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Abstract. The novel concept called neutrosophic set was launched to take care of indeterminate factors in
real-life data. The hybrid model of neutrosophic set and soft set has been widely studied in different areas of
algebra, especially in associative structures such as fields, groups, rings, and modules. In this current paper,
the novel concept is further introduce to a non-associative structure termed Q—neutrosophic soft quasigroup
(Q—NSG) and investigate its different algebraic properties of the quasigroups. We shown the conditions for
the sets of a—level cut of QfNSC;' to be subquasigroups, the condition for each set of subquasigroups of a
quasigroup to be @Q—level cut neutrosophic soft subquasigroup were established. It was shown that Q—-NSG
obeys alternative property and flexible law. In addition, We defined (Q—neutrosophic soft loop and investigate
some of its characteristics. In particular, it was shown that (Q—neutrosophic soft loop obeys inverse, weak
inverse and cross inverse properties. We established the condition for a ()—neutrosophic soft loop to obey anti-
automorphic inverse, semi-automorphic inverse and super anti-automorphic inverse properties. The necessary
and sufficient condition for (Q—neutrosophic soft set under a loop (é, o,/,\) to be a @—neutrosophic soft loop

was also established.

Keywords: Q- set; Soft set; Neutrosophic set; Quasigroup; Loop.

1. Introduction

Let G be a non-empty set and (o) be an operation on G. Ifwote G for all w,t € G, then
(G, o) is called a groupoid. A groupoid (@, o) is called quasigroup, if there exist a,b € G such

that each of the equations:

aow=1> and toa=1"b
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have unique solution w, t respectively. Furthermore, the quasigroup is called a loop if there is

a unique element e € G called the identity element such that V w € G,
woe=eow=w

In what follows, wt is written instead of w o ¢, which stipulates that o has lower priority
than juxtaposition amongst factors to be multiplied. For example we write, p o gr stands for
p(ar)-

Suppose that w is a fixed element in the groupoid (C, o), a translation map of w € @, called

the left(right) translation maps written as L,, and R,, respectively are defined as
tLy,=wot and tR, =tow.

Obviously, it implies that if the left and right translations maps are permutations, then a
groupoid (G, o) is a quasigroup. And if the left and right translation maps of a quasigroup are

bijections, it means that the inverse mappings L,,! and R! exist. Let
w\t = tL! and w/t = wR; !

and note that

w\t=2z<woz=t and w/t=z<zot=w.

Consequently, (G, \) and (G, /) are also quasigroups.

A consideration of Fuzzy set was first initiated by Zadeh in [2], and the notion was designed
to handle the challenges of uncertainty in real life data while the generalization of fuzzy
set was considered by Atanassov in [4,/6] which is called intuitionistic fuzzy set. In 1971,
Rosenfeld [5] for the time considered the concept of fuzzy set under the theoretical study of
a group structure and established different properties and conditions for a subset of fuzzy set
defined under a groups to be fuzzy subgroup. Since them, the concept has been extended to
different field in mathematics. As away of generalizing the work in [5], the fuzzification of
quasigroup was initiated by Dudek in 1998 [23] while 1999, Dudek and Jun [24] introduced
fuzzy subquasigroup under norms to further the results in [23]. In 2000, the consideration of
intuitionistic fuzzy set in a quasigroup was studied by Kyung et al. [27] as an extended method
of fuzzy subquasigroup. In [23], research on intuitionistic fuzzy subquasigroup was furthered
studied by Dudek [28] in 2005. It was revealed in [3] that each of these notions and their
hybrid methods has their respective limitations and difficulties, and to address some of those
difficulties, Molodtsov [3] launched the notion of soft set. It was reported that the notion of
soft set theory is a better method for handling problems involving uncertainty, incompatible
and incomplete data. Although, the study of soft set theory is not suitable for characterizing
the degree of membership values as in the case of intuitionistic fuzzy set. Also, the notion
is not capable for handling problems involving indeterminate data and as a result of that, a
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generalized concept called neutrosophic set was called out by Smarandache in 1998 [14,/15], as
a mathematical notion for dealing with indeterminacy occurrence. Neutrosophic set is more
complex and the only generalized concept of the classical set theory found in the literature
for dealing with problems involving indeterminate. The character of the degree values of a
neutrosophic set are represented by the true membership T', indeterminate membership I and
falsity membership F'.

The different methods of determining the indeterminate factors of neutrosophic set in real-
life data have been widely applied in different area in mathematics and its related field. For
example, the work of Jidid et al. in [8] applied neutrosophy concept to handle the product
quality control on inspection assignment form while Dey and Ray in 2023 [9] used the concept
to characterized the separation axioms of neutrosophic topological spaces. The concept were
used in the area of operation research in management in [10].

The hybrid model of neutrosophic sets, especially the neutrosophic consideration of soft set
structure has been widely and sporadically flagged by algebraist in the recent past, (see the
following articles [7,/114[13]/33]). However, it is important to mention the efforts of Muhammad
et al. |20] and Mumtaz et al. [19], where set components of neutrosophy study, was replicated
using groupoids, groups and bigroups. Furthermore, in 2020 Oyem et al. [29] conducted alge-
braic characterization of soft quasigroup while the generalization of his study was considered
in [30]. Most recently, a study pattern of Q—fuzzy groups and their hybrid methods was called
out by Solairaju et al. [16] and Thirunemi and Solairaju [17]. Then, was later escalated to
(@ —neutrosophic soft group in 2020 [18] to handle indeterminate data. The extension of Q—NS
group to @—NS quasigroup was recently announced by Oyebo et al. [25], which by tradition
a generalization of the former.

In this present research, results of fuzzy quasigroup and its generalizations studied in the
following articles |23}24],27,28] are extended to neutrosophic soft quasigroup of two universal
sets. Since the definition of (Q—neutrosophic soft quasigroup was flagged up by Oyebo et.
al [25], the question whether the concept obeys the following algebraic properties of quasigroup
such as left(right) alternative property LAP(RAP), and flexible law are not yet known for the
best of our searching. The result on characterization of supremum and infimum of fuzzy
quasigroup studied by Dudek were extended to (J—neutrosophic soft quasigroup by capturing
the behavior of an indeterminate factor of two universal sets that was lacking in structure
of fuzzy quasigroup and intuitionistic fuzzy quasigroup. In addition, this paper is for the
time introduced the concept of (Q—neutrosophic soft loop which is a Q—neutrosophic soft
quasigroup with an identity element without associative property. Also, the work of Dudek
[23.24] and the generalized version in [25] did not shown results on the algebraic characteristics

of the following class of quasigroup called left inverse property (LIP), right inverse property
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(RIP), cross inverse property (CIP), weak inverse property (WIP), automorphic inverse prperty
(AIP), anti-automorphic inverse property (AAIP), semi-automorphic inverse property (SAIP)
and super anti- automorphic inverse property loop (SAAIP). In order to close up the gap,
we investigate whether (Q)—neutrosophic soft quasigroup obey the properties of quasigroup
mentioned above. In addition, we also pay attention to the necessary and sufficient condition
for @ —neutrosophic soft set under a loop (G, o) to be Q—neutrosophic soft loop.

The table below shown some set structures studied in the literature with their respective

characterizations and generalizations.

TABLE 1. Properties of some set theories

Set structures Membership func- uncertainty inconsistency indeterminacy sum of member- independence (i)/
tion ship < dependence(d)

Fuzzy v v v X 1 d

intuitionistic v v v X 1 d

fuzzy

Soft X v v X not applicable not applicable

Rough not applicable v v X not applicable not applicable

interval fuzzy v v X 1 d

vaque set v v v X 1

Pythagorean v v v X 1 d

fuzzy

Neutrosophy v v v v 3 i

Spherical  fuzzy v v v X 1 d

set

2. Preliminaries

Definition 2.1. A quasigroup(loop) (G, o) is said to have

1) LIP if 3 a map J)y : u — u such that v owv = v for all u,v € G
2) RIP if 3 a map J, : u — u” such that uv o u” = v for all u,v € G,
3) RAP if t o ww = tw o w for all w,t € G,
) LAP if wwot = wowt for all w,t € G,

) flexible if uv o u = u o vu for all u,v € G,
6) IPL if it satisfies wt ow™ =t or w™ otw =t for all w,t € G and
7) WIPL if it satisfies the identity ¢ o (wt)™! = w™! for all w,t € G

Definition 2.2. The following identities hold in a loop (G, o) it is called:

(1) AIPL if (wt)™' = w 't! Vw,t e G,

(2) an AAIPL if (wt)™! =t w™! for all w,t € G, Yw,t € G

(3) a SAAIPL if (wotz) ' =z"1o (t7'w™!), for all w,t,z € G [see [26]]
(4) a SAIPL if (wtow)™ ' =w ' ow™!, for all w,t € G
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Theorem 2.3. [32] Let (G, o) be a quasigroup and G be a non empty subset of G. Then, G
is a subquasigroup of (G, o) if and only if (G,0), (G, /) and (G,\) are groupoids

Definition 2.4. [32] Let (G,0) be a quasigroup and ) # H C G. Then, H is called
subquasigroup of G if (H,o) is a quasigroup. Also, suppose that D and E are non empty
subsets of G, then Do E = {doe | d € D,e € E},D/E = {d/e | d € D,e € E} and
E\D ={e\d|de€ D,ec E}

Definition 2.5. Let M = [0,1] and S be a subset of M. Then: the supremum of S denoted
by sup S is a number Sy € [0, 1] satisfying the conditions

(1) Bp is an upper bound for S;

(2) for all € > 0, the number Sy — € is not an upper bound for S

the infimum of S denoted by inf S is a number g € [0, 1] satisfying the conditions

(1) o is an upper bound for S;

(2) for all € > 0, the number ag + € is not a lower bound for S

Definition 2.6. [3] Given a set M and a parameter set A of M. If F': A — P(M), where
P(M) is power set of M then the pair (F, %) is called a soft set .

Definition 2.7. [15] Given a set M. A neutrosophic set ® (NS) on M is an object of the
form

® = {(m,(Te(m),Is(m), Fp(m))) : m € M} and the membership degree is described by
Ty, Ip, Fo : W —]70, 1],

Definition 2.8. |[7] Given a set M and 2 parameter sets. A neutrosophic soft set (®,%) is
described as (®,2() = {(w, (Te(m), Is(m), Fo(m))) : m € M}

Definition 2.9. [1] Let W be a universe of discourse and ) be a non-empty set and A C E
be a set of parameters. Let p!QNS(W) be the set of all multi-Q-NSs on W with dimension
I =1. A pair (®%,20) is called a Q—neutrosophic soft set (Q — NSS) denoted by (®9, A) =
{(a,®9(a)) : a € A, ®9(a) € p'QNS(W)} over W, where &9 : A — p!QNS(W) is a map such
that ®@(a) = () if a ¢ A.

3. Results

Definition 3.1. Suppose that (Cl, o,\, /) is a quasigroup and (®2, ) is a Q—neutrosophic soft
set over (G, o,\,/). Then, (%9, 2) is called a Q — NSG of G if for all a € A, w1, wy € G,v € Q

satisfies the following conditions

(1) Tpe(q)(wr * w2, v) = min{Tyoq) (w1, v), Tyeq) (w2, v)}
(2) Ipa(q) (w1 * w2, v) < max{lpa(e)(w1,v), Ipa(e) (w1, v)}
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(3) F<I>Q(a) (wl * W, U) < maX{F‘1>Q(a) (w17 ’U), F<I>Q(a) (w27 'U)}
where * € {o,/,\}

Definition 3.2. Let (A9, 2) be a Q — NSG over G such that there exist o, 8,7 € [0,1] with
the restriction that ag + Bg + Yo < 3. Then, (A@, ) (a,8,y) 18 @—level soft set defined as
(AQ: W (a5 = {fi € G,v € Q: Tho((f1.v) = a, Ino(ay(f1.v) < B, Faa(f1,v) <7}

foralla e A

Suppose that a = 8 = v for any « € [0, 1] with a + o 4+ « < 3 such that (A?,A), = {f1 €
GveQ: Tre(o)(f1,v) 2 a, Iyeq)(f1,v) < a, Faeq)(f1,v) < af, then (AQ,2), is called a
-level set of A.

In neutrosophic soft set, the set

T(A®,a) = {fi € G,v e Q: A%a)(f1,v) > a},
F(AC,a)={fi e G,veQ:A%a)(f1,v) < a} and
I(AC o) ={fi € G,v e Q:A%a)(f1,v) < a}
are respectively called the truth, falsity and indeterminacy a-levels cut of A
Theorem 3.3. Let (A9 ) be a Q — NSG over G. Then, the sets U(A?, o), I(A%, )
and L(A®,q) are subquasigroups for all o € Im(Tha e (f1,v)) N Im(Ixeq)(f1,v)) N

Im(Fre(q)(f1,v)), where Im donate the image under the map of membership degree.

Proof: Let a € Im(Tpeq)(f1,v)) NIm(Ipeq)(f1,v))NIm(Fae(q)(f1,v)) € [0,1]. Obviously,
the sets U(A®, a), I(A?, o) and L(A?, a) are non-empty and let ¢ € Q and f1,h1 € U(A®, ).
Then, Tho(q)(f1,v) > a and Tho(q)(h1,v) > a for all a € A. Using Definition we have

Tro(ay(frh1,v) > min{Tha g (f1,v), Tac(a)(h1,v)} > a so that fiohy € U(A?, )
Suppose that fi, hy € I(A?,a), then Izo (o) (f1,v) < @ and Iyo(q)(h1,v) < a, by definition, we
have

Ina(q) (fih1,v) < max{Iyo(q)(f1,v), Iaq(q)(h1,v)} < @

Hence f1 o hy € I(A?, ).

Let f1,h € F(A®,q), then Froq)(f1,v) < o and Fpegy(h1,v) < a. From definition, it
follows that
FAQ (f1h17 v) <maX{FAQ (f17 v), FAQ(a)(h’lvv)}Sa

Hence, fi o hy € F(A®, ). Thus, U(A®, a), I(A®, a) and L(A?, ) are subquasigroups of G
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Theorem 3.4. Let (A9 ) be a Q—NSS over G such that a nonempty set (AQ,a’S) is a
subquasigroup ofé for all a € [0,1] . Then, (AQ,QK) 1s a Q—mneutrosophic soft subquasigroup
of G for all a € A

Proof: We assume that the nonempty set (A?, o) is a subquasigroup of Gforall a e [0, 1].
We want to show that (A?,2) is a Q—neutrosophic soft subquasigroup of G for all fi,h] €
G,v € @ and a € 2. On the contrary, suppose that Definition does not hold and there
exist f1,h} € G,v € Q, and a € A such that

( Tyo(q)(f1 0 by, v) < min{Tyeq)(f1,v), Twa (e (b1, v)}
{ Iyo (fl o hy,v) > max{I\I,Q (fla v), Tyo( )(h/p”)} (1)
U Fue@(fiohl,v) > max{Fya()(fi,v), Fya(q(hy,v)}

Let
Tya(e)(f1,v) = a1, Tya(g)(h',v) = B1 and Tyo(q)(f1 o ht,v) =7

Iyaa)(f1,0) = a2, Iya(q)(h1,v) = B2 and Tyq(q)(f1 0 hi/,v) =72
Fyaq)(f1,v) = a3, Fye(q)(h,v) = B3 and Fyaq)(fiohit,) =73

Then, its follows from equation

71 < min{ag, i}, 2 > max{ag, f2} and 3 > max{as, B3} (2)
Put
(3t = 4] Fworo(h o .00+ minTuere (.00, Taa ()
{75 =3 -I\IIQ y(f1 0 b, v) + max{Iye(q)(f1,v), Iye(q) (R}, v)} (3)
'lvf»f =3 _F\I'Q(a)(fl o b, v) + max{Fya () (f1,v), Fya(q)(hy,v)}
Therefore,

7t = 1 (1,0) + minfar,v), <61,v>}]

L (y2,v) + max{asz,v), (52,1))}}

(13, 0) + max{as, v), (Bs, v)}}

2
N %
Il
ol

|
N[

V3=
Then,

o > = % (71,) +min{o¢1,v),(61,v)}] >
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oo <7 — ;[wm T minfag, v), (Bz,v)}] <

2 <7 = | (0:0) + minfaa, o). (.00} < 7
Thus,
Tyo(q)(fi 0 By, v) <97 < min{Tye(e)(f1,v), Tye(q) (h,v)}
I\IJQ (fl ° hl? ) > ’Yik > min{I‘IIQ (a) (fl’v)aI\IlQ(a)(hllvv)}
Fya(q (flohp v) > 7 > mln{F\pQ (f17 v), Fyq )( ,0)}

It follows that fi,h} € (A9, o), but f1 o b} ¢ (AQ, o) a contradiction base on the fact
that

T\I'Q(a)(flav) =01 > min{(ahv): (61,1))} > 7>1k
Tya(q)(f1,v) = a2 < max{(ag,v), (B2, v)} <73
F\I}Q(a)(flvv) = Qa3 S max{(ozg,v), (ﬁ3av)} < 7;

this implies that fi,h) € (A9, o). Thus, condition hold. The prof is complete

Theorem 3.5. Let (A?,2A) be a Q—NSS over G. Then, each subquasigroup H of G is a
Q—level neutrosophic soft subquasigroup for all o, B,y € [0,1] and a € A

Proof: Let (A%, 2A) be defined by

a, if freH
T<1>Q<a)(fla”) =

0, otherwise.

B, if freH
logu (f1,0) =

0, otherwise.

) if fl €H
Foy, (f1,0) =

0, otherwise.

where «, 8,7 € [0,1] such that o + 5+ v < 3, for all f; € GuveQandac
We consider the following cases to show that (AQ, 20) is a Q- neutrosophic soft quasigroup
over G.
Case 1: Suppose that fi,h1 € H, then fioh; € H. So,
T\I/Q(a)(f]_ ohy,v) =a=min{a, a} = mln{T\I,Q (fl, v), Tyoq )(hl,v)}
Iya()(fiohi,v) =B =min{f, 8} = max{Iya(y(f1,v), [ye(q(h1,v)}
Fyaq)(fiohi,v) = B =min{B, 8} = max{Fyo(q)(f1,v), Fye(q)(h1,v)}
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Case 2: If f,h ¢ H, then
Tya(q)(f1,v) = 0 = Tyeq)(h,v), Iye@)(f1,v) = 0 = Iya(e(h,v) and Fye)(fi,v) = 0 =
Fya(q)(h,v). Therefore,
Tyo(q)(f10h1,v) > 0=min{0,0} = min{Tye,)(f1,v), Tye)(h1,v)}
Iya(q)(f1 0 hi,v) <0 =max{0,0} = max{Iye(q)(f1,v); lye(q)(h1,v)}
Fya(q)(f1 0 h1,v) <0 =max{0,0} = max{Fyo(q4(f1,v), Fya)(h1,v)}

Case 3: If f1 € Hand hy ¢ H, then Tyq(4)(f1,v) = o, Iy (q)(f1,v) = B and Fyoq)(f1,v) =
Y, Fya(q)(h1,v) = 0 = Tya(q) (h1,v) = Iyqq)(h1,v). So,

Tya(a)(froh1,v) 2 0 =min{Tya @) (f1,v), Tye(a) (b1, v)}
Tye(q)(f1ohi,v) <0 =max{lya(f1,v), lye@)(h1,v)}
Fya(q)(f10h1,v) <0 =max{Fyo(4)(f1,v), Fyea)(h1,v)}

Case 4: If hy € H and f1 ¢ H. It has a similar argument with case 3. This complete the

proof.

Theorem 3.6. If (A?,2) is a Q — NSG over G. Then,
(1) Tye(a)(fi,v) =sup{a € [0,1]: fr € U(AY, )}
(2) Tyoq(f1,0) = mH{B € 0,1] fi € I(A2, B)} and
(3) Fya(q)(f1,v) =inf{y € [0,1] : f1 € L(A%,~)}

for all f, eG and v € Q

Proof:
(1) Given € > 0, let § = sup{a € [0,1] : fi € U(A?,a)}. Then, § — ¢ < « for some
€ [0,1]. This implies that § — e < Tya(q)(f1,v) so that § < Tya(y)(f1,v) for every

an arbitrary € and for all v € Q and f; € G.
Next, we show that Tya(q)(f1,v) < 0. If Tya(q)(f1,v) = a1, then f1 € U(A®, o)

and so

o €{ael0,1]: fi € U, a),v € Q}
Hence,

Tyo)(f1,v) = a1 <sup{a €[0,1]: f1 € U(A®,a),veQ} =4

Therefore,

Tya(q)(f1,v) =d =sup{a € [0,1] : f1 € U(A% a),v € Q}
BENARD Osoba!, OYEBO Tunde Yakub? and ABDULKAREEM Abdulafeez Olalekan?®,
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(2) Let 7 = inf{B € [0,1] : f1 € I(A?,8)}. Then, inf{B € [0,1]: f1 € [(AY,8)} < T +e.
For any € > 0, we show that 3 < 7 + € for some 3 € [0, 1] with f; € I(AQ, ). Since €
is an arbitrary element, we have Iyq (4 (f1,v) < B for any v € Q. This implies that

Iyo)(fi,v) <7

To show that Iya(q)(f1,v) > 7, let Iya(q)(fi,v) = B

Then, f; € I(A?, ) and thus, By € {8 €[0,1]: f1 € I(A%,3)}.
Hence,

inf{B € [0,1]: f1 € [(AY,B)} < T
That is 7 < 1 = Iye(, y(f1, v) for any v € ). Consequently,
Iyago)(fi,v) =7 =inf{B €[0,1]: fi € I(A,8) ¥ v € Q}
(3) The argument is similar with 2 above.

Theorem 3.7. Let (U9, 2) be a Q — NSG over a (G, o). The following hold

(1) Tyoq)(fih1 o f1,v) = Tyeq)(fi © h1f1,v), Tyaw)(fih o fi,v) = Iye@q)(fi © hifi,v)
and Fyq(q)(fih1 o f1,v) = Fya(q)(f1 0 h1f1,v)
(2) Tya(ay(h o f7,v) = Tya(gy(hfi o fi,v), Tye (b1 o f7,v) = Iya(ey(hifi o fi,v) and
F\IIQ(a)(hlof17 v) = Fyq(q)(hfio f1,v)
(3) Tye(a)(ff © h1,v) = Tya)(fi o fih1,v), Tya@ (ff o h,v) = Iye(e)(fi o fihi,v) and
(f7 v) =

Fyoq)(fi o b1, Fya(fio fihi,v)

Proof: Let (®9,2) be a Q — NSG over a quasigroup (G, o). For all f1,hy € G,v € Q and
a € 2, we have

(1) Considering the LHS.

Tye(a)(fih1 o f1,v) = min{Tye ) (f1 0 h1,v), Tya(q)(f1,v)}
= min{Tyeq)(f1,v), Tya(q)(f1 0 h1,v)}

Zmin{Tw (f1.0), min{ Ty e (f1, ), Ty )<h1,v>}}
:mln{mln{T\pQ (1), Ty (1 )}7Tw(a)(hlvv)}

= min {T\I:Q(a) (fl;v)7T\IlQ(a) (hl?v)} (4)
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Considering the RHS.

Tya(qy(f1 0 h1fi,v) = min{Tyeq)(f1,v), Tye(q) (h1f1,v)}
= min{Tyeq) (71 f1,v), Tye(q)(f1,v)}

zmin{min{Tw(a)(hl, v), Tye(a)(f1, )}7Tw<a)(f1,v)}
= min { Ty . 0) min{ Ty (1,0): Twora (.0}
— min {Tw(a)(hl, v), Tya @ (f1, )} (5)
Therefore, min{Tq,@(a)(h,v),Tq,Q(a)(f1,v)} = {Tw ) (f150), Ty )(h,v)}.

Thus, Tyeq)(fiho f1,v) = Tyeq)(f1 0 hfi,v)

Iya(q)(fihi o f1,v) < max{Ige (g (f1 0 h1,v), Iye(q) (f1,v)}
= max{lyq(q)(f1,v); LyQ(q)(f1 0 h1,v)}

< ma { Ty (1,0), max{Taa (1,0). Taag (. o))}
= mac { max{Tyara (1,0 Ty (10} Ty (o)

= ma { Ty (1. 0). Tuago(1.0) | 6)
Considering the RHS.
Tyoa)(f1 0 b1 f1,v) < max{Iyq(q)(f1,v), TyQ(a)(h1f1,0)}
= max{IyQ(q)(h1f1,v), lye@)(f1,v)}

< max { maX{I\I/Q(a)(h17 U), I\IIQ(a) (f17 7))}, I\I/Q(a) (f17 U)}
= ma { Ty, o) max{ Ty (1), Tua () (1,0}

Imax{f\p@(a)(hl, )LpQ (fb )} (7)

Therefore, max {T\IJQ(a)(hla v), T\I/Q(a)(fh U)} =

max {Tw ) (f1,0), Tye )(hhv)}- Thus, Iye)(fih1 o f1,v) = Iya(e(fi © hifi,v).
The result for falsity membership is obtain in similar procedure.

(2) Let fi,h1 € G,a € A and v € Q, we want show that Tye ) (M1 ofZv) = Tyo@y(hifio
f1,v) for true membership.
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Considering the RHS,

Tya(ay(hifio fi,v) = min{Tya(e)(h1f1,v), Tye(q) (f1,v)}

2min{min{T\I,Q(a)(hl,v),T\pQ(G)UL }T\I/Q (flv )}
:min{T\I,Q(a)(hl, v), min{Tye 4 (f1,v), Tye(q) (f1, )}}

= min {T\I/Q(a)(hlv )T\IJQ (fl, )} (8)

Considering the LHS.

T‘IIQ(a)(hl o f127U) > min{T\I!Q(a)(hlp ) T‘IIQ (fla )}
= min{Tye(q)(h1,v), Tye)(f1 © f1,v)}

zmin{Tq,Q(a)(hl, v), min{Tye(q) (f1,v), Tye(q) (f1, )}}

= min { Tyago (0,0, Tar (.0) | )

That is, miH{T\pQ(a)(hl, v), Tyeq)(f1, )}:min{T\DQ(a)(hla v), Tge ) (f1, )}

(3) Follows in the similar result of 2.

Corollary 3.8. Let (2, ) be a Q—NSS over a quasigroup (G’, o). Then, the following are
equivalent.
(1) (#9,9) is a Q — NSG
(2) Tyo(a)(fih1 o f1,v) = Tye(q)(f1 © h1f1,v), Tyaw)(fih1 o fi,v) = Iye@q)(fi © hifi,v)
and Fyq(q)(fih1 o f1,v) = Fya(q)(f1 0 h1f1,v)
(3) Tye(a)(hi o fT,v) = Tya@(hifio fi,v), Tyaw)(h o f7,0) = Iya@(hifi o fi,v) and
Fye a)(h‘lof17 v) = Fyog)(h1fio f1,v)
(4) Tya(q)(ff 0 h1,v) = Tya(e)(f1 0 fihi,v), Tyee) ([T © h1,v) = Iya(e)(f1 o fihi,v) and
Fya(q)(ff 0 h1,v) = Fya(q)(f1 0 fil1,v)

Proof: Tt following from Theorem

Definition 3.9. Let (U9, 2A) be a Q—NSS defined over a loop (L,o,/,\). Then (%, 2) is
called a Q—neutrosphis soft loop (Q — NSﬁ) over L if forall a € A, fi,hy € L, and v € Q

satisfies the following conditions

(1) Tye(e)(fi*hi,v) > min{Tye(q) (f1,v), Tye @) (h1,v)},
Tya(q)((f1 % h1),v) < max{Iyeq)(f1,v), lye)(h1,v)}
Fyaq)(f1# hi,v) < max{Fyq(q)(f1,v), Fye (e (h1,v)}
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(2) Ty (fi'v) > Tyo()(f1,v),
Iyoa)(fi'sv) < Tyog (f1,0),
Fya@(fi'v) < Fyog(fi,0)

(3) Tye (" f1,9) > Tyo(q)(f1,v),

Y (17 f1,0) < Tyae (fiyv),

Fya(q)('™ f1,0) < Fyag(fi1,v)

where f~1 and '~ f are right inverse and left inverse in L and € {o, /,\}.

I\I,Q

Theorem 3.10. Let (A9, 2A) be a Q—NSS over a loop L. Then, (AQ,2) is a Q—neutrosophic
soft subloop of L if and only if the nonempty Q—level soft set (AQ<O‘75W),Ql) 18 a soft subloop
forall o, B,y € [0,1] and a € A

Proof: The proof is follow from Theorem [3.4] with definition [3.9]

Lemma 3.11. Let (9, 2A) be a Q — NSL over a loop (I:, o). Then, for all fi € L,veQ the
following hold

(1) T\I/Q(a)((fl_l)_lvv) = T\I/Q (f17 v), I\IIQ ((fl ) ) = I\IIQ (f17 v)
aF\IIQ(a)((fl_l)ilv’U) :F\IIQ(a)(f17 )

Proof. Follows from Definition 0

Theorem 3.12. Let (U2 A) be a Q — NSL over a loop (ﬁ, o,/,\). Then, for alla € A, f €
Lve Q the following hold

(1) Tye(q) fito) > Tye ) (f1,0), Iye(a (f1 ,U)

IN

( Iyaa)(f1,0), Fya (fi o) <
(

(2) Tye@ ('~ fl,U) > Tya(a)(f1,v), Iya@ ('~ f1,0) < Tya)(f1,v), Fye (' fi,v) <
(@) (/1
(

(3) T\I/Q(a) e Q) > Tyo ) (f1,0), Iye@)(€;v) < Iya(q)(f1,v), Fyeq)(e,v) < Fya(q)(f1,v)

Proof:
(1) Let (T9,) be a Q — NSL over loop (G,o0,/,\), then for all a € A, f; € L,veQ we

have

T\IIQ(a)(<f1_1>_17v) > Tq)Q(g)(fl?’U)
T (T 40) < Ty, (f1,0)
Fya((fi) 1 v) < Fag, (fi,0)

(2) it is similar with (1)
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(3) Let (U9 9A) be a Q — NSL over loop (L, o) with an identith element e € L. Then, for
all fi € L,v € Q, we have

Tya(ay(e,v) = Tyou)((fi'o f1,0)

> min{Ta,, (fi '), Tag, (f1,0)}
> min{Ts,,,, (f1,0), Toy, (f1,0)}
= Togy, (f1,0)

Iya(e,v) = Iyau((fi o fi,v)
< max{la,, (f1,), log, (fi ' v)}
< max{la,, (f1,0), Loy, (f1,0)}
= lagy, (f1,v)

Fyoay(e,v) = Fyag((fi' o fi,v)
< max{Fa, (f1,0), Fay., (fi ' v)}
<

maX{Fch(a) (fl; U)a F@Q(a) (f17 'U)}
Foq, (f1,v)

Tyoy(e,v) = Tyo((fiofi',v)

> min{Tog,, (f1,0), Tog, (fi'v)}
> min{Ts,, (f1,v), Tog, (f1,0)}
= Tay,, (f1,v)

Iyey(ev) = Iye@((fiofi',v)
< max{Is,,, (f1,0), log,, (fi 1 v)}
< max{la,, (f1,0), Loy, (f1,0)}
= oy, (f1,v)

Fyag)(e,v) = Fyeg((frofitv)
< max{Fy,, (f1,v), Fag, (fi ' v)}

< max{Fo,,, (f1,v), Foy,, (f1,0)}

= Fogu(f1,0)
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15 [ ]

Tye@y(e,v) =

I\IIQ(a) (67 ’U) =

Fya (e,

v) =

Tyo@(e,v) =

Tya(q)(e,v) =

F\IIQ(a) (6,

The proof is compete.

v) =

Tyo(a)((f1/f1,0)
min{Te,, (f1,0), Toy, (f1,0)}
Toq,, (f1,v)

Tyo(a) ((f1/ f15v)

max{la,,, (f1,0), Loy, (f1,0)}
Lo, (f1,0)

Fya(a)((f1/ f1,0)
max{Fg, ., (f1,v), Fay,, (f1,v)}
Fag i, (f1,0)

Tya(q)((f1\f1,v)
min{Ts,, ,, (f1,0), Tag, (f1,0)}
Toq ) (f1,0)

Tyo @) ((f1\f1,v)
max{le,, (f1,v), Lo, (f1,0)}
Iog, (f1,0)

Fya@)((fi\f1,v)

max{Fo, ., (f1,v), Fay, (f1,v)}
Fogu, (f1,v)

Theorem 3.13. Let (U9, 2) be a Q — NSL over a loop (L,o,/,\). Then, for alla € A, fi €

L,v e Q the following hold

(1) Tya@(hifi o fi'0) = Tyog)(hi,v), Iyog

Fyoay(hifio fitv) =
(2) Tya@(fi' o fihi,v) = Tyo(y(hi,v), Iya@w(fi' o fih,v)

(
(
Fya(q)(fi ' o fih1,v)
(3) Tyor(fi' o hifi,v) = Tya(h,v), Iy (fi' o hifi,v)
Fyo(a)(fi o hif1,0)
(
(

(4) Tya(gy(h1o(fiha)™
Fyq(q)(h o (fihi)™

Proof:

9y )
')

F\IIQ(a)(hhv)?

T\I;Q

= Fya(q)(h1,v)

= Fya(q)(h1,v)

y(hifi o fitv) = Iyoqey(hi,v), and

= Iyq(g)(h1,v) and

Iya(q)(h1,v) and

V(11 0)s Ty ey (P o (fiha) ™1 0) = Tyo(q) (fi 1, v) and
:F\I/Q(a)(fl ) )
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(1) Let (U9, 92) be Q — NSL over a loop (L,o,/,\). Then, we shall show that for all
ae€U, fi,hieLveQ

T\I!Q(a) (h’lf o f717 U) = T\IJQ(a) (hh U)
= Tya () (hifio f~1v) > min{Tya ) (h1 o f1,v), Tye()(fi ' v)}
> min{Tye(q)(h1 o f,v), Tye@q)(f1,v)}

zmin{min{T\pQ(a)(hh ), Tye (1, )}7T\1/Q(a)(f177))}
—min{T\pQ(a)(hl, v), min{Tyeq)(f1,v), Twe @) (f1, >}}

> min {T\I’Q(a)(h’17 ) T\I;Q (fla )} (10)

On the other hand,

Tya(q)(h1,v) = Tya(q)((h1/f1) o f,v)
> min{Tyq)((h1/f1), v)7T\I!Q(a)(f17v)}

min{T\yQ(a)(hb )T\I/Q (fl» )}?T\IIQ(a)(flav)}

> min { Tyago(h1,): Tuara(F1.0) | (11)

T‘IIQ(a)(hl’ )mln{T\I/Q (fla )T‘IIQ (f17 )}

And

Iya@(hifio fi ) = Iya(ey(h1,v)
= Tyo(q)(hifio [~ v) < max{Iyo(y(h1 o f1,v), Iyaw (fi ' v)}
< max{lyo(q)(h1 © f1,v), Iy ) (f1,v)}

< max { max{Iyo(s)(h1,v), Ty (f1,0)}, I\I/Q(a)(fhv)}
:maX{I\I,Q(a)(hl,'U),maX{I\I/Q(a)(fla v), Iye ) (f1, >}}

< max { Fya (. o) Tyoro (o) (12
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On the other hand,

Iyaay(h1,v) = Iya(q)((h1/f1) © f1,v)
< max{Iya(q)((h1/f1),v), Iye(q)(f1,v)}

< max { max{lyq(q)(h1,v), lya@) (fi,v)}, I\I/Q(a)(flvv)}
:maX{I\I,Q(a)(hl, v), max{lyeq)(f1,v), Iye(q)(f1; )}}

SmaX{I\DQ(a)(hla )I\IIQ (f17 )} (13)

Similarly, we can use the identity Tyeq)(h1,v) = Tye(q)((f1 © fi\h1),v). Result for
falsity is argued the same way.
(2) Use the same argument of 1
(3) Similar argument with 2
(4) We shall show that Ty (g (h1 o (fih1) ™", v) = Tya) (f 1, v).
Considering the LHS,

Tya () (h1 o (fh1)~" v) > min{Tya g (h1,v), Tye()((fh1) )

> min { Tya(e (11, 0) min T (). Tuaa(hi 1)) }

AIP

> min { Tyage(h1,0) min{ Ty (1,0). Tuago (1.0}

:min{mln{T\pQ ) (f1,0), Ty ) (h1,v) }, Tywe gy (h1,v)

= {T\IIQ ) (f1,0), min{Tye ) (h1,v), Tya(a)(h1,v)}

H—/%/—/H/—’

> min {T\I/Q(a)(fla v), Tye(q)(h1, U)} (14)

On the other hand,

T\I'Q(a)(fl_ ) )>T\IIQ (flv ) (15)
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Note that Ty, (f17 v) = Tye( (fl/hl ohqy,v). Then, using the last equality in ,

we get
Tya(a)(f1,v) 2 min{Tyoq)((f1/h1),v), Tye(a)(h1, v)}

Zmin{min{T\I’Q(a)(fhv)aT\I!Q( (h17 >} T\I/Q(a)<h17 )}
{T\IIQ(a)(fhU)amin{T\I/Q(a)(hlav)aT\I;Q(a)(hhv)}}

> min {T\IIQ(a)(fla v), Tya(ay(h1, U)} (16)
Considering the LHS, for the indeterminate membership
Ty (hio (fih1) ™' v) < max{Iyo (g (h1,v), Iya @ ((fib1) ', v)

< ma { Ty o) Ty (U 0) Ty (™ )} |
ATP

< e { Ty . o) max{ Ty (. 0): Ty )}

=max{max{fw<a)<f1, 0). Tyam (o)} Ty (. v)

Hf—’%/—/w—/

= ma {Iw y(f1,v), max{Iya(4)(h1,v), Ty (q)(h1,v)}

< max { yag (1.0): Ty (. ) (17)

On the other hand,
Iya@ (fi'v) < Iyagy(f1,0) (18)
Note that Iyo(q)(f1,v) = Iye(q)((f1/h1) 0 h1,v). Then, using the last equalith in ,

we get
Tya(a)(f1,v) < max{Iyq(q) ((f1/M),v), Iya(q)(h1,v)}

< ma { max{Tyago (1, 0) Tuege (11,00} Tyoro (. 0) |
:max{fq,Q ) (f1, )maX{I\IIQ(a)(hlﬂU)7I\IIQ(a)(h17U)}}

< max { Tyare (1. 0). Tuogo (. 0) | (19)

The result for falsity membership is similar with the result for indeterminate mem-

bership obtained.

Theorem 3.14. Let (U9, ) be Q — NSL over a loop (ﬁ, o). Then, for all a € A, f1,h1,21 €
L,v e Q the following hold:
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19 []

(1) Ty ((fi 0 h1)™hv) = Tyogy(hi' o fi'v), [\I!Q(a)<(f1 o h1)™hv) = Iyoy(hy' o
fitiv), and Fyog((firohi)” ,v> Fyag(hy'o fi0),

(2) Tye@((filr o fi)7"v) = @ o [ o), Iyeg ((fik o fi)™hv) =
Tya@(fi byt o £ )‘mdF\IfQ ((f1h10f1) 0) = Fyag (fi 'hito fitv)

(3) Tya(((frohi2)™v) = Tyar(z o hi fi 1, 0), Iyo(e)(frohiz) ™! v) = Iyoy (27t
hitfitv) and Fya gy ((fi o hi2) ™ v) = Fyogy(z Lo by fiv)

Proof:

(1) Let (¥9,2) be Q—neutrosophic soft loop over a loop (L, o). Then, we shall show that
foralla e, fi,hi € LiveQ

Tya(ay(froh) ™ v) = Tyaw (fi o hyt,v)

>Il’l11'1{T‘1;Q (fl ) ),T@Q(a)(hl_ ,u)}

> min {T\IJQ (f17 )}7 T\IIQ(a) (h17 U)} (20)
On the other hand

T‘IIQ ( O fl s ) Z min{Tq,Q(a) (h;l,’U),T\I,Q(a) (ffl, ’U)}

> min{T\I,Q(a)(h1,v),Tq;Q(a) (fi,v)} (21)

I\I'Q(a)(flohl)_7 )_I\IIQ(a)(f ohl ) )
<max{LI,Q (f1 ) )7I\I/Q(a)(h1_ u)}

< o { Tyogo (00} Tuogo(,0) (22)

RHS

Tyaey (b o fihv) > max{Iye() (hy ', v), Tye() (fi 5 v)}

< max{Iyq(q)(h1,v), Lya(e)(f1,v)} (23)

The result for falsity membership is similar with the result of indeterminate member-
ship.
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(2) For the true membership,

Tya @ ((fihio f1)710) = Tya ((froh) ™ o fi1),v)
AIP
> min{Tyo(a)((f1 0 h1) "), v), Tye( (fi ' v)}

> min{min{Tye 4 (f1,v), Tye(q)(h1,v)}, Tye ) (f1,v)}
= min{Tye(q)(f1,v), min{Tye(4)(f1,v), Tye(q)(h1,v)}}
( ,0)}, Tyo(ay(h, 0)}
> min{Tye(q)(f1,v), Tye(q)(h1,v)} (24)

= mln{mll’l{T\pQ(a f1,v), Tye(a) (f1

Similarly, we obtain

Tya () (fi thit o fit,v) 2 min{Tya () (f1,0), Tyaa)(h1,v)} (25)

Iya@ ((fikr o f1) 71 v) = Iyag ((froh) ™ o fi1),v)
AP
< maX{I\IIQ a)( fio hl) ),’U) I\I!Q(a (fl ’ )}

(
< max{max{lyo(q)(f1,v), lye(a)(h1,v)}, Tya(a)(f1,v)}
v), max{Iya(q)(f1,v), Iye(q)(h1,v)}}
= max{max{lyo(q)(f1,v), Lya()(f1,0)}, Tye(a) (h1,v)}
< max{Ilyq(q)(f1, ), Iye(q) (h1,v)} (26)

= maX{I\I,Q(a) (fl,

Also, we obtain the indeterminate membership for the RHS

Lyagy(fi hyt o £t v) = min{Tye(a)(f1,0), Tya () (h1,v)} (27)

Using similar approach to obtain result for indeterminate membership.

(3) The proof is similar with the result obtained for 2

Theorem 3.15. Let (U2, 2A) be a Q—NSS over a loop (ﬁ,o,/,\). Then, (U2 A) is Q- NSL
if and if only for all fi,h1 € L,v € Q

(1) Tyaay(hi = fi ' 0) = min{Tyo(q) (h1,v), Tye(a)(f1,v)}
Iyo(q)(hi * fi ', v) < max{Igo(g)(h1,v), Iye(a)(f1,v)},
Fya (b * fi1,v) < max{Fya g (h1,v), Fya(a)(f1,v)}

(2) Tyo ('™ f1*hi,v) > min{Tya(,) (f1,v), Tya(a)(hi,v)},
Ty (q) ('™ f1 % hi,v) < max{Iye(q)(f1,v), Iye(a)(hi,v)}
Fyo (o) ("™ f1 % by, v) < max{Fyeq)(f1,v), Fya(a)(h1,v)}
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(1) Suppose that (U9 ) is a Q — NSL over (L,o,/,\). Let * € {o,/,\} then we show
that (U9, 2l) satisfies for all fi,h1 € L, and v € Q, we have

Tya(ay(hi * fi s 0) > min{Tye(q) (h1,v), Tye (a)(fi ', v)}
> min{Tye(q) (h1,v), Tye(a)(f1,v)}

Iya( (b1 [t 0) < max{Iya (q)(h1,v), Iye(a)(fi ', 0)}
< max{lye(q)(h1,v), [ya(a)(f1,v)}
Fya(q)(h* [ v) < max{Fyo(q) (b1, v), Fya(a)(fi ! v)}
< max{Fyaq)(h1,v), Fye(a)(fi,v)}

Conversely, suppose equality (1) hold, then for all f1,hi,€ G,v € Q, and a € A, we
show (U@, ) is Q—neutrosophic soft subquasigroup over quasigroup (ﬁ, o,/,\). Thus,

Tya(ay(h1 * f1,0) = Tya@(hi = (fi) 7} 0)

min{Tye q)(h1,v), Tye (a)(fi ', 0)

min{Tye(q)(h1,v), Tye (a)(fi ', v)}
min{Tye 4 (h1,v), Tye (a)(f1,v)}

A2V

v

Next:

I\yQ(a)(hl * (ffl)_lav)
max{Iyo () (h1,v), Iy (a)(fi ' v)}
maX{I\IjQ(a)(hl,U)7I\1/Q (a)(flav)}

Tya(q)(h1 = f1,v)

IN

IN

Finally:

Fya@y(hix (fi ) o)
InaX{F\pQ(a)(th)a Fye (a)(ffl,v)}
maX{F\I,Q(a)(th),F\pQ (a)(f1,v)}

Fq;@(a)(hl * f1,0)

IN

IN

(2) it is similar to (1)

4. Conclusion

In this study, it was found that Q@ — NS G obeys LIP, RIP, LAP, RAP and flexible law. With
the help AIP, it was shown that Q — NSG obey AAIP, SAIP, SAAIP. Q — N SL were also
defined, and the definition was used to shown when is Q—NSS under loop said to be Q — NSG.
Furthermore, this research revealed that left and right inverse elements of Q@ — N S L coincided.
In future research, Definitions [3.1] and [3.9] will be use to study the structure of isotopy theory
of quasigroup.
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