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Abstract: The notions of an implicative (€, €)-neutrosophic ideal and an implicative falling neutrosophic ideal are
introduced, and several properties are investigated. Characterizations of an implicative (€, €)-neutrosophic ideal
are considered, and relations between an implicative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic ideal are
discussed. Conditions for an (&€, €)-neutrosophic ideal to be an implicative (€, €)-neutrosophic ideal are provided,
and relations between an implicative (€, €)-neutrosophic ideal, a falling neutrosophic ideal and an implicative falling
neutrosophic ideal are studied. Conditions for a falling neutrosophic ideal to be implicative are provided. Relations
between implicative falling neutrosophic ideal, commutative falling neutrosophic ideal and positive implicative falling
neutrosophic ideal are discussed.
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1 Introduction

The fuzzy set was introduced by L.A. Zadeh in 1965, where each element had a degree of membership. As a
generalization of fuzzy set, the intuitionistic fuzzy set on a universe X was introduced by K. Atanassov in 1983,
where besides the degree of membership 4 (z) € [0, 1] of each element x € X to a set A there was considered
a degree of non-membership v4(x) € [0, 1], but such that p4(z) + va(z) < 1 for all z € X. Neutrosophic
set (NS) developed by Smarandache [19, 20, 21] is a more general platform which extends the concepts of
the classic set and fuzzy set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic
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set theory is applied to various part which is refered to the site http://fs.gallup.unm.edu/neutrosophy.htm. Jun
et al. studied neutrosophic subalgebras/ideals in BC'K / BC'I-algebras based on neutrosophic points (see [1],
[3], [7] [16] and [18]). It is a reasonable and convenient approach for the theoretical development and the
practical applications of neutrosophic sets and neutrosophic logics. Jun et al. [10] introduced the notion of
neutrosophic random set and neutrosophic falling shadow. Using these notions, they introduced the concept
of falling neutrosophic subalgebra and falling neutrosophic ideal in BC'K/BC'I-algebras, and investigated
related properties. They discussed relations between falling neutrosophic subalgebra and falling neutrosophic
ideal, and established a characterization of falling neutrosophic ideal (see [9], [1 1], and [13]).Jun et al. [12]
introduced the concepts of a commutative (€, €)-neutrosophic ideal and a commutative falling neutrosophic
ideal, and investigate several properties. Bordbar et al. [2] introduced the concepts of a positive implicative (€,
€)-neutrosophic ideal and a positive implicative falling neutrosophic ideal, and investigate several properties.

In this paper, we introduce the concepts of an implicative (€, €)-neutrosophic ideal and an implicative
falling neutrosophic ideal, and investigate several properties. We obtain characterizations of an implicative
(€, €)-neutrosophic ideal, and discuss relations between an implicative (€, €)-neutrosophic ideal and an
(€, €)-neutrosophic ideal. We provide conditions for an (€, €)-neutrosophic ideal to be an implicative
(€, €)-neutrosophic ideal, and consider relations between an implicative (€, €)-neutrosophic ideal, a falling
neutrosophic ideal and an implicative falling neutrosophic ideal. We give conditions for a falling neutrosophic
ideal to be implicative. We consider relations between implicative falling neutrosophic ideal, commutative
falling neutrosophic ideal and positive implicative falling neutrosophic ideal.

2 Preliminaries

A BCK/BCI-algebra is an important class of logical algebras introduced by K. Iséki (see [5] and [6]).
By a BC'I-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies the
following conditions:

@ (Vz,y,2 € X) (((zxy) * (xx2)) * (2 xy) = 0),
D) (Va,y € X) ((x* (xxy)) xy = 0),
() (Vz € X) (z %z = 0),
AV) (Vz,y € X) (z*xy=0,yxz=0 = z=y).
If a BCI-algebra X satisfies the following identity:
(V) (Vz € X) 0%z =0),

then X is called a BC' K-algebra. Any BC'K/BC'I-algebra X satisfies the following conditions:

(Ve e X)(zx0=ux), (2.1)
Ve,y,z€ X)(x <y = rxz2<yx*xz z2xy<z%xx), (2.2)
(Vz,y,2 € X) (z*y)xz = (xx2) *y), (2.3)
(Va,y,z € X) ((wx2) % (y x2) Sz xy) (2.4)
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where © < y if and only if x x y = 0. A BC'K-algebra X is said to be positive implicative if the following
assertion is valid.

(Vo,y,z€ X)((xx2)x (yx2) = (x*xy) *2). (2.5)
A BC K-algebra X is said to be implicative if the following assertion is valid.
Ve,ye X)(z=xx*(y*x)). (2.6)

A nonempty subset S of a BCK/BC-algebra X is called a subalgebra of X if x xy € Sforall x,y € S. A
subset [ of a BCK/BC-algebra X is called an ideal of X if it satisfies:

0el, 2.7)
VeeX)Vyel)(xxyel = xel). (2.8)

A subset [ of a BC'K-algebra X is called a commutative ideal (see [15]) of X if it satisfies (2.7) and
Ve,ye X)(Vzel)((z*xy)xz€l = xzx(y*x(yxx)) €I). (2.9)

Observe that every commutative ideal is an ideal, but the converse is not true (see [ 15]).
A subset [ of a BC K -algebra X is called a positive implicative ideal (see [15]) of X if it satisfies (2.7) and

(Ve,y,ze€ X)((x*xy)xze€l,yxz€l = xxzel). (2.10)

Observe that every positive implicative ideal 1s an ideal, but the converse is not true (see [15]).
A subset [ of a BC'K-algebra X is called an implicative ideal (see [15]) of X if it satisfies (2.7) and

Vo,y,ze€ X)((z* (yxx))xz2€l,2€l = z€l). (2.11)

Observe that every implicative ideal is an ideal, but the converse is not true (see [15]).
We refer the reader to the books [4, 15] for further information regarding BC K/ BC'I-algebras.
For any family {a; | i € A} of real numbers, we define

\/{ai | i€ A} :=sup{a; | i € A}
and
Ndai|i€ A} =inf{a; | i € A}.

If A = {1,2}, we will also use a; Vas and a; Aay instead of \/{a; | ¢ € A} and A{a; | ¢ € A}, respectively.
Let X be a non-empty set. A neutrosophic set (NS) in X (see [20]) is a structure of the form:

A= {{x; Ar(z), Ar(x), Ap(x)) | z € X}

where Ar : X — [0,1] is a truth membership function, A; : X — [0, 1] is an indeterminate membership
function, and Ar : X — [0, 1] is a false membership function. For the sake of simplicity, we shall use the

X.L. Xin, H. Bordbar, F. Smarandache, R.A. Borzooei, Y.B. Jun, Implicative falling neutrosophic ideals of
BCK-algebras.



Neutrosophic Sets and Systems, Vol. 40, 2021 217

symbol A = (Ap, A;, Ap) for the neutrosophic set
AL = {{x; Ap(x), A (), Ap(z)) | © € X }.

Given a neutrosophic set A, = (A, Aj, Ap) inaset X, o, 8 € (0,1] and v € [0,1), we consider the
following sets:

Te(Av;a) :i={x € X | Ap(z) > o},
Ic(As;B) :={x e X | Aj(x) > 5}
Fe(Avy) ={z € X | Ap(z) <7}

We say Tc(A~; ), Ic(Av; B) and Fe(A; ) are neutrosophic €-subsets.
A neutrosophic set A. = (Ar, A, Ar) in a BCK/BCI-algebra X is called an (€, €)-neutrosophic
subalgebra of X (see [7]) if the following assertions are valid.

€ Te(Av;an), y € Te(Avsay) = w3y € Te(Av;an A ayy),
(anyEX) xEIE(AN;ﬁx)a y€[€<A~;6y) = m*y€I€<A~;ﬁx/\ﬁy)’ (212)
T € Fe(Aviva), ¥ € Fe(Avivy) = wxy € Fe(Aviva V)

for all v, oy, Bs, By € (0,1] and 7, v, € [0, 1).
A neutrosophic set A.. = (Ar, A;, Ar) in a BCK/BCI-algebra X is called an (€, €)-neutrosophic ideal
of X (see [18]) if the following assertions are valid.

r €T (Av;a,) = 0€ T (A ay)
Vee X) | ze€lc(As;B:) = 0€ I(A; 5y) (2.13)
T € FE(AN;’Yx) = 0 € FE(AN;’Vx)

and

rxy € Te(Av; o), y € Te(Aviay) = v € Te(Av;a, A oy)
(Ve,y € X) | wxy € lc(A;fe), yEIe(A~§By) = xEIG(A~§5m/\5y) (2.14)
Txy € Fe(Au;m), y € Fe(Av;yy) = @€ Fe(Av;7 V)

for all o, oy, Bs, By € (0,1] and ., vy, € [0, 1).

In what follows, let X and P(X) denote a BC'K/ BC'I-algebra and the power set of X, respectively, unless
otherwise specified.

Foreachz € X and D € P(X), let

z:={CePX)|zel (2.15)

and
D:={7|z € D} (2.16)
An ordered pair (P(X), B) is said to be a hyper-measurable structure on X if B is a o-field in P(X) and

XCB
Given a probability space (£2,.4, P) and a hyper-measurable structure (P(X),B) on X, a neutrosophic
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random set on X (see [10]) is defined to be a triple & := (&7, &7, &) in which &7, &; and & are mappings from
2 to P(X) which are A-B measurables, that is,

&HO) ={wr € Q| ér(wr)€Cre A
VCeB)| &HC)={wr€Q|&(wr)eCe A |. (2.17)
EMO) = {wr e Q| Ep(wr) eC e A

Given a neutrosophic random set £ := (&7, &7, {r) on X, consider functions:

f{T X — [0, 1], X > P(wT | TT € £T(wT))7
Ij][ X - [0,1], Xy — P(CL)[ ’ xrr € f](bd[)),
ﬁF X = [O, 1], Tp— 1 —P(wp | Tp € §F(wp))

Then H := (Hy, H;, Hy) is a neutrosophic set on X, and we call it a neutrosophic falling shadow (see [10])
of the neutrosophic random set £ := (&7,&;,&r), and € := (&7, &1, EF) is called a neutrosophic cloud (see [10])
OfI:I = (.EIT7 E[[, .EIF)

For example, consider a probability space (2,4, P) = ([0,1],.4,m) where A is a Borel field on [0, 1]
and m is the usual Lebesgue measure. Let H = (fIT, H;, H r) be a neutrosophic set in X. Then a triple
€ = (&7, &1, €r) in which

&r:[0,1] = P(X), a0 = Te(H; ),
&:00,1] = P(X), 8 Ie(H; B),
§F : [071] _>’P(X>a’7'_> F€<H77)

is a neutrosophic random set and ¢ := (&7, £, p) is a neutrosophic cloud of H := (Hyp, H;, Hy). We will call
& = (&7, &1, Er) defined above as the neutrosophic cut-cloud (see [10]) of H:= (ﬁT, Hy, ﬁp).

Let (€2, A, P) be a probability space and let £ := (&7, &;, £r) be a neutrosophic random set on X. If &7 (wr),
¢1(wy) and {p(wp) are subalgebras (resp., ideals) of X for all wr, wy, wr € €2, then the neutrosophic falling
shadow H := (fIT, H;, fIF) of & := (&r,&1,&r) is called a falling neutrosophic subalgebra (resp., falling
neutrosophic ideal) of X (see [10]).

3 Implicative (€, €)-neutrosophic ideals

Definition 3.1. A neutrosophic set A. = (Ar, A;, Ar) in a BCK-algebra X is called an implicative (€,
€)-neutrosophic ideal of X if it satisfies the condition (2.13) and

(xx(yxx))*xz € Te(Av;ay), 2 € Te(Av;ay) = v € Te(Av; o N ay)
(xx(y*xx))*z € lc(Ac;By), 2 € Ic(Av; By) = x € Ic(Av; B N By) (3.1)
(@ * (y*x) %2 € Fe(Av;m), 2 € Fe(Aviny) = 2 € Fe(Avia V)

forall z,y, 2z € X, ay, ay, By, By € (0,1] and ., v, € [0, 1).

Example 3.2. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 1. Then
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Table 1: Cayley table for the binary operation “x

=W N = O %
= w N = OO
B w—_ o ol
=W OO O
= O N = OfWw
S W N = O

(X;%,0)is a BC'K-algebra (see [15]). Let A = (Ar, A;, Ar) be a neutrosophic set in X defined by Table 2.

Table 2: Tabular representation of A, = (Ar, A7, Ar)

0 0.7 0.6 0.1
1 0.7 0.6 0.1
2 0.7 0.6 0.1
3 0.5 0.2 0.6
4 0.3 0.4 0.9

Routine calculations show that A, = (Ar, Ar, Ar) is an implicative (€, €)-neutrosophic ideal of X.

Theorem 3.3. Every implicative (€, €)-neutrosophic ideal of a BCK-algebra X is an (€, €)-neutrosophic
ideal of X.

Proof. 1t is clear by substituting x for y in (3.1) and using (2.1). [

Corollary 3.4. Every implicative (€, €)-neutrosophic ideal of a BCK-algebra X is an (€, €)-neutrosophic
subalgebra of X.

The converse of Theorem 3.3 is not true as seen in the following example.

Example 3.5. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 3.

Then (X;*,0) is a BC' K-algebra (see [15]). Let AL = (Ar, A7, Ar) be a neutrosophic set in X defined by
Table 4. It is routine to verify that A = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of X, but it is not an
implicative (€, €)-neutrosophic ideal of X since

(1% (3%1))%2=0€ Te(A;0.6) and 2 € T.(A-;0.65)
butl ¢ T-(A-;0.6 A0.65) = Tc(A~;0.6), and/or
(1 (3%1))%2=0€ Fe(A.;0.35) and 2 € F.(A.;0.45),

but 1 ¢ F(A_:0.45) = Fe(A;0.35V 0.45).

X.L. Xin, H. Bordbar, F. Smarandache, R.A. Borzooei, Y.B. Jun, Implicative falling neutrosophic ideals of
BCK-algebras.



Neutrosophic Sets and Systems, Vol. 40, 2021 220

4‘ 2

Table 3: Cayley table for the binary operation *“x

=W N = O %
=W N = OO
W wNn ool
=W O = O
— o O O O Ww
S OO O O

Table 4: Tabular representation of A, = (Ar, A7, Ar)

X AT(Z‘) A[(LL’) AF(JI)
0 0.7 0.8 0.3
1 0.5 0.6 0.5
2 0.7 0.4 0.4
3 0.5 0.2 0.9
4 0.5 0.2 0.9

Theorem 3.6. For a neutrosophic set A.. = (Ar, Ar, Ar) ina BCK-algebra X, the following are equivalent.

(1) The non-empty €-subsets Tc(A; «), Ic(A; B) and Fc(A~; ) are implicative ideals of X forall o, B €
(0,1] and v € [0, 1).

(2) A. = (Ar, Ay, Ar) satisfies the following assertions.

(Vo € X) ( Ap(0) > Ap(xz), Ar(0) > Af(z), Ap(0) < Ap(z) ) (3.2)
and
A r(x) 2 Ar((z * (y * 7)) * 2) A Ar(2)
(Ve,y,z€ X) | Ar(z) > Ar((zx (y*xx)) * 2) AN Ar(z) (3.3)
Ap(z) < Ap((xx (y*2)) % 2) V Ap(2)

Proof. Assume that the non-empty €-subsets T¢(A;a), Ic(A~; 3) and Fe(A~;~y) are implicative ideals of
X forall o, 8 € (0,1] and v € [0,1). If A7(0) < Ap(a) for some a € X, then a € Te(A~; Ar(a)) and 0 ¢
Tc(A~; Ar(a)). This is a contradiction, and so A7 (0) > Az(x) for all z € X. Similarly, A;(0) > A;(x) for
all z € X. Suppose that Ar(0) > Ap(a) forsome a € X. Thena € Fe(A; Ap(a)) and 0 ¢ Fe(A~; Ar(a)).
This is a contradiction, and thus Ar(0) < Ap(z) for all z € X. Therefore (3.2) is valid. Assume that there
exist a, b, c € X such that

Ar(a) < Ar((ax (bxa)) *c) N Ar(c).

Taking o :== Ar((a (b a)) * c) A Ar(c) implies that (a * (bx a)) xc € Te(Av; ) and ¢ € Te(A; «) but
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a ¢ Te(A~; a), which is a contradiction. Hence
Ar(z) > Ar((z* (y x ) x 2) A Ap(2)
for all x,y, z € X. By the similar way, we can verify that
Ar(z) > Arf((z* (y*x)) * 2) A A(2)
for all x,y, z € X. Now suppose there are =, y, 2 € X such that
Ap(x) > Ap((xx (y*xx)) * 2) V Ap(2) := 7.
Then (z % (yxx)) * 2 € Fe(Av;y) and z € Fc(Av;y) butz ¢ Fc(A~;7), a contradiction. Thus
Ap(z) < Ap((xx (y*2)) * 2) V Ap(2)

forall x,y,z € X.

Conversely, let A.. = (Ar, A;, Ar) be a neutrosophic set in X satisfying two conditions (3.2) and (3.3).
Assume that T (A-; ), Ic(A; 8) and Fe(A~;~) are nonempty for a, 8 € (0,1] and v € [0,1). Letz €
Te(Av;a),a € Ic(A;B) and u € Fe(Av;y) fora, 5 € (0,1] and v € [0,1). Then Ar(0) > Ap(z) > a,
Ar(0) > Ar(a) > B, and Ap(0) < Ap(u) < by (3.2). It follows that 0 € Tc(A; ), 0 € Ic(A-; 5) and
0 € Fe(Av;7). Leta,b,c € X be such that (a * (b*a)) *c € Te(Av;a) and ¢ € Te(A~; «) for a € (0, 1].
Then

Ar(a) > Ar((a* (bxa))*xc) N Ar(c) > «

by 3.3),andso a € Te(Av; o). If (x* (y*2)) %2 € [c(A;B) and z € Ic(A.;B) forall z,y,z € X and
B € (0,1], then A;((x % (y x z)) * z) > [ and A;(z) > (5. Hence the condition (3.3) implies that

A(x) = Ar((z + (y * @)+ 2) N Ar(z) 2 5,

thatis, z € Ic(A~; 3). Finally, suppose that (z*(y*z))xz € Fc(A;y)and z € Fe(Ao;y) forallz,y,z € X
and v € (0,1]. Then Ap((x * (y * z)) * 2) <y and Ap(z) <+, which imply from the condition (3.3) that

Ap(x) < Ap((xx (y*xx)) *2) V Ap(z) < 7.

Hence = € Fc(A~;7). Therefore the non-empty €-subsets T¢(A; ), Ic(A~; B) and Fc(A-;~y) are implica-
tive ideals of X forall a, 5 € (0,1] and v € [0, 1). O

Theorem 3.7. Let A.. = (Ar, A;, Ar) be a neutrosophic set in a BCK-algebra X. Then A.. = (Ar, A;, Ar)
is a implicative (€, €)-neutrosophic ideal of X if and only if the non-empty neutrosophic €-subsets T (A; a),
Ic(A; B) and Fc(A~; ) are implicative ideals of X for all o, 5 € (0,1] and v € [0,1).

Proof. Let A = (Ar, A;, Ar) be an implicative (€, €)-neutrosophic ideal of X and assume that T (A.; a),
Ic(A; 8) and Fc(A.;~) are nonempty for o, § € (0,1] and y € [0, 1). Then there exist x, y, z € X such that
r€Te(Av;a),y € Ic(A;5) and z € Fc(A~; 7). It follows from (2.13) that 0 € Te(A; ), 0 € Ic(A; 5)
and 0 € Fc(A;7). Letz,y,2,a,b,c,u,v,w € X be such that (x % (yxx)) * 2 € Te(Av; ), 2 € Te(A; ),
(ax(bxa))xc € Ic(Av;8), ¢ € Ic(A;B), (ux (v*u)) xw € Fe(Av;y) and w € Fe(Ao;7y). Then
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v € Te(AviaNa) = Te(Ava), a € Ie(A; BAB) = [e(Av;B), and u € Fe(Av;y V) = Fe(Avy)
by (3.1). Hence the non-empty neutrosophic €-subsets T (A-; «), Ic(A;5) and Fc(A-;~) are implicative
ideals of X forall a, 8 € (0,1] and y € [0, 1).

Conversely, let A. = (Ar, A;, Ar) be a neutrosophic set in X for which T (A-;«a), Ic(A;3) and
Fc(A.;~) are nonempty and are implicative ideals of X for all , 5 € (0, 1] and v € [0, 1). Obviously, (2.13)
is valid. Let z,y, 2z € X and a,, a,, € (0,1] be such that (z % (yxz)) * 2 € Te(Av; ) and z € Te(Ax; ay).
Then (x* (y*x))* 2z € Te(Av; ) and z € T (A; o) where oo = a; A . Since Te (A ; o) is an implicative
ideal of X, it follows that x € T (A ;) = Te(Av; o A o). Similarly, if (z % (y * 2)) * 2 € Ic(A; By)
and z € Ic(A.;By) forall z,y,z € X and 3,,3, € (0,1], then z € Ic(A; B, A By). Now, suppose that
(x*(yxz))*z € Fe(Av;v,)and z € Fe(Av;vy,) forall z,y, 2 € X and 7,7, € [0,1). Then (z*(y*z))*z €
Fe(Av;y)and z € Fe(Av;y) where v = v, V y,. Hence © € Fe(A;y) = Fe(Av; v, V) since Fe(A; )
is an implicative ideal of X. Therefore A = (A, A;, Ar) is an implicative (€, €)-neutrosophic ideal of
X. O]

Corollary 3.8. Let A.. = (Ar, A;, Ar) be a neutrosophic setina BCK-algebra X. Then A.. = (Ar, Ar, Ar)
is an implicative (€, €)-neutrosophic ideal of X if and only if it satisfies two conditions (3.2) and (3.3).

We provide conditions for an (€, €)-neutrosophic ideal to be an implicative (€, €)-neutrosophic ideal.

Theorem 3.9. If X is an implicative BC K -algebra, then every (€, €)-neutrosophic ideal is an implicative
(€, €)-neutrosophic ideal.

Proof. If X is an implicative BC' K -algebra, then x = z % (y xx) forall z,y € X. Let AL = (Ar, Ar, Ar) be
an (€, €)-neutrosophic ideal of X. Then

Ar(x) > Ar(zx 2) N Ar(2) > Ar((z = (y xx)) * 2) A Arp(z2),

Ap(z) > Ap(zx 2) NAr(2) > Ar((x * (y x x)) * 2) AN Ar(2),
and
Ap(z) < Ap(zx2) VAR(2) < Ap((xx (yxx)) * 2) V Ap(2)

for all z,y,z € X. Therefore A. = (Ap, A;, Ar) is an implicative (€, €)-neutrosophic ideal of X by
Corollary 3.8. [

Lemma 3.10 ([!7]). Every (€, €)-neutrosophic ideal A.. = (Ar, Ar, Ar) of a BCK/BCI-algebra X
satisfies the following assertion.

Ar(z) > Ar(y)
Vz,ye X) |z <y =< A(z) > Ar(y) (3.4)
Ar(z) < Ar(y)

Lemma 3.11 ([17]). Given a neutrosophic set A.. = (Ar, Ar, Ar) ina BCK/BCI-algebra X, the following
assertions are equivalent.

(1) AL = (Ar, Ay, Ap) is an (€, €)-neutrosophic ideal of X.
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(2) Ao = (Ap, A;, Ap) satisfies the following assertions.

(Vz € X) ( Ar(0) = Ar(2), A(0) = A(x), Ap(0) < Ap(z) ) 3-3)
and
Ap(z) > Ap(z*xy) N Ap(y)
(Ve,ye X) | Ar(z) > Ar(z*xy) AN Ar(y) (3.6)
Ap(z) < Ap(z *xy) V Ap(y)

Theorem 3.12. Suppose that A.. = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of X. Then the following
assertions are equivalent. Given a neutrosophic set A.. = (Ar, Ar, Ar) in a BCK-algebra X, the following
assertions are equivalent.

(1) Ao = (Ar, Ay, AR) is an implicative (€, €)-neutrosophic ideal of X.

(2) AL = (Ap, Ar, Ap) is an (€, €)-neutrosophic ideal of X satisfying the condition:

(Vo,y € X) | Ar(z) > Ay(w* (y * ) (3.7)
<

(3) AL = (Ap, Ar, Ap) is an (€, €)-neutrosophic ideal of X satisfying the condition:

Ap(z) = Aj(z * (y * x)) (3.8)
Ap(z) = eAp(x * (y x x)).

(Vz,y € X)

Proof. (1)=-(2). Let A = (Ar, A;, Ar) be an implicative (€, €)-neutrosophic ideal of X. Then A, = (Ar,
Ar, Ar) be an (€, €)-neutrosophic ideal of X by Theorem 3.3. Using (3.2) and (3.3) implies that

Ar(x) > Ar((z*x (yxx)) x0) AN Ar(0) = Ap(z * (y xx)) A Ar(0) = Ap(z x (y x x)),

Ar(z) > Ar((zx (yxx)) x 0) AN Ar(0) = Ap(z * (yxx)) AN Ar(0) = Ar(z % (y x x))
and
Ap(z) < Ap((x* (y*2)) *0)V Ap(0) = Ap(xx (yx2)) V Ap(0) = Ap(x * (y * ))

forall x,y € X.

(2) = (3). Observe that x * (yxx) < x forall z,y € X. Using Lemma 3.10, we have Ap(x) < Ap(x* (yx*
x)), Aj(x) < Ap(xx(y+z)) and Ap(x) > Ap(xx(y=+x)). It follows from (3.7) that Ar(z) = Ar(xx (yxx)),
Ar(z) = Ar(z x (y*x))and Ap(x) = Ap(z x (yxx)) forall z,y € X.

(3) = (1). Let A. = (Ap, A;, Ar) be an (€, €)-neutrosophic ideal of X satisfying the condition (3.8).
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Then

Ap(x) = Ap(zx (yxz)) > Ap((zx (y * x)) x 2) A Ap(2),
(xx(y*xxz)) > Ar((z*x (y*x)) *2) A Ar(2),
Ap(z) = Ap(xx (yx2)) < Ap((z*x (y*x)) % 2) V Ap(2)

=

O
I
.

for all z,y,2 € X by (3.8) and (3.6). Therefore A.. = (Ar, A;, Ar) is an implicative (€, €)-neutrosophic
ideal of X. Il

Lemma 3.13 ([14]). Let [ and A be ideals of a BCK-algebra X such that I C A. If I is an implicative ideal
of X, then so is A.

Theorem 3.14. Let A.. = (Ar, Ar, Ar) and B.. = (Br, By, Br) be (€, €)-neutrosophic ideals of X such
that A C B, that is, Ar(x) < Br(z), Ar(z) < Bi(z) and Ap(x) > Bp(x) forallz € X. If A. = (Ar,
Aj, Ar) is implicative, then so is B.. = (Br, By, Br).

Proof. Ttis sufficient to show that the non-empty neutrosophic €-subsets T¢(B.; «), Ic(B.; 3) and Fc(B-;7)
are implicative ideals of X forall o, 3 € (0,1]andy € [0,1). If x € Tc(A~; o), then By(x) > Ap(z) > aand
$0 Te(Av; ) € Te(Be; ). Similarly, Ic(A; B) C Ic(B; B). If x € Fe(A;7), then Br(z) < Ap(z) <~
and thus Fe(A~;7v) C Fe(Bo; 7). Since A = (Ar, Ar, Ar) is an implicative (€, €)-neutrosophic ideal of X,
it follows from Theorem 3.7 that T (A; ), Ic(A~; 5) and Fc(A~;~) are implicative ideals of X . Therefore
Te(Bo; ), Ic(B~; ) and Fe(B.;~) are implicative ideals of X forall o, 5 € (0,1] and v € [0, 1), and hence
B.. = (Br, By, Br) is an implicative (€, €)-neutrosophic ideal of X. O

4 Implicative falling neutrosophic ideals

Definition 4.1. Let (2, A, P) be a probability space and let £ := ({7, &, {r) be a neutrosophic random set on
a BCK-algebra X. If {r (wT): &r (zj)[) and {p (wp) are implicative ideals of X for all wr, wr, wp € €, then the
neutrosophic shadow H := (Hp, H;, Hp) of the neutrosophic random set & := ({7, &7, &r) on X, that is,

fIT(:BT) = P(wr | 27 € &r(wr)),

H[(ZL‘[) = P(wl | xrr € f]((x)[)), “4.1)

Hp(xp) =1— P(wr | zr € &p(wr))

is called an implicative falling neutrosophic ideal of X.

Example 4.2. Consider a set X = {0, 1,2, 3} with the binary operation x which is given in Table 5. Then
(X;*,0) is a BC'K-algebra (see [15]). Consider (2,4, P) = ([0,1],.A,m) and let £ := ({7,&7,&F) be a
neutrosophic random set on X which is given as follows:

{0} if t € [0,0.25),
, (0,1} ift € [0.25,0.55),
&[0 =PX), #9507 108)1 ift € 0.55,0.95),
X if t € [0.95,1],
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[IRE1

Table 5: Cayley table for the binary operation “x

R 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0
{0} if t € [0,0.45),

_ (0,2} ift €[0.45,0.65),

S0 =P, 229 807991 ift € [0.65,0.95),
X if t € 0.95, 1],

and

{0} if t € (0.9,1],
{0,3}  ifte(0.7,0.9]
¢p:[0,1] = P(X), =< {0,1,2} ifte (05,07,
{0,1,3} if¢ € (0.3,0.5],
X if t € [0,0.3)].

Then §(t), §;(t) and {(t) are implicative ideals of X forall ¢ € [0, 1]. Hence the neutrosophic falling shadow
H = (Hyp,Hy, Hp) of & := (&1,&1,&r) is an implicative falling neutrosophic ideal of X, and it is given as
follows:

1 ifz =0,
_ 075 ifz=1,
Hr(x) =9 .05 ifz =2,
035 ifz =3,
1 if 2 =0,
. 005 ife=1,
Hi(@) =3 55 ifo =2,
035 ifz=3,
and
0 ifx =0,
N 03 ifz=1,
Hr(r) =19 05 ifz=2
03 ifz=3.

Given a probability space (Q, A, P), let H := (Hyp, H;, Hy) be a neutrosophic falling shadow of a neutro-
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sophic random set £ := (&7, &7, &p). Forx € X, let

Qs ér) ={wr € Q| z €&r(wr)},
Qs &) = {wr € Q| z € &(wn)},
Qz;ép) ={wr e Q| x € &p(wr)}.

Then Q(x; &), Qx5 &r), Qx; Er) € A (see [10]).

Proposition 4.3. Let H = (]:IT, H;, H F) be a neutrosophic falling shadow of the neutrosophic random set
&= (&r,&1,&r) ona BCK-algebra X. If H :== (Hr, Hy, Hp) is an implicative falling neutrosophic ideal of
X, then

Q(x* (y* ) x 2;60) N Q25 &) C Qx5 87)

(Vo,y,2 € X) | Q(z* (y*x))*2;&) N Q2 &) S Q&) ; 4.2)
Q((z x (y x ) * 2;6p) N Q2 EF) € Qw3 6R)
Q(z;8r) C Q(7 * (y * x)) * 2;67)

(Vo,y,2 € X) | Qx;&) CQ(z* (y*x)) *2&) |- (4.3)
Qz;6r) C Q(z * (y * x)) * 2;&F)

Proof. Let wr € Q((z % (y *x ) * ;&) N Qz;8r), wr € Q(z * (y x ) * ;&) N Q2; &) and wp €
Q(zx(yxx))*2;&p) NQz;€p) forall z,y, z € X. Then

(xx(y*xx))*2z € &r(wr)and z € {p(wr),

(xx(y*xx))*2z € &(wr)and z € {(wy),

(@ (yxx)) * 2 € {p(wr) and z € Ep(wr).
Since &7 (wr), £ (wr) and £x(wr) are implicative ideals of X, it follows from (2.11) that z € & (wr)NEr(wr)N
¢p(wr) and so thatwy € Q(z;&r), wr € Q(x; &) and wp € Q(x;Ep). Hence (4.2) is valid. Now letz,y, 2z € X
be such that wy € Q(x;&r), wr € Qz;¢7), and wp € Qx;&p). Then x € {r(wr) N Er(wr) N Ep(wr). Note
that

(xx(yxz))*2)xx=((xx(yxx))*x)*2
= ((z*xz)* (y*xx))xz2=(0x*(y*2x))xz2=0xz=0,

and thus
((ZL’ * (y * $)) * Z) xxr=0¢ f’T(wT) N 5[((4}[) N §F(wp)

Since &7 (wr), r(wr) and Ep(wr) are implicative ideals and hence ideals of X, it follows that (z * (y * z)) *

z € &r(wr) N & (wr) NEp(wr). Hence wr € Q((x  (y * x)) * 2;8r), wr € Q(x * (y * x)) * 2;;), and
wr € Q((x * (y * x)) * z;{p). Therefore (4.3) is valid. O

Given a probability space (€2, .4, P), let
F(X):={f| f:Q— X is amapping}. 4.4)
Define a binary operation ® on F(X) as follows:

(Vw € Q) ((f ® g)(w) = f(w) * g(w)) (4.5)
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forall f,g € F(X). Then (F(X);®,6) isa BCK/BCI-algebra (see [8]) where # is given as follows:
0:0— X, w—0.
For any subset A of X and g7, g1, gr € F(X), consider the followings:

A% = {wT € | gT(wT) S A},
A2 = {ur €9 grlwr) € A),
A% = {wr € Q| gr(wr) € A}

and

&r Q= P(F(X)), wr = {gr € F(X) | gr(wr) € A},
& : Q= P(F(X)), wr—{g; € F(X) | gr(wy) € A},
r: Q= P(F(X)), wrp {gr € F(X) | gr(wr) € A}.

Then A7, A7, A}, € A (see [10]).
Theorem 4.4. If K is an implicative ideal of a BC' K -algebra X, then

{r(wr) = {gr € F(X) | gr(wr) € K},
Er(wr) = {gr € F(X) | gr(wr) € K},
{rp(wr) = {gr € F(X) | gr(wr) € K}

are implicative ideals of F(X).

Proof. Assume that K is an implicative ideal of a BC' K -algebra X. Since f(wr) =0 € K, 0(w;) =0 € K
and f(wr) = 0 € K for all wy, wy, wr € (), we have

0 € &r(wr) NEr(wr) Nép(wr).
Let fr, gr, hr € F(X) be such that (fr ® (g7 ® fr)) ® hy € {r(wr) and hr € Ep(wr). Then
(fr(wr) * (gr(wr) * fr(wr))) * hr(wr) = ((fr ® (97 ® fr)) ® hr)(wr) € K

and hp(wr) € K. Since K is an implicative ideal of X, it follows from (2.11) that fr(wr) € K, that is,
fr € &r(wr). Hence &r(wr) is an implicative ideal of F(X). Similarly, we can verify that &;(wy) is an
implicative ideal of F(X). Now, let fr, gr, hr € F(X) be such that (fr ® (gr ® fr)) ® hr € {p(wr) and
hr € &:(wp). Then

(fr(wr) * (gr(wr) * fr(wr))) * hrp(wr) = ((fr ® (9r ® fr)) ® hp)(wr) € K

and hp(wr) € K. Hence fr(wrp) € K, ie., fr € {p(wp). Therefore {x(wp) is an implicative ideal of F(X).
This completes the proof. 0

Theorem 4.5. If we consider a probability space (2, A, P) = ([0,1], A, m), then every implicative (€, €)-
neutrosophic ideal of a BC K -algebra is an implicative falling neutrosophic ideal.
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Proof. Let H = (Hr, Hy, Iif r) be an implicative (€, €)-neutrosophic ideal of a BC'K-algebra X. Then
Te(H; ), Ic(H; B) and Fe(H ;) are implicative ideals of X for all v, 8 € (0,1] and v € [0, 1) by Theorem
3.7. Hence a triple £ := (&7, &7, {r) in which

&r 0,1 = P(X), aw To(H; ),

&+ [0.1] = P(X), B Ie(H; ),

F:[0,1] = P(X), v Fe(H;v)

is a neutrosophic cut-cloud of H = (ﬁT, Hy, ﬁp), and so H = (lf]T, Hy, ﬁp) is an implicative falling
neutrosophic ideal of X. O]

The converse of Theorem 4.5 is not true as seen in the following example.

Example 4.6. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 6.

.

Table 6: Cayley table for the binary operation “x

B~ W N~ O %
=~ W N = OO
=N NN OO
=~ = O = Ol N
_ O O O O Ww
S W N = O

Then (X *,0) is a BC' K -algebra (see [15]). Consider (€2, A, P) = ([0,1],.A,m) and let { := ({7, &7, Er) be
a neutrosophic random set on X which is given as follows:

(0,1} if t € [0,0.25),
. (0,2} if t € [0.25,0.55),
&[0 =PX), 229 £ it e [0.55.07),
0,1,2,3} ifte[0.7,1],
(0,2} if t € [0,0.28),
£:00,1] = P(X), x> ¢ {0,4} if t € 0.28,0.68),
{0,1,2,3} ift € [0.68, 1]
and
{0} if t € (0.75, 1],
(0,4} if t € (0.63,0.75),
0,1 = P(X), x4 {0,2,4)  ift € (0.44,0.63],
(0,1,4}  ift € (0.23,0.44],

{0,1,2,3} ift €[0,0.23].

X.L. Xin, H. Bordbar, F. Smarandache, R.A. Borzooei, Y.B. Jun, Implicative falling neutrosophic ideals of
BCK-algebras.



Neutrosophic Sets and Systems, Vol. 40, 2021 229

Then §7(t), §;(t) and {(t) are implicative ideals of X forall ¢ € [0, 1]. Hence the neutrosophic falling shadow
H = (Hyp,Hy, Hp) of & := (&1,&1,&r) is an implicative falling neutrosophic ideal of X, and it is given as
follows:

(1 ifz=0,

] 0.55 ifz=1,
Hr(z) =4 075 ifz=2,
0.3 ifz=3,

| 015 ifa =4,

(1 if 2 =0,

032 ifr=1,

Hi(z)={ 06 ifz=2,
0.32 ifx =3,

| 04 ifz =4,

and

0 ifx =0,

0.56 ifx=1,

Hp(z) =4 058 ifx=2,
0.77 ifx =3,

048 ifz = 4.

If o € [0,0.55), then T (Hr; ) = {0,1,2} is not an implicative ideal of X since
(3% (2%3)x1=(3%0)x1=3%x1=2¢€T(Hp;a)

and 1 € T-(Hr;a), but 3 ¢ Te(Hp; ). Therefore H := (Hyp, H;, Hp) is not an implicative (€, €)-
neutrosophic ideal of X by Theorem 3.7.

We provide relations between a falling neutrosophic ideal and an implicative falling neutrosophic ideal .

Theorem 4.7. Let (2, A, P) be a probability space and let H := (Hp, H;, H) be a neutrosophic falling
shadow of a neutrosophic random set & = (&7,&1,6r) on a BCK-algebra X. If H := (Hp, Hy, Hr) is an
implicative falling neutrosophic ideal of X, then it is a falling neutrosophic ideal of X.

Proof. Let H := (Hyp, H;, Hp) be an implicative falling neutrosophic ideal of a BC'K-algebra X. Then

Er(wr), §r(wr) and {p(wr) are implicative ideals of X, and so {r(wr), &(wr) and §r(w) are ideals of X for
all wr, wy, wr € Q. Therefore H := (Hr, H;, Hr) is a falling neutrosophic ideal of X. O

The following example shows that the converse of Theorem 4.7 is not true in general.

Example 4.8. Consider a set X = {0, 1,2, 3,4} with the binary operation * which is given in Table 7. Then
(X;%,0) is a BCK-algebra (see [15]). Consider (2,4, P) = ([0,1],.A,m) and let £ := (&7,&7,&r) be a
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4‘ 2

Table 7: Cayley table for the binary operation *“x

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 0
2 2 1 0 2 0
3 3 3 3 0 3
4 4 4 4 4 0
neutrosophic random set on X which is given as follows:
{0, 3} if t € ]0,0.37),

&r100,1] = P(X), ¢ {0,1,2,3} ift e [0.37,0.67),
{0,1,2}  ifte[0.67,1],

1,2} ift € [0,0.45),
1,2,4} ift e [0.45,1],

and
{0} if t € (0.74, 1),
‘ {0,3} if t € (0.66,0.74],
[0 =P 220 w0 oy i e (048, 0.66),

{0,1,2,3} ift €[0,0.48).

Then &7(t), &(t) and £p(t) are ideals of X for all ¢ € [0, 1]. Hence the neutrosophic falling shadow H :=
(Hp,Hy, Hp) of € := (&, &1, Ep) is a falling neutrosophic ideal of X. But it is not an implicative falling
neutrosophic ideal of X because if o € [0.67,1], 8 € [0,0.45) and v € (0.66,0.74], then &7(a) = {0, 1,2},
&1(B) =4{0,1,2} and &x(y) = {0, 3} are not implicative ideals of X respectively.

Since every ideal is implicative in an implicative BC K -algebra (see [ 5]), we have the following theorem.

Theorem 4.9. Let (2, A, P) be a probability space and let H := (HT, H;, Hp) be a neutrosophic falling
shadow of a neutrosophic random set § = (&7, &1, Er) on an implicative BC' K -algebra. IfH (HT, Hy, HF)
is a falling neutrosophic ideal of X, then it is an implicative falling neutrosophic ideal of X.

Corollary 4.10. Let (2, A, P) be a probability space. For any BCK-algebra X which satisfies one of the
following assertions

(Vz,y € X)(yx (y*x) = (2% (% y)) x (v xy)),
(Vz,y € X)((z* (zxy))* (y*xx) =y=* (y* 1)),
(Vo,y € X)((z* (xxy))* (x*xy) = (y*(y*z))* (y*7)),

let H := (Hy, H;, Hp) be a neutrosophic falling shadow of a neutrosophic random set & := (&7, &7, €p) on X.
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If H = (ﬁT, H I H F) is a falling neutrosophic ideal of X, then it is an implicative falling neutrosophic ideal
of X.

Definition 4.11 ([12]). Let (£2,.A, P) be a probability space and let £ := ({7, &7, ) be a neutrosophic random
set on a BC' K -algebra X. Then the neutrosophic falling shadow H = (lf]T, Hy, ﬁp) of £ :== (&r,&1,8R) is
called a commutative falling neutrosophic ideal of X if {r(wr), £/(wr) and p(wpr) are commutative ideals of
X for all wy, wy, wr € Q.

Definition 4.12 ([2]). Let (€2,.A, P) be a probability space and let £ := ({7, &, {r) be a neutrosophic random
set on a BC'K-algebra X. If &7 (wr), £7(wr) and {r(wr) are positive implicative ideals of X for all wy, wy,
wp € (), then the neutrosophic falling shadow H = (]:IT, H;, H r) of the neutrosophic random set & :=
(&r,&r,&r) on X, that is,

EIT(ZL‘T) = P(WT | T € fT(wT»?
Hi(wr) = Plor | a1 € &wr). (40
Hp(zp) =1— P(wp | zp € &p(wp))

is called a positive implicative falling neutrosophic ideal of X.

Since every implicative ideal is both a commutative ideal and a positive implicative ideal in BC K -algebras
(see [15]), the following theorem is straightforward.

Theorem 4.13. Every implicative falling neutrosophic ideal is both a commutative falling neutrosophic ideal
and a positive implicative falling neutrosophic ideal.

The following example shows that there exist a commutative falling neutrosophic ideal and a positive
implicative falling neutrosophic ideal which is not an implicative falling neutrosophic ideal.

Example 4.14. (1) Consider a BC' K-algebra X = {0,1,2, 3,4} which is given in Example 3.2. Consider
(Q,A,P) = ([0,1],A,m) and let £ := (&{7,&1,&r) be a neutrosophic random set on X which is given as
follows:

(0,3} ift€[0,0.25),
| (0,4} ift €[0.25,0.55),
s 01 =P w9 107109y it e [0.55,0.85).
{0,3,4} ift € [0.85,1],

} o ift €10,0.45),
if t € 0.45,0.75),

&r:[0,1] - P(X), x+— 3}
4} ift e [0.75,1],

A
oo o
—
I NG

and
{0} if ¢ € (0.9, 1],
{0,3} iftE(O?OQ]
¢rp:[0,1] > P(X), x+— {0,4} ift € (0.5,0.7],
{0,1,2,3} ift e (0.3,0.5],
X ift €[0,0.3].
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Then the neutrosophic falling shadow H = (FIT, H; H r) of & = (&r,&r,&p) is a commutative falling
neutrosophic ideal of X (see [12]). If t € [0.85, 1], then &7 (t) = {0 3,4} is not an implicative ideal of X.
Also, if t € (0.5,0.7], then £x(t) = {0,4} is not an implicative ideal of X. Therefore H := (Hy, H;, Hp) is
not an implicative falling neutrosophic ideal of X.

(2) Let X = {0, 1, 2,3} be a set with the binary operation * which is given in Table 8.

4‘ 2

Table 8: Cayley table for the binary operation “x

W N = O %
W N = OO
W N OO
W O = Ol
S OO OoOlWw

Then (X; *,0) is a BC' K -algebra (see [15]). Consider (€2, A, P) = ([0,1],.A,m) and let £ := (&7, &7, &) be
a neutrosophic random set on X which is given as follows:

{0} if t € [0,0.35),
, 0,2} ift € [0.35,0.55),
&[0 = PO 2= 9 607191 et € 0.55,0.95),
X if t € [0.95, 1],

{0,1}  ifte[0,0.2),

[
| {0,2}  ift€0.2,0.5),
& :[0,1] = P(X), v {0,1,2} ift€0.5,0.9),
X ift € [0.9,1],

and

{0} if t € (0.95,1],
{0,1}  ift € (0.6,0.95],

¢r:[0,1] = P(X), z— ¢ {0,2} ift € (0.4,0.6],
{0,1,2} ift e (0.1,0.4],
X if t € [0,0.1].

Then the neutrosophic falling shadow H = (ﬁIT, H;, H r)of & := (&7, &7, &F) is a positive implicative falling
neutrosophic ideal of X. If ¢ € [0.35,0.55), then &r(¢t) = {0,2} is not an implicative ideal of X. If ¢ €
[0.2,0.5), then £;7(t) = {0, 2} is not an implicative ideal of X. Also, if ¢ € (0.6,0.95], then {p(f) = {0, 1} is
not an implicative ideal of X. Therefore H = ([:[T, H; H r) is not an implicative falling neutrosophic ideal
of X.

The notions of a commutative falling neutrosophic ideal and a positive implicative falling neutrosophic
ideal are independent, that is, a commutative falling neutrosophic ideal need not be a positive implicative falling
neutrosophic ideal, and vice versa. In fact, the commutative falling neutrosophic ideal H := (HT, H;, H F)in

X.L. Xin, H. Bordbar, F. Smarandache, R.A. Borzooei, Y.B. Jun, Implicative falling neutrosophic ideals of
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Example 4.14(1) is not a positive implicative falling neutrosophic ideal. Also the positive implicative falling
neutrosophic ideal H := (Hp, Hy, Hr) in Example 4.14(2) is not a commutative implicative falling neutro-
sophic ideal.

Theorem 4.15. If the neutrosophic falling shadow H = (Hyp, H;, Hg) of € := (&7, &1, ER) s both a commu-
tative implicative falling neutrosophic ideal and a positive implicative falling neutrosophic ideal, then it is an
implicative falling neutrosophic ideal.

Proof. It is straightforward because if any ideal is both commutative and position implicative, then it is im-
plicative. 0
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