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Abstract. The novel concept called neutrosophic set was launched to take care of indeterminate factors in

real-life data. The hybrid model of neutrosophic set and soft set has been widely studied in different areas of

algebra, especially in associative structures such as fields, groups, rings, and modules. In this current paper,

the novel concept is further introduce to a non-associative structure termed Q−neutrosophic soft quasigroup

(Q−NSG) and investigate its different algebraic properties of the quasigroups. We shown the conditions for

the sets of α−level cut of Q−NSG to be subquasigroups, the condition for each set of subquasigroups of a

quasigroup to be Q−level cut neutrosophic soft subquasigroup were established. It was shown that Q−NSG

obeys alternative property and flexible law. In addition, We defined Q−neutrosophic soft loop and investigate

some of its characteristics. In particular, it was shown that Q−neutrosophic soft loop obeys inverse, weak

inverse and cross inverse properties. We established the condition for a Q−neutrosophic soft loop to obey anti-

automorphic inverse, semi-automorphic inverse and super anti-automorphic inverse properties. The necessary

and sufficient condition for Q−neutrosophic soft set under a loop (G, ◦, /, \) to be a Q−neutrosophic soft loop

was also established.

Keywords: Q- set; Soft set; Neutrosophic set; Quasigroup; Loop.
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1. Introduction

Let Ĝ be a non-empty set and (◦) be an operation on Ĝ. If w ◦ t ∈ G for all w, t ∈ G, then

(G, ◦) is called a groupoid. A groupoid (G, ◦) is called quasigroup, if there exist a, b ∈ Ĝ such

that each of the equations:

a ◦ w = b and t ◦ a = b

BENARD Osoba1, OYEBO Tunde Yakub2 and ABDULKAREEM Abdulafeez Olalekan3, Algebraic Prop-

erties of Quasigroup Under Q−neutrosophic Soft Set



Neutrosophic Sets and Systems, Vol. 64, 2024 2

ˆ

ˆ

have unique solution w, t respectively. Furthermore, the quasigroup is called a loop if there is

a unique element e ∈ G called the identity element such that ∀ w ∈ G,

w ◦ e = e ◦ w = w

In what follows, wt is written instead of w ◦ t, which stipulates that ◦ has lower priority

than juxtaposition amongst factors to be multiplied. For example we write, p ◦ qr stands for

p(qr).

Suppose that w is a fixed element in the groupoid (G, ◦), a translation map of w ∈ Ĝ, called

the left(right) translation maps written as Lw and Rw respectively are defined as

tLw = w ◦ t and tRw = t ◦ w.

ˆ

Obviously, it implies that if the left and right translations maps are permutations, then a

groupoid (G, ◦) is a quasigroup. And if the left and right translation maps of a quasigroup are

bijections, it means that the inverse mappings L−1
w and R−1

w exist. Let

w\t = tL−1
w and w/t = wR−1

t

and note that

w\t = z ⇔ w ◦ z = t and

ˆ ˆ

w/t = z ⇔ z ◦ t = w.

Consequently, (G, \) and (G, /) are also quasigroups.

A consideration of Fuzzy set was first initiated by Zadeh in [2], and the notion was designed

to handle the challenges of uncertainty in real life data while the generalization of fuzzy

set was considered by Atanassov in [4, 6] which is called intuitionistic fuzzy set. In 1971,

Rosenfeld [5] for the time considered the concept of fuzzy set under the theoretical study of

a group structure and established different properties and conditions for a subset of fuzzy set

defined under a groups to be fuzzy subgroup. Since them, the concept has been extended to

different field in mathematics. As away of generalizing the work in [5], the fuzzification of

quasigroup was initiated by Dudek in 1998 [23] while 1999, Dudek and Jun [24] introduced

fuzzy subquasigroup under norms to further the results in [23]. In 2000, the consideration of

intuitionistic fuzzy set in a quasigroup was studied by Kyung et al. [27] as an extended method

of fuzzy subquasigroup. In [23], research on intuitionistic fuzzy subquasigroup was furthered

studied by Dudek [28] in 2005. It was revealed in [3] that each of these notions and their

hybrid methods has their respective limitations and difficulties, and to address some of those

difficulties, Molodtsov [3] launched the notion of soft set. It was reported that the notion of

soft set theory is a better method for handling problems involving uncertainty, incompatible

and incomplete data. Although, the study of soft set theory is not suitable for characterizing

the degree of membership values as in the case of intuitionistic fuzzy set. Also, the notion

is not capable for handling problems involving indeterminate data and as a result of that, a
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generalized concept called neutrosophic set was called out by Smarandache in 1998 [14,15], as

a mathematical notion for dealing with indeterminacy occurrence. Neutrosophic set is more

complex and the only generalized concept of the classical set theory found in the literature

for dealing with problems involving indeterminate. The character of the degree values of a

neutrosophic set are represented by the true membership T , indeterminate membership I and

falsity membership F .

The different methods of determining the indeterminate factors of neutrosophic set in real-

life data have been widely applied in different area in mathematics and its related field. For

example, the work of Jidid et al. in [8] applied neutrosophy concept to handle the product

quality control on inspection assignment form while Dey and Ray in 2023 [9] used the concept

to characterized the separation axioms of neutrosophic topological spaces. The concept were

used in the area of operation research in management in [10].

The hybrid model of neutrosophic sets, especially the neutrosophic consideration of soft set

structure has been widely and sporadically flagged by algebraist in the recent past, (see the

following articles [7,11,13,33]). However, it is important to mention the efforts of Muhammad

et al. [20] and Mumtaz et al. [19], where set components of neutrosophy study, was replicated

using groupoids, groups and bigroups. Furthermore, in 2020 Oyem et al. [29] conducted alge-

braic characterization of soft quasigroup while the generalization of his study was considered

in [30]. Most recently, a study pattern of Q−fuzzy groups and their hybrid methods was called

out by Solairaju et al. [16] and Thirunemi and Solairaju [17]. Then, was later escalated to

Q−neutrosophic soft group in 2020 [18] to handle indeterminate data. The extension of Q−NS

group to Q−NS quasigroup was recently announced by Oyebo et al. [25], which by tradition

a generalization of the former.

In this present research, results of fuzzy quasigroup and its generalizations studied in the

following articles [23, 24, 27, 28] are extended to neutrosophic soft quasigroup of two universal

sets. Since the definition of Q−neutrosophic soft quasigroup was flagged up by Oyebo et.

al [25], the question whether the concept obeys the following algebraic properties of quasigroup

such as left(right) alternative property LAP(RAP), and flexible law are not yet known for the

best of our searching. The result on characterization of supremum and infimum of fuzzy

quasigroup studied by Dudek were extended to Q−neutrosophic soft quasigroup by capturing

the behavior of an indeterminate factor of two universal sets that was lacking in structure

of fuzzy quasigroup and intuitionistic fuzzy quasigroup. In addition, this paper is for the

time introduced the concept of Q−neutrosophic soft loop which is a Q−neutrosophic soft

quasigroup with an identity element without associative property. Also, the work of Dudek

[23,24] and the generalized version in [25] did not shown results on the algebraic characteristics

of the following class of quasigroup called left inverse property (LIP), right inverse property
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(RIP), cross inverse property (CIP), weak inverse property (WIP), automorphic inverse prperty

(AIP), anti-automorphic inverse property (AAIP), semi-automorphic inverse property (SAIP)

and super anti- automorphic inverse property loop (SAAIP). In order to close up the gap,

we investigate whether Q−neutrosophic soft quasigroup obey the properties of quasigroup

mentioned above. In addition, we also pay attention to the necessary and sufficient condition

for Q−neutrosophic soft set under a loop (G, ◦) to be Q−neutrosophic soft loop.

The table below shown some set structures studied in the literature with their respective

characterizations and generalizations.

Table 1. Properties of some set theories

Set structures Membership func-

tion

uncertainty inconsistency indeterminacy sum of member-

ship ≤
independence (i)/

dependence(d)

Fuzzy ✓ ✓ ✓ × 1 d

intuitionistic

fuzzy

✓ ✓ ✓ × 1 d

Soft × ✓ ✓ × not applicable not applicable

Rough not applicable ✓ ✓ × not applicable not applicable

interval fuzzy ✓ ✓ × 1 d

vaque set ✓ ✓ ✓ × 1 d

Pythagorean

fuzzy

✓ ✓ ✓ × 1 d

Neutrosophy ✓ ✓ ✓ ✓ 3 i

Spherical fuzzy

set

✓ ✓ ✓ × 1 d

ˆ

2. Preliminaries

Definition 2.1. A quasigroup(loop) (G, ◦) is said to have

(1) LIP if ∃ a map Jλ : u 7→ uλ such that uλ ◦ uv = v for all u, v ∈ Ĝ

(2) RIP if ∃ a map Jρ : u 7→ uρ such that uv ◦ uρ = v for all u, v ∈ Ĝ,

(3) RAP if t ◦ ww = tw ◦ w for all w, t ∈ Ĝ,

(4) LAP if ww ◦ t = w ◦ wt for all w, t ∈ Ĝ,

(5) flexible if uv ◦ u = u ◦ vu for all u, v ∈ Ĝ,

(6) IPL if it satisfies wt ◦ w−1 = t or w−1 ◦ tw = t for all w, t ∈ Ĝ and

(7) WIPL if it satisfies the identity t ◦ (wt)−1 = w−1 for all w, t ∈ Ĝ

ˆDefinition 2.2. The following identities hold in a loop (G, ◦) it is called:

(1) AIPL if (wt)−1 = w−1t−1 ∀w, t ∈ Ĝ,

(2) an AAIPL if (wt)−1 = t−1w−1 for all w, t ∈ Ĝ, ∀w, t ∈ Ĝ

(3) a SAAIPL if (w ◦ tz)−1 = z−1 ◦
(
t−1w−1

)
, for all w, t, z ∈ Ĝ [see [26]]

(4) a SAIPL if (wt ◦ w)−1 = w−1t−1 ◦ w−1, for all w, t ∈ Ĝ
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Theorem 2.3. [32] Let (G, ◦) be a quasigroup and Ĝ be a non empty subset of Ĝ. Then, Ĝ

is a subquasigroup of (G, ◦) if and only if (G, ◦), (G, /) and (G, \) are groupoids

Definition 2.4. [32] Let (G, ◦) be a quasigroup and ∅ ≠ H ⊆ ˆ

ˆ

ˆ ˆ ˆ

G. Then, H is called

subquasigroup of Ĝ if (H, ◦) is a quasigroup. Also, suppose that D and E are non empty

subsets of Ĝ, then D ◦ E = {d ◦ e | d ∈ D, e ∈ E}, D/E = {d/e | d ∈ D, e ∈ E} and

E\D = {e\d | d ∈ D, e ∈ E}

Definition 2.5. Let M = [0, 1] and S be a subset of M . Then: the supremum of S denoted

by supS is a number β0 ∈ [0, 1] satisfying the conditions

(1) β0 is an upper bound for S;

(2) for all ϵ > 0, the number β0 − ϵ is not an upper bound for S

the infimum of S denoted by inf S is a number α0 ∈ [0, 1] satisfying the conditions

(1) α0 is an upper bound for S;

(2) for all ϵ > 0, the number α0 + ϵ is not a lower bound for S

Definition 2.6. [3] Given a set M and a parameter set A of M . If F : A → P (M), where

P (M) is power set of M then the pair (F,A) is called a soft set .

Definition 2.7. [15] Given a set M . A neutrosophic set Φ (NS) on M is an object of the

form

Φ = {⟨m, (TΦ(m), IΦ(m), FΦ(m))⟩ : m ∈ M} and the membership degree is described by

TΦ, IΦ, FΦ : W →]−0, 1+[.

Definition 2.8. [7] Given a set M and A parameter sets. A neutrosophic soft set (Φ,A) is

described as (Φ,A) = {⟨w, (TΦ(m), IΦ(m), FΦ(m))⟩ : m ∈ M}

Definition 2.9. [1] Let W be a universe of discourse and Q be a non-empty set and A ⊂ E

be a set of parameters. Let ρlQNS(W ) be the set of all multi-Q-NSs on W with dimension

l = 1. A pair (ΦQ,A) is called a Q−neutrosophic soft set (Q −NSS) denoted by (ΦQ, A) =

{(a,ΦQ(a)) : a ∈ A,ΦQ(a) ∈ ρlQNS(W )} over W , where ΦQ : A → ρlQNS(W ) is a map such

that ΦQ(a) = ∅ if a /∈ A.

3. Results

Definition 3.1. Suppose that (G, ◦, \, /) is a quasigroup and (ΦQ,A) is a Q−neutrosophic soft

set over (G, ◦, \, /). Then, (ΦQ,A) is called a Q−NSG of Ĝ if for all a ∈ A, w1, w2 ∈ G, v ∈ Q

satisfies the following conditions

(1) TΦQ(a)(w1 ∗ w2, v) ≥ min{TΦQ(a)(w1, v), TΦQ(a)(w2, v)}
(2) IΦQ(a)(w1 ∗ w2, v) ≤ max{IΦQ(a)(w1, v), IΦQ(a)(w1, v)}
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(3) FΦQ(a)(w1 ∗ w2, v) ≤ max{FΦQ(a)(w1, v), FΦQ(a)(w2, v)}

where ∗ ∈ {◦, /, \}

Definition 3.2. Let (ΛQ,A) be a Q−NSG over Ĝ such that there exist α, β, γ ∈ [0, 1] with

the restriction that αQ + βQ + γQ ≤ 3. Then, (ΛQ,A)(α,β,γ) is Q−level soft set defined as

(ΛQ,A)(α,β,γ) = {f1 ∈ G, v ∈ Q : TΛQ(a)(f1, v) ≥ α, IΛQ(a)(f1, v) ≤ β, FΛQ(a)(f1, v) ≤ γ}

for all a ∈ A

Suppose that α = β = γ for any α ∈ [0, 1] with α + α + α ≤ 3 such that (ΛQ,A)α = {f1 ∈
G, v ∈ Q : TΛQ(a)(f1, v) ≥ α, IΛQ(a)(f1, v) ≤ α, FΛQ(a)(f1, v) ≤ α}, then (ΛQ,A)α is called α

-level set of Λ.

In neutrosophic soft set, the set

T (ΛQ, α) = {f1 ∈ G, v ∈ Q : ΛQ(a)(f1, v) ≥ α},

F (ΛQ, α) = {f1 ∈ G, v ∈ Q : ΛQ(a)(f1, v) ≤ α} and

I(ΛQ, α) = {f1 ∈ G, v ∈ Q : ΛQ(a)(f1, v) ≤ α}

are respectively called the truth, falsity and indeterminacy α-levels cut of Λ

Theorem 3.3. Let (ΛQ,A) be a Q − NSG over Ĝ. Then, the sets U(ΛQ, α), I(ΛQ, α)

and L(ΛQ, α) are subquasigroups for all α ∈ Im(TΛQ(a)(f1, v)) ∩ Im(IΛQ(a)(f1, v)) ∩
Im(FΛQ(a)(f1, v)), where Im donate the image under the map of membership degree.

Proof: Let α ∈ Im(TΛQ(a)(f1, v))∩Im(IΛQ(a)(f1, v))∩Im(FΛQ(a)(f1, v)) ⊆ [0, 1]. Obviously,

the sets U(ΛQ, α), I(ΛQ, α) and L(ΛQ, α) are non-empty and let q ∈ Q and f1, h1 ∈ U(ΛQ, α).

Then, TΛQ(a)(f1, v) ≥ α and TΛQ(a)(h1, v) ≥ α for all a ∈ A. Using Definition 3.1, we have

TΛQ(a)(f1h1, v) ≥ min{TΛQ(a)(f1, v), TΛQ(a)(h1, v)} ≥ α so that f1 ◦ h1 ∈ U(ΛQ, α)

Suppose that f1, h1 ∈ I(ΛQ, α), then IΛQ(a)(f1, v) ≤ α and IΛQ(a)(h1, v) ≤ α, by definition, we

have

IΛQ(a)(f1h1, v) ≤ max{IΛQ(a)(f1, v), IΛQ(a)(h1, v)} ≤ α

Hence f1 ◦ h1 ∈ I(ΛQ, α).

Let f1, h1 ∈ F (ΛQ, α), then FΛQ(a)(f1, v) ≤ α and FΛQ(a)(h1, v) ≤ α. From definition, it

follows that

FΛQ(a)(f1h1, v) ≤ max{FΛQ(a)(f1, v), FΛQ(a)(h1, v)} ≤ α

Hence, f1 ◦ h1 ∈ F (ΛQ, α). Thus, U(ΛQ, α), I(ΛQ, α) and L(ΛQ, α) are subquasigroups of Ĝ
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Theorem 3.4. Let (ΛQ,A) be a Q−NSS over Ĝ such that a nonempty set (ΛQ, αK) is a

subquasigroup of Ĝ for all α ∈ [0, 1] . Then, (ΛQ,A) is a Q−neutrosophic soft subquasigroup

of Ĝ for all a ∈ A

Proof: We assume that the nonempty set (ΛQ, αK) is a subquasigroup of Ĝ for all α ∈ [0, 1].

We want to show that (ΛQ,A) is a Q−neutrosophic soft subquasigroup of Ĝ for all f1, h
′
1 ∈

G, v ∈ Q and a ∈ A. On the contrary, suppose that Definition 3.1 does not hold and there

exist f1, h
′
1 ∈ G, v ∈ Q, and a ∈ A such that

TΨQ(a)(f1 ◦ h′1, v) < min{TΨQ(a)(f1, v), TΨQ(a)(h
′
1, v)}

IΨQ(a)(f1 ◦ h′1, v) > max{IΨQ(a)(f1, v), IΨQ(a)(h
′
1, v)}

FΨQ(a)(f1 ◦ h′1, v) > max{FΨQ(a)(f1, v), FΨQ(a)(h
′
1, v)}

(1)

Let

TΨQ(a)(f1, v) = α1, TΨQ(a)(h
′, v) = β1 and TΨQ(a)(f1 ◦ h1′, v) = γ1

IΨQ(a)(f1, v) = α2, IΨQ(a)(h
′
1, v) = β2 and IΨQ(a)(f1 ◦ h1′, v) = γ2

FΨQ(a)(f1, v) = α3, FΨQ(a)(h
′
1, v) = β3 and FΨQ(a)(f1 ◦ h1′, ) = γ3

Then, its follows from equation 1

γ1 < min{α1, β1}, γ2 > max{α2, β2} and γ3 > max{α3, β3} (2)

Put



γ∗1 = 1
2

[
TΨQ(a)(f1 ◦ h′, v) + min{TΨQ(a)(f1, v), TΨQ(a)(h

′
1, v)}

]
γ∗2 = 1

2

[
IΨQ(a)(f1 ◦ h′1, v) + max{IΨQ(a)(f1, v), IΨQ(a)(h

′
1, v)}

]
γ∗3 = 1

2

[
FΨQ(a)(f1 ◦ h′1, v) + max{FΨQ(a)(f1, v), FΨQ(a)(h

′
1, v)}

] (3)

Therefore,

γ∗1 = 1
2

[
(γ1, v) + min{α1, v), (β1, v)}

]
γ∗2 = 1

2

[
(γ2, v) + max{α2, v), (β2, v)}

]
γ∗3 = 1

2

[
(γ3, v) + max{α3, v), (β3, v)}

]
Then,

α1 > γ∗1 = 1
2

[
(γ1, v) + min{α1, v), (β1, v)}

]
> γ1
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α2 < γ∗2 = 1
2

[
(γ2, v) + min{α2, v), (β2, v)}

]
< γ3

α3 < γ∗3 = 1
2

[
(γ3, v) + min{α3, v), (β3, v)}

]
< γ3

Thus,

TΨQ(a)(f1 ◦ h′1, v) < γ∗1 < min{TΨQ(a)(f1, v), TΨQ(a)(h
′
1, v)}

IΨQ(a)(f1 ◦ h′1, v) > γ∗1 > min{IΨQ(a)(f1, v), IΨQ(a)(h
′
1, v)}

FΨQ(a)(f1 ◦ h′1, v) > γ∗1 > min{FΨQ(a)(f1, v), FΨQ(a)(h
′
1, v)}

It follows that f1, h
′
1 ∈ (ΛQ, αK), but f1 ◦ h′1 /∈ (ΛQ, αK) a contradiction base on the fact

that

TΨQ(a)(f1, v) = α1 ≥ min{(α1, v), (β1, v)} > γ∗1

IΨQ(a)(f1, v) = α2 ≤ max{(α2, v), (β2, v)} < γ∗2

FΨQ(a)(f1, v) = α3 ≤ max{(α3, v), (β3, v)} < γ∗3

this implies that f1, h
′
1 ∈ (ΛQ, αK). Thus, condition 3.1 hold. The prof is complete

Theorem 3.5. Let (ΛQ,A) be a Q−NSS over Ĝ. Then, each subquasigroup H of Ĝ is a

Q−level neutrosophic soft subquasigroup for all α, β, γ ∈ [0, 1] and a ∈ A

Proof: Let (ΛQ,A) be defined by

TΦQ(a)
(f1, v) =

α, if f1 ∈ H

0, otherwise.

IΦQ(a)
(f1, v) =

β, if f1 ∈ H

0, otherwise.

FΦQ(a)
(f1, v) =

γ, if f1 ∈ H

ˆ

0, otherwise.

where α, β, γ ∈ [0, 1] such that α+ β + γ ≤ 3, for all f1 ∈ G, v ∈ Q and a ∈ A

We consider the following cases to show that (ΛQ,A) is a Q- neutrosophic soft quasigroup

over Ĝ.

Case 1: Suppose that f1, h1 ∈ H, then f1 ◦ h1 ∈ H. So,

TΨQ(a)(f1 ◦ h1, v) = α = min{α, α} = min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}

IΨQ(a)(f1 ◦ h1, v) = β = min{β, β} = max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

FΨQ(a)(f1 ◦ h1, v) = β = min{β, β} = max{FΨQ(a)(f1, v), FΨQ(a)(h1, v)}
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Case 2: If f, h /∈ H, then

TΨQ(a)(f1, v) = 0 = TΨQ(a)(h, v), IΨQ(a)(f1, v) = 0 = IΨQ(a)(h, v) and FΨQ(a)(f1, v) = 0 =

FΨQ(a)(h, v). Therefore,

TΨQ(a)(f1 ◦ h1, v) ≥ 0 = min{0, 0} = min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}

IΨQ(a)(f1 ◦ h1, v) ≤ 0 = max{0, 0} = max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

FΨQ(a)(f1 ◦ h1, v) ≤ 0 = max{0, 0} = max{FΨQ(a)(f1, v), FΨQ(a)(h1, v)}

Case 3: If f1 ∈ H and h1 /∈ H, then TΨQ(a)(f1, v) = α, IΨQ(a)(f1, v) = β and FΨQ(a)(f1, v) =

γ, FΨQ(a)(h1, v) = 0 = TΨQ(a)(h1, v) = IΨQ(a)(h1, v). So,

TΨQ(a)(f1 ◦ h1, v) ≥ 0 = min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}

IΨQ(a)(f1 ◦ h1, v) ≤ 0 = max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

FΨQ(a)(f1 ◦ h1, v) ≤ 0 = max{FΨQ(a)(f1, v), FΨQ(a)(h1, v)}

Case 4: If h1 ∈ H and f1 /∈ H. It has a similar argument with case 3. This complete the

proof.

ˆ

ˆ

Theorem 3.6. If (ΛQ,A) is a Q−NSG over Ĝ. Then,

(1) TΨQ(a)(f1, v) = sup{α ∈ [0, 1] : f1 ∈ U(ΛQ, α)}
(2) IΨQ(a)(f1, v) = inf{β ∈ [0, 1] : f1 ∈ I(ΛQ, β)} and

(3) FΨQ(a)(f1, v) = inf{γ ∈ [0, 1] : f1 ∈ L(ΛQ, γ)}

for all f1 ∈ G and v ∈ Q

Proof:

(1) Given ϵ > 0, let δ = sup{α ∈ [0, 1] : f1 ∈ U(ΛQ, α)}. Then, δ − ϵ < α for some

α ∈ [0, 1]. This implies that δ − ϵ < TΨQ(a)(f1, v) so that δ ≤ TΨQ(a)(f1, v) for every

an arbitrary ϵ and for all v ∈ Q and f1 ∈ Ĝ.

Next, we show that TΨQ(a)(f1, v) ≤ δ. If TΨQ(a)(f1, v) = α1, then f1 ∈ U(ΛQ, α1)

and so

α1 ∈ {α ∈ [0, 1] : f1 ∈ U(ΛQ, α), v ∈ Q}

Hence,

TΨQ(a)(f1, v) = α1 ≤ sup{α ∈ [0, 1] : f1 ∈ U(ΛQ, α), v ∈ Q} = δ

Therefore,

TΨQ(a)(f1, v) = δ = sup{α ∈ [0, 1] : f1 ∈ U(ΛQ, α), v ∈ Q}
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ˆ ˆ

ˆ ˆ ˆ

(2) Let τ = inf{β ∈ [0, 1] : f1 ∈ I(ΛQ, β)}. Then, inf{β ∈ [0, 1] : f1 ∈ I(ΛQ, β)} < τ + ϵ.

For any ϵ > 0, we show that β < τ + ϵ for some β ∈ [0, 1] with f1 ∈ I(ΛQ, β). Since ϵ

is an arbitrary element, we have IΨQ(a)(f1, v) ≤ β for any v ∈ Q. This implies that

IΨQ(a)(f1, v) ≤ τ

.

To show that IΨQ(a)(f1, v) ≥ τ , let IΨQ(a)(f1, v) = β1.

Then, f1 ∈ I(ΛQ, β) and thus, β1 ∈ {β ∈ [0, 1] : f1 ∈ I(ΛQ, β)}.
Hence,

inf{β ∈ [0, 1] : f1 ∈ I(ΛQ, β)} ≤ τ

That is τ ≤ β1 = IΨQ(a)(f1, v) for any v ∈ Q. Consequently,

IΨQ(a)(f1, v) = τ = inf{β ∈ [0, 1] : f1 ∈ I(ΛQ, β) ∀ v ∈ Q}

(3) The argument is similar with 2 above.

Theorem 3.7. Let (ΨQ,A) be a Q−NSG over a (G, ◦). The following hold

(1) TΨQ(a)(f1h1 ◦ f1, v) = TΨQ(a)(f1 ◦ h1f1, v), IΨQ(a)(f1h1 ◦ f1, v) = IΨQ(a)(f1 ◦ h1f1, v)

and FΨQ(a)(f1h1 ◦ f1, v) = FΨQ(a)(f1 ◦ h1f1, v)
(2) TΨQ(a)(h1 ◦ f2

1 , v) = TΨQ(a)(h1f1 ◦ f1, v), IΨQ(a)(h1 ◦ f2
1 , v) = IΨQ(a)(h1f1 ◦ f1, v) and

FΨQ(a)(h1 ◦ f2
1 , v) = FΨQ(a)(hf1 ◦ f1, v)

(3) TΨQ(a)(f
2
1 ◦ h1, v) = TΨQ(a)(f1 ◦ f1h1, v), IΨQ(a)(f

2
1 ◦ h, v) = IΨQ(a)(f1 ◦ f1h1, v) and

FΨQ(a)(f
2
1 ◦ h1, v) = FΨQ(a)(f1 ◦ f1h1, v)

Proof: Let (ΦQ,A) be a Q −NSG over a quasigroup (G, ◦). For all f1, h1 ∈ G, v ∈ Q and

a ∈ A, we have

(1) Considering the LHS.

TΨQ(a)(f1h1 ◦ f1, v) ≥ min{TΨQ(a)(f1 ◦ h1, v), TΨQ(a)(f1, v)}

= min{TΨQ(a)(f1, v), TΨQ(a)(f1 ◦ h1, v)}

≥ min

{
TΨQ(a)(f1, v),min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}

}
= min

{
min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}, TΨQ(a)(h1, v)

}
= min

{
TΨQ(a)(f1, v), TΨQ(a)(h1, v)

}
(4)
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Considering the RHS.

TΨQ(a)(f1 ◦ h1f1, v) ≥ min{TΨQ(a)(f1, v), TΨQ(a)(h1f1, v)}

= min{TΨQ(a)(h1f1, v), TΨQ(a)(f1, v)}

≥ min

{
min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}, TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}

}
= min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
(5)

Therefore, min

{
TΨQ(a)(h, v), TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(f1, v), TΨQ(a)(h, v)

}
.

Thus, TΨQ(a)(f1h ◦ f1, v) = TΨQ(a)(f1 ◦ hf1, v)

IΨQ(a)(f1h1 ◦ f1, v) ≤ max{IΨQ(a)(f1 ◦ h1, v), IΨQ(a)(f1, v)}

= max{IΨQ(a)(f1, v), IΨQ(a)(f1 ◦ h1, v)}

≤ max

{
IΨQ(a)(f1, v),max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

}
= max

{
max{IΨQ(a)(f1, v), IΨQ(a)(f1, v)}, IΨQ(a)(h1, v)

}
= max

{
IΨQ(a)(f1, v), IΨQ(a)(h1, v)

}
(6)

Considering the RHS.

IΨQ(a)(f1 ◦ h1f1, v) ≤ max{IΨQ(a)(f1, v), IΨQ(a)(h1f1, v)}

= max{IΨQ(a)(h1f1, v), IΨQ(a)(f1, v)}

≤ max

{
max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)}, IΨQ(a)(f1, v)

}
= max

{
IΨQ(a)(h1, v),max{IΨQ(a)(f1, v), IΨQ(a)(f1, v)}

}
= max

{
IΨQ(a)(h1, v), IΨQ(a)(f1, v)

}
(7)

Therefore, max

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
=

max

{
TΨQ(a)(f1, v), TΨQ(a)(h1, v)

}
ˆ

. Thus, IΨQ(a)(f1h1 ◦ f1, v) = IΨQ(a)(f1 ◦ h1f1, v).

The result for falsity membership is obtain in similar procedure.

(2) Let f1, h1 ∈ G, a ∈ A and v ∈ Q, we want show that TΨQ(a)(h1 ◦ f2
1 , v) = TΨQ(a)(h1f1 ◦

f1, v) for true membership.
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Considering the RHS,

TΨQ(a)(h1f1 ◦ f1, v) ≥ min{TΨQ(a)(h1f1, v), TΨQ(a)(f1, v)}

≥ min

{
min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}, TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}

}
= min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
(8)

Considering the LHS.

TΨQ(a)(h1 ◦ f2
1 , v) ≥ min{TΨQ(a)(h1, v), TΨQ(a)(f

2
1 , v)}

= min{TΨQ(a)(h1, v), TΨQ(a)(f1 ◦ f1, v)}

≥ min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}

}
= min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
(9)

That is, min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}

ˆ

ˆ

(3) Follows in the similar result of 2.

Corollary 3.8. Let (ΦQ,A) be a Q−NSS over a quasigroup (G, ◦). Then, the following are

equivalent.

(1) (ΦQ,A) is a Q−NSG

(2) TΨQ(a)(f1h1 ◦ f1, v) = TΨQ(a)(f1 ◦ h1f1, v), IΨQ(a)(f1h1 ◦ f1, v) = IΨQ(a)(f1 ◦ h1f1, v)

and FΨQ(a)(f1h1 ◦ f1, v) = FΨQ(a)(f1 ◦ h1f1, v)
(3) TΨQ(a)(h1 ◦ f2

1 , v) = TΨQ(a)(h1f1 ◦ f1, v), IΨQ(a)(h1 ◦ f2
1 , v) = IΨQ(a)(h1f1 ◦ f1, v) and

FΨQ(a)(h1 ◦ f2
1 , v) = FΨQ(a)(h1f1 ◦ f1, v)

(4) TΨQ(a)(f
2
1 ◦ h1, v) = TΨQ(a)(f1 ◦ f1h1, v), IΨQ(a)(f

2
1 ◦ h1, v) = IΨQ(a)(f1 ◦ f1h1, v) and

FΨQ(a)(f
2
1 ◦ h1, v) = FΨQ(a)(f1 ◦ f1h1, v)

Proof: It following from Theorem 3.7.

Definition 3.9. Let (ΨQ,A) be a Q−NSS defined over a loop (L̂, ◦, /, \). Then (ΨQ,A) is

called a Q−neutrosphis soft loop (Q − NSL̂) over L̂ if for all a ∈ A, f1, h1 ∈ L̂, and v ∈ Q

satisfies the following conditions

(1) TΨQ(a)(f1 ∗ h1, v) ≥ min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)},
IΨQ(a)((f1 ∗ h1), v) ≤ max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}
FΨQ(a)(f1 ∗ h1, v) ≤ max{FΨQ(a)(f1, v), FΨQ(a)(h1, v)}
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(2) TΨQ(a)(f
−1
1 , v) ≥ TΨQ(a)(f1, v),

IΨQ(a)(f
−1
1 , v) ≤ IΨQ(a)(f1, v),

FΨQ(a)(f
−1
1 , v) ≤ FΨQ(a)(f1, v)

(3) TΨQ(a)(
1−f1, q) ≥ TΨQ(a)(f1, v),

IΨQ(a)(
1−f1, v) ≤ IΨQ(a)(f1, v),

FΨQ(a)(
1−f1, v) ≤ FΨQ(a)(f1, v)

where f−1 and 1−f are right inverse and left inverse in L̂ and ∗ ∈ {◦, /, \}.

Theorem 3.10. Let (ΛQ,A) be a Q−NSS over a loop L̂. Then, (ΛQ,A) is a Q−neutrosophic

soft subloop of L̂ if and only if the nonempty Q−level soft set (ΛQ(α,β,γ),A) is a soft subloop

for all α, β, γ ∈ [0, 1] and a ∈ A

Proof: The proof is follow from Theorem 3.4 with definition 3.9.

Lemma 3.11. Let (ΨQ,A) be a Q−NSL̂ over a loop (L̂, ◦). Then, for all f1 ∈ L̂, v ∈ Q the

following hold

(1) TΨQ(a)((f
−1
1 )−1, v) = TΨQ(a)(f1, v), IΨQ(a)((f

−1
1 )−1, v) = IΨQ(a)(f1, v)

aFΨQ(a)((f
−1
1 )−1, v) = FΨQ(a)(f1, v)

Proof. Follows from Definition 3.9.

Theorem 3.12. Let (ΨQ,A) be a Q−NSL̂ over a loop (L̂, ◦, /, \). Then, for all a ∈ A, f ∈
L̂, v ∈ Q the following hold

(1) TΨQ(a)(f
−1
1 , v) ≥ TΨQ(a)(f1, v), IΨQ(a)(f

−1
1 , v) ≤ IΨQ(a)(f1, v), FΨQ(a)(f

−1
1 , v) ≤

FΨQ(a)(f1, v)

(2) TΨQ(a)(
1−f1, v) ≥ TΨQ(a)(f1, v), IΨQ(a)(

1−f1, v) ≤ IΨQ(a)(f1, v), FΨQ(a)(
1−f1, v) ≤

FΨQ(a)(f1, v)

(3) TΨQ(a)(e, q) ≥ TΨQ(a)(f1, v), IΨQ(a)(e, v) ≤ IΨQ(a)(f1, v), FΨQ(a)(e, v) ≤ FΨQ(a)(f1, v)

Proof:

(1) Let (ΨQ, ) be a Q − NSL̂ over loop (G, ◦, /, \), then for all a ∈ A, f1 ∈ L̂, v ∈ Q we

have

TΨQ(a)((f
−1
1 )−1, v) ≥ TΦQ(a)

(f1, v)

IΨQ(a)((f
−1
1 )−1, v) ≤ IΦQ(a)

(f1, v)

FΨQ(a)((f
−1
1 )−1, v) ≤ FΦQ(a)

(f1, v)

(2) it is similar with (1)
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(3) Let (ΨQ,A) be a Q−NSL̂ over loop (L̂, ◦) with an identith element e ∈ L̂. Then, for

all f1 ∈ L̂, v ∈ Q, we have

TΨQ(a)(e, v) = TΨQ(a)((f
−1
1 ◦ f1, v)

≥ min{TΦQ(a)
(f−1

1 , v), TΦQ(a)
(f1, v)}

≥ min{TΦQ(a)
(f1, v), TΦQ(a)

(f1, v)}

= TΦQ(a)
(f1, v)

IΨQ(a)(e, v) = IΨQ(a)((f
−1
1 ◦ f1, v)

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f−1
1 , v)}

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f1, v)}

= IΦQ(a)
(f1, v)

FΨQ(a)(e, v) = FΨQ(a)((f
−1
1 ◦ f1, v)

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f−1
1 , v)}

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f1, v)}

= FΦQ(a)
(f1, v)

TΨQ(a)(e, v) = TΨQ(a)((f1 ◦ f−1
1 , v)

≥ min{TΦQ(a)
(f1, v), TΦQ(a)

(f−1
1 , v)}

≥ min{TΦQ(a)
(f1, v), TΦQ(a)

(f1, v)}

= TΦQ(a)
(f1, v)

IΨQ(a)(e, v) = IΨQ(a)((f1 ◦ f−1
1 , v)

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f−1
1 , v)}

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f1, v)}

= IΦQ(a)
(f1, v)

FΨQ(a)(e, v) = FΨQ(a)((f1 ◦ f−1
1 , v)

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f−1
1 , v)}

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f1, v)}

= FΦQ(a)
(f1, v)
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TΨQ(a)(e, v) = TΨQ(a)((f1/f1, v)

≥ min{TΦQ(a)
(f1, v), TΦQ(a)

(f1, v)}

= TΦQ(a)
(f1, v)

IΨQ(a)(e, v) = IΨQ(a)((f1/f1, v)

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f1, v)}

= IΦQ(a)
(f1, v)

FΨQ(a)(e, v) = FΨQ(a)((f1/f1, v)

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f1, v)}

= FΦQ(a)
(f1, v)

TΨQ(a)(e, v) = TΨQ(a)((f1\f1, v)

≥ min{TΦQ(a)
(f1, v), TΦQ(a)

(f1, v)}

= TΦQ(a)
(f1, v)

IΨQ(a)(e, v) = IΨQ(a)((f1\f1, v)

≤ max{IΦQ(a)
(f1, v), IΦQ(a)

(f1, v)}

= IΦQ(a)
(f1, v)

FΨQ(a)(e, v) = FΨQ(a)((f1\f1, v)

≤ max{FΦQ(a)
(f1, v), FΦQ(a)

(f1, v)}

= FΦQ(a)
(f1, v)

The proof is compete.

Theorem 3.13. Let (ΨQ,A) be a Q−NSL̂ over a loop (L̂, ◦, /, \). Then, for all a ∈ A, f1 ∈
L̂, v ∈ Q the following hold

(1) TΨQ(a)(h1f1 ◦ f−1
1 , v) = TΨQ(a)(h1, v), IΨQ(a)(h1f1 ◦ f−1

1 , v) = IΨQ(a)(h1, v), and

FΨQ(a)(h1f1 ◦ f−1
1 , v) = FΨQ(a)(h1, v),

(2) TΨQ(a)(f
−1
1 ◦ f1h1, v) = TΨQ(a)(h1, v), IΨQ(a)(f

−1
1 ◦ f1h1, v) = IΨQ(a)(h1, v) and

FΨQ(a)(f
−1
1 ◦ f1h1, v) = FΨQ(a)(h1, v)

(3) TΨQ(a)(f
−1
1 ◦ h1f1, v) = TΨQ(a)(h1, v), IΨQ(a)(f

−1
1 ◦ h1f1, v) = IΨQ(a)(h1, v) and

FΨQ(a)(f
−1
1 ◦ h1f1, v) = FΨQ(a)(h1, v)

(4) TΨQ(a)(h1 ◦ (f1h1)−1, v) = TΨQ(a)(f
−1
1 , v), IΨQ(a)(h1 ◦ (f1h1)−1, v) = IΨQ(a)(f

−1
1 , v) and

FΨQ(a)(h1 ◦ (f1h1)−1, v) = FΨQ(a)(f
−1
1 , v)

Proof:
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(1) Let (ΨQ,A) be Q − NSL̂ over a loop (L̂, ◦, /, \). Then, we shall show that for all

a ∈ A, f1, h1 ∈ L̂, v ∈ Q

TΨQ(a)(h1f ◦ f−1, v) = TΨQ(a)(h1, v)

⇒ TΨQ(a)(h1f1 ◦ f−1, v) ≥ min{TΨQ(a)(h1 ◦ f1, v), TΨQ(a)(f
−1
1 , v)}

≥ min{TΨQ(a)(h1 ◦ f, v), TΨQ(a)(f1, v)}

≥ min

{
min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}, TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}

}
≥ min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
(10)

On the other hand,

TΨQ(a)(h1, v) = TΨQ(a)((h1/f1) ◦ f, v)

≥ min{TΨQ(a)((h1/f1), v), TΨQ(a)(f1, v)}

≥ min

{
min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}, TΨQ(a)(f1, v)

}
= min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}

}
≥ min

{
TΨQ(a)(h1, v), TΨQ(a)(f1, v)

}
(11)

And

IΨQ(a)(h1f1 ◦ f−1
1 , v) = IΨQ(a)(h1, v)

⇒ IΨQ(a)(h1f1 ◦ f−1, v) ≤ max{IΨQ(a)(h1 ◦ f1, v), IΨQ(a)(f
−1
1 , v)}

≤ max{IΨQ(a)(h1 ◦ f1, v), IΨQ(a)(f1, v)}

≤ max

{
max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)}, IΨQ(a)(f1, v)

}
= max

{
IΨQ(a)(h1, v),max{IΨQ(a)(f1, v), IΨQ(a)(f1, v)}

}
≤ max

{
IΨQ(a)(h1, v), IΨQ(a)(f1, v)

}
(12)
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On the other hand,

IΨQ(a)(h1, v) = IΨQ(a)((h1/f1) ◦ f1, v)

≤ max{IΨQ(a)((h1/f1), v), IΨQ(a)(f1, v)}

≤ max

{
max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)}, IΨQ(a)(f1, v)

}
= max

{
IΨQ(a)(h1, v),max{IΨQ(a)(f1, v), IΨQ(a)(f1, v)}

}
≤ max

{
IΨQ(a)(h1, v), IΨQ(a)(f1, v)

}
(13)

Similarly, we can use the identity TΨQ(a)(h1, v) = TΨQ(a)((f1 ◦ f1\h1), v). Result for
falsity is argued the same way.

(2) Use the same argument of 1

(3) Similar argument with 2

(4) We shall show that TΨQ(a)(h1 ◦ (f1h1)−1, v) = TΨQ(a)(f
−1, v).

Considering the LHS,

TΨQ(a)(h1 ◦ (fh1)−1, v) ≥ min{TΨQ(a)(h1, v), TΨQ(a)((fh1)
−1, v)

≥ min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f

−1, v), TΨQ(a)(h
−1
1 , v)}︸ ︷︷ ︸

AIP

}

≥ min

{
TΨQ(a)(h1, v),min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}

}
= min

{
min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}, TΨQ(a)(h1, v)

}
= min

{
TΨQ(a)(f1, v),min{TΨQ(a)(h1, v), TΨQ(a)(h1, v)}

}
≥ min

{
TΨQ(a)(f1, v), TΨQ(a)(h1, v)

}
(14)

On the other hand,

TΨQ(a)(f
−1
1 , v) ≥ TΨQ(a)(f1, v) (15)
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Note that TΨQ(a)(f1, v) = TΨQ(a)((f1/h1)◦h1, v). Then, using the last equality in (18),

we get

TΨQ(a)(f1, v) ≥ min{TΨQ(a)((f1/h1), v), TΨQ(a)(h1, v)}

≥ min

{
min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}, TΨQ(a)(h1, v)

}
= min

{
TΨQ(a)(f1, v),min{TΨQ(a)(h1, v), TΨQ(a)(h1, v)}

}
≥ min

{
TΨQ(a)(f1, v), TΨQ(a)(h1, v)

}
(16)

Considering the LHS, for the indeterminate membership

IΨQ(a)(h1 ◦ (f1h1)−1, v) ≤ max{IΨQ(a)(h1, v), IΨQ(a)((f1h1)
−1, v)

≤ max

{
IΨQ(a)(h1, v),max{IΨQ(a)(f

−1
1 , v), IΨQ(a)(h

−1
1 , v)}︸ ︷︷ ︸

AIP

}

≤ max

{
IΨQ(a)(h1, v),max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

}
= max

{
max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}, IΨQ(a)(h1, v)

}
= max

{
IΨQ(a)(f1, v),max{IΨQ(a)(h1, v), IΨQ(a)(h1, v)}

}
≤ max

{
IΨQ(a)(f1, v), IΨQ(a)(h1, v)

}
(17)

On the other hand,

IΨQ(a)(f
−1
1 , v) ≤ IΨQ(a)(f1, v) (18)

Note that IΨQ(a)(f1, v) = IΨQ(a)((f1/h1) ◦h1, v). Then, using the last equalith in (18),

we get

IΨQ(a)(f1, v) ≤ max{IΨQ(a)((f1/h1), v), IΨQ(a)(h1, v)}

≤ max

{
max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}, IΨQ(a)(h1, v)

}
= max

{
IΨQ(a)(f1, v),max{IΨQ(a)(h1, v), IΨQ(a)(h1, v)}

}
≤ max

{
IΨQ(a)(f1, v), IΨQ(a)(h1, v)

}
(19)

The result for falsity membership is similar with the result for indeterminate mem-

bership obtained.

Theorem 3.14. Let (ΨQ,A) be Q−NSL̂ over a loop (L̂, ◦). Then, for all a ∈ A, f1, h1, z1 ∈
L̂, v ∈ Q the following hold:
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(1) TΨQ(a)((f1 ◦ h1)
−1, v) = TΨQ(a)(h

−1
1 ◦ f−1

1 , v), IΨQ(a)((f1 ◦ h1)
−1, v) = IΨQ(a)(h

−1
1 ◦

f−1
1 , v), and FΨQ(a)((f1 ◦ h1)−1, v) = FΨQ(a)(h

−1
1 ◦ f−1

1 , v),

(2) TΨQ(a)((f1h1 ◦ f1)
−1, v) = TΨQ(a)(f

−1
1 h−1

1 ◦ f−1
1 , v), IΨQ(a)((f1h1 ◦ f1)

−1, v) =

IΨQ(a)(f
−1
1 h−1

1 ◦ f−1
1 , v) and FΨQ(a)((f1h1 ◦ f1)−1, v) = FΨQ(a)(f

−1
1 h−1

1 ◦ f−1
1 , v)

(3) TΨQ(a)((f1 ◦h1z)−1, v) = TΨQ(a)(z
−1 ◦h−1

1 f−1
1 , v), IΨQ(a)((f1 ◦h1z)−1, v) = IΨQ(a)(z

−1 ◦
h−1
1 f−1

1 , v) and FΨQ(a)((f1 ◦ h1z)−1, v) = FΨQ(a)(z
−1 ◦ h−1

1 f−1
1 , v)

Proof:

(1) Let (ΨQ,A) be Q−neutrosophic soft loop over a loop (L̂, ◦). Then, we shall show that

for all a ∈ A, f1, h1 ∈ L̂, v ∈ Q

TΨQ(a)(f1 ◦ h1)−1, v) = TΨQ(a)(f
−1
1 ◦ h−1

1 , v)

≥ min{TΨQ(a)(f
−1
1 , v), TΨQ(a)(h

−1
1 , v)}

≥ min

{
TΨQ(a)(f1, v)}, TΨQ(a)(h1, v)

}
(20)

On the other hand

TΨQ(a)(h
−1
1 ◦ f−1

1 , v) ≥ min{TΨQ(a)(h
−1
1 , v), TΨQ(a)(f

−1
1 , v)}

≥ min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)} (21)

IΨQ(a)(f1 ◦ h1)−1, v) = IΨQ(a)(f
−1
1 ◦ h−1

1 , v)

≤ max{IΨQ(a)(f
−1
1 , v), IΨQ(a)(h

−1
1 , v)}

≤ max

{
IΨQ(a)(f1, v)}, IΨQ(a)(h1, v)

}
(22)

RHS

IΨQ(a)(h
−1
1 ◦ f−1

1 , v) ≥ max{IΨQ(a)(h
−1
1 , v), IΨQ(a)(f

−1
1 , v)}

≤ max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)} (23)

The result for falsity membership is similar with the result of indeterminate member-

ship.
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(2) For the true membership,

TΨQ(a)((f1h1 ◦ f1)−1, v) = TΨQ(a)((f1 ◦ h1)−1 ◦ f−1
1 ), v)︸ ︷︷ ︸

AIP

≥ min{TΨQ(a)((f1 ◦ h1)−1), v), TΨQ(a)(f
−1
1 , v)}

≥ min{min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}, TΨQ(a)(f1, v)}

= min{TΨQ(a)(f1, v),min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)}}

= min{min{TΨQ(a)(f1, v), TΨQ(a)(f1, v)}, TΨQ(a)(h1, v)}

≥ min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)} (24)

Similarly, we obtain

TΨQ(a)(f
−1
1 h−1

1 ◦ f−1
1 , v) ≥ min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)} (25)

IΨQ(a)((f1h1 ◦ f1)−1, v) = IΨQ(a)((f1 ◦ h1)−1 ◦ f−1
1 ), v)︸ ︷︷ ︸

AIP

≤ max{IΨQ(a)((f1 ◦ h1)−1), v), IΨQ(a)(f
−1
1 , v)}

≤ max{max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}, IΨQ(a)(f1, v)}

= max{IΨQ(a)(f1, v),max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}}

= max{max{IΨQ(a)(f1, v), IΨQ(a)(f1, v)}, IΨQ(a)(h1, v)}

≤ max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)} (26)

Also, we obtain the indeterminate membership for the RHS

IΨQ(a)(f
−1
1 h−1

1 ◦ f−1
1 , v) ≥ min{IΨQ(a)(f1, v), IΨQ(a)(h1, v)} (27)

Using similar approach to obtain result for indeterminate membership.

(3) The proof is similar with the result obtained for 2

Theorem 3.15. Let (ΨQ,A) be a Q−NSS over a loop (L̂, ◦, /, \). Then, (ΨQ,A) is Q−NSL̂

if and if only for all f1, h1 ∈ L̂, v ∈ Q

(1) TΨQ(a)(h1 ∗ f−1
1 , v) ≥ min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}

IΨQ(a)(h1 ∗ f−1
1 , v) ≤ max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)},

FΨQ(a)(h1 ∗ f−1
1 , v) ≤ max{FΨQ(a)(h1, v), FΨQ(a)(f1, v)}

(2) TΨQ(a)(
1−f1 ∗ h1, v) ≥ min{TΨQ(a)(f1, v), TΨQ(a)(h1, v)},

IΨQ(a)(
1−f1 ∗ h1, v) ≤ max{IΨQ(a)(f1, v), IΨQ(a)(h1, v)}

FΨQ(a)(
1−f1 ∗ h1, v) ≤ max{FΨQ(a)(f1, v), FΨQ(a)(h1, v)}
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(1) Suppose that (ΨQ,A) is a Q − NSL̂ over (L̂, ◦, /, \). Let ∗ ∈ {◦, /, \} then we show

that (ΨQ,A) satisfies 3.9 for all f1, h1 ∈ L̂, and v ∈ Q, we have

TΨQ(a)(h1 ∗ f−1
1 , v) ≥ min{TΨQ(a)(h1, v), TΨQ(a)(f−1

1 , v)}

≥ min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}

IΨQ(a)(h1 ∗ f−1
1 , v) ≤ max{IΨQ(a)(h1, v), IΨQ(a)(f−1

1 , v)}

≤ max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)}

FΨQ(a)(h1 ∗ f−1
1 , v) ≤ max{FΨQ(a)(h1, v), FΨQ(a)(f−1

1 , v)}

≤ max{FΨQ(a)(h1, v), FΨQ(a)(f1, v)}

Conversely, suppose equality (1) hold, then for all f1, h1,∈ G, v ∈ Q, and a ∈ A, we

show (ΨQ,A) is Q−neutrosophic soft subquasigroup over quasigroup (L̂, ◦, /, \). Thus,

TΨQ(a)(h1 ∗ f1, v) = TΨQ(a)(h1 ∗ (f−1
1 )−1, v)

≥ min{TΨQ(a)(h1, v), TΨQ(a)(f−1
1 , v)

≥ min{TΨQ(a)(h1, v), TΨQ(a)(f−1
1 , v)}

≥ min{TΨQ(a)(h1, v), TΨQ(a)(f1, v)}

Next:

IΨQ(a)(h1 ∗ f1, v) = IΨQ(a)(h1 ∗ (f−1
1 )−1, v)

≤ max{IΨQ(a)(h1, v), IΨQ(a)(f−1
1 , v)}

≤ max{IΨQ(a)(h1, v), IΨQ(a)(f1, v)}

Finally:

FΨQ(a)(h1 ∗ f1, v) = FΨQ(a)(h1 ∗ (f−1
1 )−1, v)

≤ max{FΨQ(a)(h1, v), FΨQ(a)(f−1
1 , v)}

≤ max{FΨQ(a)(h1, v), FΨQ(a)(f1, v)}

ˆ

ˆ

ˆ

(2) it is similar to (1)

4. Conclusion

In this study, it was found that Q−NSG obeys LIP, RIP, LAP, RAP and flexible law. With

the help AIP, it was shown that Q − NSG obey AAIP, SAIP, SAAIP. Q − NSL̂ were also

defined, and the definition was used to shown when is Q−NSS under loop said to be Q−NSG.

Furthermore, this research revealed that left and right inverse elements of Q−NSL̂ coincided.

In future research, Definitions 3.1 and 3.9 will be use to study the structure of isotopy theory

of quasigroup.
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