr (𝑀1
∗) ⊆ 𝑀2

∗. 

Theorem 4.8. 

 Let M1
∗ be the NNS in the N-N-T-S U. Then (𝑁𝑁(𝑆)𝐹𝑟 (𝑀1

∗) )𝐶= 𝑁𝑁(S)Int  (𝑀1
∗) ∪ 𝑁𝑁(S)Int  (𝑀1

∗𝐶 ). 

Proof : Let M1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

(𝑁𝑁(𝑆)𝐹𝑟 (𝑀1
∗) )𝐶  = ((𝑁𝑁(𝑆)𝐶𝑙 (𝑀1

∗)  ∩ 𝑁𝑁(𝑆)𝐶𝑙 (𝑀1
∗𝐶  )))

𝐶
Use Prop., 3.2 (1) [18] , 

                                = (𝑁𝑁(S)Cl  (𝑀1
∗))C ∪ (𝑁𝑁(S)Cl  (𝑀1

∗𝐶))CUse Prop., 6.2 (ii) [18] , 

                                = 𝑁𝑁(S)Int  (𝑀1
∗𝐶) ∪ 𝑁𝑁(S)Int  (𝑀1

∗) 

Hence (𝑁𝑁(𝑆)𝐹𝑟 (𝑀1
∗) )𝐶  = 𝑁𝑁(S)Int  (𝑀1

∗) ∪ 𝑁𝑁(S)Int  (𝑀1
∗𝐶). 

Theorem 4.9.  

For a NNS M1
∗ in the N-N-T-S U, then 𝑁𝑁(S)Fr (𝑀1

∗) ⊆ 𝑁𝑁Fr (𝑀1
∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Proposition 6.4 [18] , 

𝑁𝑁(S)Cl  (𝑀1
∗) ⊆ 𝑁𝑁Cl (𝑀1

∗) and 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) ⊆ 𝑁𝑁Cl (𝑀1

∗𝐶).Now by Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) ⊆  𝑁𝑁Cl (𝑀1

∗) ∩ 𝑁𝑁Cl (𝑀1
∗𝐶)By Definition 3.1., 

= 𝑁𝑁Fr (𝑀1
∗) 

Hence 𝑁𝑁(S)Fr (𝑀1
∗) ⊆ 𝑁𝑁Fr (𝑀1

∗). 

Theorem 4.10. 

 For a NNS 𝑀1
∗ in the N-N-T-S U, then 𝑁𝑁(S)Cl  (𝑁𝑁(S)Fr (𝑀1

∗)) ⊆ 𝑁𝑁Fr (𝑀1
∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Cl  (𝑁𝑁(S)Fr (𝑀1
∗)) = 𝑁𝑁(S)Cl  (𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  ((𝑀1
∗𝐶))) 

⊆ 𝑁𝑁(S)Cl  (𝑁𝑁(S)Cl  (𝑀1
∗)) ∩ 𝑁𝑁(S)Cl  (𝑁𝑁(S)Cl  ((𝑀1

∗𝐶)))Use Prop., 6.3 (iii) [18] , 

= 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  ((𝑀1

∗𝐶))By Definition 4.1, 

= 𝑁𝑁(S)Fr (𝑀1
∗)By Theorem 3.10, 

⊆ 𝑁𝑁Fr (𝑀1
∗) 

Hence 𝑁𝑁(S)Cl  (𝑁𝑁(S)Fr (𝑀1
∗)) ⊆ 𝑁𝑁Fr (𝑀1

∗). 

Theorem 4.11 

 Let 𝑀1
∗ be a 𝑁𝑁S in the N-N-T-S U. Then 𝑁𝑁(S)Fr (𝑀1

∗) = 𝑁𝑁(S)Cl (𝑀1
∗) – 𝑁𝑁(S)Int  (𝑀1

∗). 

Proof :  

Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Use Prop., 6.2 (ii) [18] , 

(𝑁𝑁(S)Cl  (𝑀1
∗𝐶)))C = 𝑁𝑁(S)Int  (𝑀1

∗) and by Definition 4.1, 

 𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  ( (𝑀1
∗𝐶)) 

= 𝑁𝑁(S)Cl  (𝑀1
∗) – (𝑁𝑁(𝑆)𝐶𝑙 ((𝑀1

∗𝐶)))𝐶by using 𝑀1
∗ – 𝑀2

∗ = 𝑀1
∗ ∩(𝑀2

∗𝐶)Use Prop., 6.2 (ii) [18] , 

= 𝑁𝑁(S)Cl  (𝑀1
∗) – 𝑁𝑁(S)Int  (𝑀1

∗) 

Hence 𝑁𝑁(S)Fr (𝑀1
∗) = 𝑁𝑁(S)Cl  (𝑀1

∗) – 𝑁𝑁(S)Int  (𝑀1
∗). 

Theorem 4.12. 

 For a NNS 𝑀1
∗ in the N-N-T-S U, then 𝑁𝑁(S)Fr (𝑁𝑁(S)Int  (𝑀1

∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗). 

Proof : Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑁𝑁Int (𝑀1
∗))= 𝑁𝑁(S)Cl (𝑁𝑁Int(𝑀1

∗))∩  𝑁𝑁(S)Cl ( (𝑁𝑁(S)Int  (𝑀1
∗))C) Use Prop., 6.2 (i) [18] , 
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                         =𝑁𝑁(S)Cl (𝑁𝑁(S)Int (𝑀1
∗))∩  𝑁𝑁(S)Cl (𝑁𝑁(S)Cl ((𝑀1

∗𝐶)))Use Prop., 6.3 (iii) [18] , 

                         = 𝑁𝑁(S)Cl  (𝑁𝑁(S)Int  (𝑀1
∗)) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗𝐶)Use Prop., 5.2 (ii) [18] , 

⊆ 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  ( 𝑀1

∗𝐶))By Definition 4.1, 

                        = 𝑁𝑁(S)Fr (𝑀1
∗) 

Hence 𝑁𝑁(S)Fr (𝑁𝑁(S)Int  (𝑀1
∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1

∗). 

Example 4.13. 

Let U and 𝒜 be two non-empty finite sets,  

where U is the  universe and 𝒜 the set of attributes 

  U={P1,P2 ,P3, P4}are Patients 

Let U/R ={{ P1,P2 ,P3, P4 }, { P5}} be an equivalence relation 

𝒜 = {Head ache, Temperature, Cold} are three attributes  

its Neutrosphic values are given below 

P1 = 〈(
3

10
,

4

10
,

2

10
) , (

5

10
,

6

10
,

7

10
) , (

9

10
,

5

10
,

2

10
)〉  

P2 =〈(
3

10
,

5

10
,

1

10
) , (

4

10
,

6

10
,

2

10
) , (

8

10
,

4

10
,

6

10
)〉  

P3 =〈(
3

10
,

5

10
,

1

10
) , (

4

10
,

6

10
,

2

10
) , (

8

10
,

4

10
,

6

10
)〉  

P4 = 〈(
3

10
,

4

10
,

2

10
) , (

4

10
,

6

10
,

7

10
) , (

8

10
,

4

10
,

6

10
)〉 

P5 = 〈(
5

10
,

6

10
,

1

10
) , (

6

10
,

7

10
,

1

10
) , (

9

10
,

5

10
,

2

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(M) , 𝑁(M),BN(M)} 

𝑁(𝐹) = 〈(
3

10
,

4

10
,

2

10
) , (

4

10
,

6

10
,

7

10
) , (

8

10
,

4

10
,

6

10
)〉 

𝑁(F)=     〈(
3

10
,

5

10
,

1

10
) , (

5

10
,

6

10
,

2

10
) , (

9

10
,

5

10
,

2

10
)〉     

BN(F)= 〈(
2

10
,

5

10
,

3

10
) , (

5

10
,

6

10
,

4

10
) , (

6

10
,

5

10
,

6

10
)〉 

𝑁𝑁(𝜏)= {0𝑁𝑁
, 1𝑁𝑁

,〈(
3

10
,

4

10
,

2

10
) , (

4

10
,

6

10
,

7

10
) , (

8

10
,

4

10
,

6

10
)〉, 〈(

3

10
,

5

10
,

1

10
) , (

5

10
,

6

10
,

2

10
) , (

9

10
,

5

10
,

2

10
)〉 

 〈(
2

10
,

5

10
,

3

10
) , (

5

10
,

4

10
,

4

10
) , (

6

10
,

5

10
,

6

10
)〉 , 〈(

5

10
,

6

10
,

1

10
) , (

6

10
,

7

10
,

1

10
) , (

9

10
,

5

10
,

2

10
)〉} 

𝑀1
∗ = 〈(

2

10
,

6

10
,

5

10
) , (

5

10
,

4

10
,

5

10
) , (

6

10
,

5

10
,

7

10
)〉 is a NNSO 

Therefore 𝑁𝑁(S)Fr (𝑀1
∗) ⊈ 𝑁𝑁(S)Fr (𝑁𝑁(S)Int  (𝑀1

∗)). 

 

Theorem 4.14. 

 For a NNS 𝑀1
∗ in the N-N-T-S U, then𝑁𝑁(S)Fr (𝑁𝑁(S)Cl  (𝑀1

∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗). 

Proof : 

 Let 𝑀1
∗ be the 𝑁𝑁S in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Fr(𝑁𝑁(S)Cl (𝑀1
∗))= 𝑁𝑁(S)Cl (𝑁𝑁(S)Cl (𝑀1

∗))∩  𝑁𝑁(𝑆)𝐶𝑙((𝑁𝑁(𝑆)𝐶𝑙 (𝑀1
∗)))𝐶  

Use Prop., 6.3 (iii) and Proposition 6.2 (ii) [18] , 

= 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑁𝑁(S)Int  (𝑀1

∗𝐶))Use Prop., 5.2 (i) [18] , 

⊆ 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗𝐶)By Definition 4.1, 

= 𝑁𝑁(S)Fr (𝑀1
∗) 

Hence 𝑁𝑁(S)Fr (𝑁𝑁(S)Cl  (𝑀1
∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1

∗). 

Remark 4.15. 

 In general topology, the following conditions conditions are hold : 

𝑁𝑁(S)Fr (𝑀1
∗) ∩ 𝑁𝑁(S)Int  (𝑀1

∗) = 0N, 

𝑁𝑁(S)Int  (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀1

∗) = 𝑁𝑁(S)Cl  (𝑀1
∗), 

𝑁𝑁(S)Int  (𝑀1
∗) ∪ 𝑁𝑁(S)Int  (𝑀1

∗𝐶) ∪ 𝑁𝑁(S)Fr (𝑀1
∗) = 1𝑁𝑁

. 

Theorem 4.16. 

 Let 𝑀1
∗ and 𝑀2

∗ be NNSs in the N-N-T-S U. 

Then 𝑁𝑁(S)Fr (𝑀1
∗ ∪ 𝑀2

∗) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Proof : Let 𝑀1
∗ and 𝑀2

∗ be NNSs in the N-N-T-S U. Using Definition 4.1, 
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𝑁𝑁(S)Fr (𝑀1
∗ ∪ 𝑀2

∗) = 𝑁𝑁(S)Cl  (𝑀1
∗ ∪ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl   (𝑀1
∗  ∪ 𝑀2

∗)𝐶  . By Propositon (2.4), 

  = 𝑁𝑁(S)Cl  (𝑀1
∗ ∪ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl  ( (𝑀1
∗𝐶) ∩ (𝑀2

∗𝐶) )Use Prop., 6.5 (i) and (ii) [18] , 

⊆ (𝑁𝑁(S)Cl (𝑀1
∗) ∪ 𝑁𝑁(S)Cl (𝑀2

∗)) ∩ ( 𝑁𝑁(S)Cl (𝑀1
∗𝐶)∩  𝑁𝑁(S)Cl (𝑀2

∗𝐶)) 

 = [ (𝑁𝑁 (S)Cl(𝑀1
∗ ) ∪ 𝑁𝑁 (S)Cl  (𝑀2

∗ ) ) ∩ 𝑁𝑁 (S)Cl  ((𝑀1
∗𝐶 ] ∩  [ (𝑁𝑁 (S)Cl (𝑀1

∗ ) ∪ 𝑁𝑁 (S)Cl  (𝑀2
∗ ) ) 

∩ 𝑁𝑁(S)Cl  (𝑀2
∗𝐶) ] 

= [(𝑁𝑁(S)Cl (𝑀1
∗)∩  𝑁𝑁(S)Cl (𝑀1

∗𝐶)) ∪ ( 𝑁𝑁(S)Cl (𝑀2
∗)∩  𝑁𝑁(S)Cl (𝑀1

∗𝐶))] 

∩ [(𝑁𝑁(S)Cl (𝑀1
∗)∩  𝑁𝑁(S)Cl (𝑀2

∗𝐶)) ∪ ( 𝑁𝑁(S)Cl (𝑀2
∗)∩  𝑁𝑁(S)Cl (𝑀2

∗𝐶))]By Definition 4.1, 

= [𝑁𝑁(S)Fr (𝑀1
∗) ∪ ( 𝑁𝑁(S)Cl  (𝑀2

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗𝐶) ) ] ∩ [ (𝑁𝑁(S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀2
∗𝐶) )  

    ∪ 𝑁𝑁(S)Fr(𝑀2
∗) ] 

= (𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗)) ∩ [ (𝑁𝑁(S)Cl  (𝑀2
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗𝐶) ) ∪ ( 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl   

    (𝑀2
∗𝐶) ) ] 

⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Hence 𝑁𝑁(S)Fr (𝑀1
∗ ∪ 𝑀2

∗) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Example 4.17. 

Let U and 𝒜 be two non-empty finite sets,  

where U is the  universe and 𝒜 the set of attributes 

  U={P1,P2 ,P3, P4}are Patients 

Let U/R ={{ P1,P2 ,P3}, { P4}} be an equivalence relation 

𝒜 = {Temperature} are one attributes  

U/R = {P1}{ P2,P3, P4} 

P1 = 〈(
6

10
,

5

10
,

4

10
)〉 

P2 =〈(
4

10
,

5

10
,

7

10
)〉  

P3 = 〈(
6

10
,

5

10
,

4

10
)〉 

P4 = 〈(
3

10
,

5

10
,

6

10
)〉 .  

Then 𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, N(M) , 𝑁(M),BN(M)}  

N(F) =〈(
4

10
,

5

10
,

7

10
)〉 

𝑁(F)=〈(
6

10
,

5

10
,

4

10
)〉 

BN(F)= 〈(
6

10
,

5

10
,

4

10
)〉 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, (
4

10
,

5

10
,

7

10
), (

6

10
,

5

10
,

4

10
), (

6

10
,

5

10
,

4

10
) , (

3

10
,

8

10
,

6

10
)} 

𝑁𝑁(𝜏) = {0𝑁𝑁
, 1𝑁𝑁

, (
4

10
,

5

10
,

7

10
), (

6

10
,

5

10
,

4

10
) , (

3

10
,

5

10
,

6

10
) } 

𝑀1
∗ = (

4

10
,

5

10
,

6

10
),𝑀2

∗ = (
6

10
,

5

10
,

4

10
)are NN(S)C 

𝑀1
∗ ∪ 𝑀2

∗ = (
6

10
,

5

10
,

4

10
) 

𝑁𝑁(S)Fr (𝑀1
∗ ∪ 𝑀2

∗) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Theorem 4.18. 

For any NNSs 𝑀1
∗ and 𝑀2

∗ in the N-N-T-S U, 

𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ ( 𝑁𝑁(S)Fr (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ) ∪ ( 𝑁𝑁(S)Fr (𝑀2
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗) ). 

Proof : Let 𝑀1
∗ and 𝑀2

∗ be 𝑁𝑁Ss in the 𝑁𝑁TS U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) = 𝑁𝑁(S)Cl  (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl   (𝑀1
∗  ∩ 𝑀2

∗)𝐶Use Prop., 3.2 (1) [18] , 

= 𝑁𝑁(S)Cl  (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl  ( (𝑀1
∗𝐶) ∪ (𝑀2

∗𝐶) ) Use Prop., 6.5 (ii) and (i) [18] , 

⊆ (𝑁𝑁(S)Cl (𝑀1
∗)∩  𝑁𝑁(S)Cl  (𝑀2

∗)) ∩ ( 𝑁𝑁(S)Cl ((𝑀1
∗𝐶))∪  𝑁𝑁(S)Cl ((𝑀2

∗𝐶))) 

= [ (𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ) ∩ 𝑁𝑁 (S)Cl  ((𝑀1
∗𝐶 ] ∪ [ (𝑁𝑁 (S)Cl  (𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀2
∗) ) 

∩ 𝑁𝑁(S)Cl  (𝑀2
∗𝐶) ]    By Definition 4.1, 

= (𝑁𝑁(S)Fr (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ) ∪ ( 𝑁𝑁(S)Fr (𝑀2
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗)) 

Hence 𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ ( 𝑁𝑁(S)Fr (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ) ∪ ( 𝑁𝑁(S)Fr (𝑀2
∗) ∩ 𝑁𝑁(S)Cl  (𝑀1

∗) ). 

Corollary 4.19 

 For any NNSs 𝑀1
∗ and 𝑀2

∗ in the N-N-T-S U, 
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 𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Proof : Let 𝑀1
∗ and 𝑀2

∗ be NNSs in the N-N-T-S U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) = 𝑁𝑁(S)Cl  (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl  (𝑀1
∗  ∩ 𝑀2

∗)𝐶  Use Prop., 3.2 (1) [18] , 

= 𝑁𝑁(S)Cl  (𝑀1
∗ ∩ 𝑀2

∗) ∩ 𝑁𝑁(S)Cl  ( (𝑀1
∗𝐶) ∪ (𝑀2

∗𝐶) ) , 

⊆ (𝑁𝑁(S)Cl (𝑀1
∗)∩  𝑁𝑁(S)Cl (𝑀2

∗)) ∩ ( 𝑁𝑁(S)Cl ((𝑀1
∗𝐶 ∪ 𝑁𝑁(S)Cl ((𝑀2

∗𝐶))) 

= (𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ∩ 𝑁𝑁(S)Cl ((𝑀1
∗𝐶 ) ∪ ( 𝑁𝑁(S)Cl(𝑀1

∗) ∩ 𝑁𝑁(S)Cl  (𝑀2
∗) ∩ 𝑁𝑁(S)Cl  

((𝑀2
∗𝐶)) )  

By Definition 4.1, 

= (𝑁𝑁(S)Fr (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  (𝑀2

∗) ) ∪ ( 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Fr (𝑀2

∗)) ⊆  𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr 

(𝑀2
∗). 

Hence 𝑁𝑁(S)Fr (𝑀1
∗ ∩ 𝑀2

∗) ⊆ 𝑁𝑁(S)Fr (𝑀1
∗) ∪ 𝑁𝑁(S)Fr (𝑀2

∗). 

Theorem 4.20  

For any NNS 𝑀1
∗ in the N-N-T-S U, 

(1) 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1

∗), 

(2) 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗))) ⊆ 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1

∗)). 

Proof : (1) Let 𝑀1
∗ be the NNS in the N-N-T-S  U. Using Definition 4.1, 

𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗))= 𝑁𝑁(S)Cl  (𝑁𝑁(S)Fr (𝑀1

∗)) ∩ 𝑁𝑁(S)Cl  ((𝑁𝑁(𝑆)𝐹𝑟 (𝑀1
∗) )𝐶  (𝑁𝑁(S)Fr (𝑀1

∗) ))  

By Definition 4.1, 

= 𝑁𝑁(S)Cl  (𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl   (𝑀1

∗𝐶)) ∩ 𝑁𝑁(S)Cl  (((𝑁𝑁(𝑆)𝐶𝑙 (𝑀1
∗)  ∩ 𝑁𝑁(𝑆)𝐶𝑙 ((𝑀1

∗𝐶)))
𝐶
)) 

Use Prop., 6.3 (iii) and 6.2 (ii) [18] , 

⊆ ( 𝑁𝑁 (S)Cl  (𝑁𝑁 (S)Cl  (𝑀1
∗ )) ∩ 𝑁𝑁 (S)Cl  (𝑁𝑁 (S)Cl  ((𝑀1

∗𝐶 ))) ) ∩ 𝑁𝑁 (S)Cl  (𝑁𝑁 (S)Int  ((𝑀1
∗𝐶 )) 

∪ 𝑁𝑁(S)Int  (𝑀1
∗) )Use Prop., 6.3 (iii) [18] , 

= (𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl   (𝑀1

∗𝐶))) ∩ (𝑁𝑁(S)Cl  (𝑁𝑁(S)Int (𝑀1
∗𝐶)) ∪  𝑁𝑁(S)Cl  (𝑁𝑁(S)Int  (𝑀1

∗)) 

⊆ 𝑁𝑁(S)Cl  (𝑀1
∗) ∩ 𝑁𝑁(S)Cl  ( 𝑀1

∗𝐶)) By Definition 4.1, 

= 𝑁𝑁(S)Fr (𝑀1
∗) 

Therefore 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗)) ⊆ 𝑁𝑁(S)Fr (𝑀1

∗).(2) By Definition 4.1, 

𝑁𝑁 (S)Fr (𝑁𝑁 (S)Fr (𝑁𝑁 (S)Fr (𝑀1
∗ ))) = 𝑁𝑁 (S)Cl  (𝑁𝑁 (S)Fr (𝑁𝑁 (S)Fr (𝑀1

∗ ))) ∩ 𝑁𝑁 (S)Cl  ( (𝑁𝑁 (S)Fr 

(𝑁𝑁(S)Fr (𝑀1
∗)))C) 

Use Prop., 6.3 (iii) [18] , 

⊆ (𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗))) ∩ 𝑁𝑁(S)Cl   ((𝑁𝑁(𝑆)𝐹𝑟 (𝑁𝑁(𝑆)𝐹𝑟 (𝑀1

∗)))𝐶) (𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗)))) 

⊆ 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗)). 

Hence 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1
∗))) ⊆ 𝑁𝑁(S)Fr (𝑁𝑁(S)Fr (𝑀1

∗)). 

Conclusion 

This research article shared some fundmental properties of introduce the Neutrosophic 

Nano semi-frontier .This concepts for further research will be on elaborating the structure of 

Neutrosophic Nano topology to more new classes of weak and strong forms of nano-open sets, new 

classes of generalized sets and new classes of continuous functions.There is further scope of 

launching into wider applications of Neutrosophic nano topology in different branches of Sciences 

and Humanities.  
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